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Summary — Zusammenfassung

Decay of the Kinetic and the Thermal Energy of Compressible Micropolar Fluids.
We consider a heat conducting compressible micropolar fluid at rest and filling a closed
stationary rigid container. We show that the energy of arbitrary disturbances of the fluid
eventually decays.

Abnahme der kinefischen und der thermischen Energie kompressibler mikropolarer
Fliissigkeiten, Betrachtet wird eine ruhende, wirmeleitende, kompressible, mikropolare
Fliissigkeit und das Fillen eines geschlossenen stationiren starren Behilters. Es wird gezelgt
daf die Energie beliebiger Storungen der Fliissigkeit unter Umstéinden abnimmt.

1. Infroduction

In 1949, Kampé de Fériet [1] showed that the energy of arbitrary disturbances
of a rest state of an incompressible viscous fluid filling a closed rigid container
decays to zero exponentially. Since then, similar results have been proved for heat
conducting incompressible fluids [2], [3], fluids whose thermomechanical defor-
mations are governed by Boussinesq equations [4], [5], heat conducting com-
pressible fluids [6], incompressible micropolar fluids {7] and compressible micro-
polar fluids [8]. In [7] and [8] the linear theory of micropolar fluids developed by
Eringen [9] is used. Here, using the same linear theory of micropolar fluids, we
show that the total energy of arbitrary disturbances of the rest state of a heat
conducting compressible micropolar fluid filling a closed rigid container eventually
decays to zero. Thus the present work generalizes the work of Shahinpoor and
Ahmadi [8] on compressible micropolar fluids to heat conducting compressible
micropolar fluids.

2, Formulation of the Problem

The thermo-mechanical deformations of a linear micropolar fluid are governed
by the following equations [9].
0+ ovi,; =0, )
0b; =t — 042, ‘
N (1)
0y = Myrr + Erpdles -+ 0L,
0¢ = tysbis + Mok + qui + o,
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where
tys = (—p + 40,7) Ops + (Vg5 + Vsi) + bis,
Mys = Wr,1Os + BVh,s + Yok + Fepsrl,rs
G = =50 + Beprsvres

by = Vs, — EgseVr -

Throughout this paper, we use rectangular cartesian coordinates and the Cartesian
tensor notation wherever convenient. In the preceeding equations, ¢ is the present
mass density, v is the velocity of a material particle X that presently is at place ,
a superimposed dot indicates material time derivative, p is the pressure field,
a comma followed by an index £ indicates partial differentiation with respect to
Xy, 1y; 18 the Cauchy stress tensor, 2 is the potential of body forces and is assumed
to be a non-negative bounded function of position & only, j is the microinertia,
v is the microrotation of the flow, I is the supply density of the microrotation,
¢ is the internal energy density, q is the heat flux per unit present area, k is the
supply density of the internal energy, and 6 > 0 is the absolute temperature of a
material particle that currently is at place ®. The viscosity coefficients 4, i, 7, «,
B,y and the heat conduction coefficient », & and § are functions of ¢ and 6. This
implies that the fluid is homogeneous.

We assume that, in the reference configuration in which the fluid is at rest, the
fluid occupies a bounded region R with a boundary 2R which is smooth enough to
apply the divergence theorem [10], the Poincaré inequality [11] and the Korn
inequality [11]. Once the fluid is disturbed from its rest state, we assume that the
container is subsequently held stationary and that the following boundary con-
ditions are maintained during the deformations of the fluid,

v(®, ) =0, v(x, t) =0, (e, t) € y(OR, t) X (0,8),
O(ae, t) = 0, (@, 1) € y (e R(). £) X (0,1), (3)
QZ(w, t) n’i(x: t) = —b(@, 60) (6 _ 00): (m) t) € 7.(82R(t)’ t) X (0> t)'

Here 6,R < 0R, 6,R = ¢R — &, R and y(X, ) = ®(X, ). The sehoundary condi-
tions correspond to the case in which the fluid adheres to the walls of the con-
tainer, the fluid is in perfect thermal contact with the walls in the sense that the
temperature of the fluid particle and the point of the container to which it is
presently adhering is same, a part or all of the boundary of the container is
maintained at a uniform temperature 6, and the rest, if any, is exchanging heat
with the surroundings according to the law (3),. In order that heat may flow
from the container walls into the surroundings when the former is at a higher
temperature, b should be positive.

