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ARTICLE INFO ABSTRACT

Keywords: We analytically investigate infinitesimal cylindrical bending deformations of two-layered triangular corrugated
Sandwich panels and webcore linearly elastic sandwich panels by using the mechanics of materials approach and the classical
Webcore

plate theory. The model is validated by comparing its predictions with the solution by the finite element method
of the linear elasticity equations for plane strain deformations. The model can accurately capture the secondary
bending of the facesheets, manifested as changes in their curvature between the webs and the resulting changes
in the axial stresses, from being tensile to possibly compressive, that the commonly-employed homogenization
schemes fail to capture. Subsequently, the model is used to analyze several problems with the sandwich panel
having a pinned support at the left edge and a roller support at the right edge, and a uniformly distributed load
applied on the top facesheet of the panel. It is found that the core plates mostly deform in compression and
bending, respectively, for corrugated and web core panels. Furthermore, a significant fraction of the work done
by the external load on the structure is absorbed as strain energy of deformations of the core plates near the
supports. For four hybrid combinations of corrugated and webcore configurations in two-layered panels, the
combination with the upper corrugated core set-up has the least maximum face sheet deflection and axial stress.
The analytical technique can be easily extended to multi-layered hybrid configurations and provides quick
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Curvature changes
Oscillatory axial stress

means of finding efficient strain-energy absorbing hybrid designs.

1. Introduction

Sandwich panels possess high stiffness-to-weight ratios making
them a popular choice in aerospace, naval and automobile industries.
Discrete core sandwich plates [1] with corrugated cores or webcores
(see Fig. 1) or other cellular configurations offer good crash-worthiness
and blast-mitigation properties and can be tailored to meet various
design requirements.

The mechanical response of a sandwich plate is commonly analyzed
by using continuum-based homogenized models wherein an equivalent
homogeneous orthotropic layer replaces a discrete Z-core [2,3], web-
core [4-6], chevron foldcore [7] or corrugated core [8-13]. The
equivalent mechanical properties of the homogeneous layer are de-
termined by using either an energy-based approach [14,15], or a mi-
cromechanics theory [16] or an asymptotic expansion method [17].
The accuracy of these schemes is established by comparing predictions
from the homogenized models with those from the numerical solution
of the linear elasticity equations governing deformations of facesheets
and the core usually by the finite element method (FEM). These studies
[18,19] have revealed the sensitivity of the sandwich panel response to
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small variations in the effective material properties of the homogeneous
layer. They have shown that predicting the local response like sec-
ondary bending of the panel between the webs for accurate stress and
displacement results requires a discrete modeling approach [20]. Fur-
thermore, expressions for the effective material properties developed
for one core configuration cannot be generally used for other core de-
signs [21]. Detailed numerical simulations characterizing the response
of corrugated sandwich panels [22-25] require considerable computa-
tional effort and expense that increases with the size and the complexity
of the core configuration.

For single-core sandwich panels, analytical models have been de-
veloped that analyze the discrete structural core [4,26,27], and are
based on a superposition of global panel deformations on the local
frame response. They neglect the lateral bending and twisting of webs.
Analytical models have been developed [20,28] for simply supported
webcore sandwich plates wherein facesheets are analyzed by using
equations of the three-dimensional linear elasticity and the webs as a
combination of two-dimensional plane stress analysis and the Euler-
Bernoulli beam theory.

Two-layered (dual-core) or multi-core sandwich panels consisting of
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two or more core layers separated by metallic or composite facesheets
have been shown to be superior to equal areal density single-core
structures in terms of their impact resistance [29], energy absorption
[30] and sound-absorbing capabilities [31]. However, with many stu-
dies using FE simulations, there is a need for analytical solutions for
multi-layered corrugated sandwich panels which can accurately capture
local effects like secondary bending of the face-plates between the webs
and can be used for design/optimization studies.

The objective of the current work is to analytically study linearly
elastic plane strain deformations of two-layered corrugated sandwich
panels. Facesheets and core web plates are modeled using kinematic
assumptions of the Love-Kirchhoff plate theory, usually called the
classical plate theory (CPT) and enforcing the continuity of displace-
ments and tractions at interfaces between web plates and facesheets
which are assumed to be perfectly bonded. The model can accurately
capture secondary bending effects in facesheets such as changes in the
axial stress field from being compressive to possibly tensile for