The various coefficients 1, u ete. appearing in (2) cannot assume all possible
values. Rather, these and the pressure function p should satisfy the following in
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order that every solution of (1) and (2) satisfy the Clausius-Duhem inequality [9].
L4720, ut7=0, 720, x=0,
3u+f+y=0, y—1If>0,

10:@2%’ p=e—nl, ¢=4d,0), . @
8:8(916)} 77:—%'

Here ¢ is the Helmholtz free energy and # is the entropy density. Using (4),-,,, we
obtain

, . 0,\ . 0, » ,

sty =(1— )i+ 2 L0 (%)
To evaluate the left-hand side of (5), we introduce a finite Taylor expansion in the
temperature for ¢, obtaining thereby

& — Oy = (o) + K(0 — 6o)%,

1 e Olo, 0% (6)
P(o) = #(¢, o), K= _‘—2"%5’:' (0, 6%) :—“(.203*—)-’
C is the specific heat and 6* is a value of temperature between 6 and 6,. Combining
(5) and (6), we arrive at

%f[ll)—f—K(G——Go)z]ng:fg(l——%’—)édV—i—f%—?@dV. (7)

In (7), and henceforth, the integration is over the region occupied by the fluid.
The function ¥ is normalized so as to assume only non-negative values.

Taking the inner product of (1), with v;, of (1); with »,, integrating the resulting
scalar equations over the region occupied by the fluid, simplifying the right-
hand sides of these equations by using the divergence theorem, boundary condi-
tions (3), and adding these equations, we obtain

By, + T;zt‘fQQ avV = —f(tkibik + Mgy ) AV, (8)
where we have set I = 0 and
1 5 .
7, — ?f@(w Ry v, )

Adding (7) and (8), substituting for gé¢ from (1), into the resulting equation,
and simplifying by using the divergence theorem, boundary conditions (3) and the
constitutive relation (2);, we get

Bty = — [ b+ g — Lo v — [ 50— 6 da
(10)
—f-:}g- w040, 4V -+ f%—h 6 — 6,) dV,
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in which
B=E + [oK(O —6,2dV,

By= [+ 2)edV.

Thus # equals the sum of the kinetic energy, the energy of microrotation and the
temperature deviation of the fluid from that of its environment. F equals zero if
and only if the fluid is at rest, there is no microrotation, and the temperature is
uniform throughout the fluid and has a value equal to the temperature of the
environment.

We assume that the initial disturbances o(x, 0) = ©(x), »(z,0) = B(x),
ofx, 0) = g(x) and O(x, 0) = O(x) belong to the set § and are such that there
exists a classical solution for £ > 0 of (1) satisfying these initial conditions and the
boundary conditions (3). The problem of existence of solutions of (1) seems not
to have been studied so far. Lange [12] recently studied the existence of solutions
of initial-boundary value problems for the equations which describe the homo-
thermal flow of incompressible micropolar fluids.

We now state the theorem we wish to prove below.

Theorem: KEvery solution of (1) under the boundary conditions (3) and initial
conditions belonging to the set § exhibits the behavior

E—0 as t— oo,
(12)
lim H,y(f) exists,

t—00

provided that

2

C, = inf 2>
w0

o+ ) 2o

A
I

int o B v,
1259{a+3+3,/+ﬁ}>0;

. . 06
Cy=inf L% > 0 11
? @0 62 \13)

0, = int 20 %) — ¢,
o 7]

Os=sup K < 0,
0,6
go=supp < oo, y—f=0, 7=0, h(#—0y)=<0.

It should be noted that some of the inequalities in (13) are stronger than those in
(4). Also the last inequality in (13) is satisfied by the choice & = 0, that is, there
is no supply of the internal energy. Otherwise, it requires that the supply density &
of the internal energy depend upon 6 and §, in a specific way. The definitions of
various constants in (13) can be sharpened by taking the infimum or the supremum
over those values of p and 0 which are ever realized at any fluid particle.
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3. Proof of the Theorem

Recalling (2), (1); and using the definitions

1
Vi) = = (Vs 1 Vi) s

[ V]

1
Vr,s1 = 'é‘ (vk,s - Us,k);

1

'Ui,s = Vg, — ? Ur,rakw
we note that
9 . 0 2 /
70 [tksbks + My — % Q] = 70 [(7~ + gﬂ) O Vrr - 200 0y
b7 i d
+ (> + 3 + 3 Vi,Vs,s T (V + 5) V()Y (k,s)

(14)
+ =8 Vik,s1V[k.5) + &gksre,rvs,k]:

_ 4,
= OenVisn + OV + & o Eiorl #Vek -

We have used (18), ; to obtain the preceeding inequality. By using the divergence:-
theorem and (3), we can show that

f&% 8k3r6,rvs,k dv = 07

and hence by integrating (14) over the region occupied by the fluid and using
Poincaré’s inequality and Korn’s inequality (cf. [2]), we obtain

[ | o — Lo av = O [0 av - Capy [,

2 C’6]‘5’17

(15)

where

Gy = 221 win (G, Cyfj), (16)

Qo

and p, is a positive valued function of R. From (13);,4,5,4 and by using the Poin-
caré inequality (cf. [2]) we conclude that

f% (0 — 0)2 dA4 +f% 20,40, AV —f—gg‘— (0 — 6g) AV = 07f@1((e 02V,
(17)

in which O; = p, min (Cy, 04)/(Cs0) and p, is a positive valued function of R
and 9,R. For the case when 8, R == dR, p, varies with time ¢ and we assume that
it is bounded and denote its supremum also by p,.

g
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Substituting from (15) and (17) into (10), we atrive at
BB, < —CE, - (18)
with Cg = min (Cq, C;). It follows from (18) that

E(t) + By(t) = B(0) + Ey(0),  lim [E(t) + Eo(f)]  exists. (19)

{—>00

Integration of (18) over (0, T}, T' being an arbitrary real positive number, gives
T
Cs [ B(t) dt < B(0) + H(0)
0

whieh implies that E(¢) € L(0, o0). From (18), by using #,(t) << H(0) + £,(0), we
conclude that E(t) € L0, oo). This together with E(¢) ¢ L1(0, o) implies that
B(@#) — 0 as t — oo. (12), now follows from (19),.

4. Remarks

The result (12); is not as strong as one would like to obtain. It would be
desirable to show that the energy of the fluid decays monotonically and obtain
the decay rate of the energy. However, for compressible micropolar fluids, (12) is
the best I can prove now. In view of (12), it seems plausible that there exists a
time ¢, such that

B, =0 for t=t,. (20)

We remark that for homogeneous incompressible micropolar fluids whose density
does not depend upon temperature, (20) holds with {; = 0. Whenever (20) holds,
it follows from (18) and (19); that

() < (E(0) + B (0) e8!, £ =4, (21)

We recall that Shahinpoor and Ahmadi [8] make an assumption analogous
to (20) and obtain a resuit of the type (21) for homothermal deformations of
compressible micropolar fluids. It is not quite clear under what circumstances (20)
holds. Mainly because of this, we made no attempt to obtain the best possible
estimate of the value of Cq. Tt depends upon the shape of the container and the
range of values of viseosity coefficients and heat conduction coefficients.

The assumption that a classical solution of (1) under the boundary conditions
(3) and initial conditions belonging to set § is made here to keep the analysis
gimple. For the purpose of proving the theorem it suffices to assume that a
suitably defined weak solution (e.g. see [2]) of (1) exists.
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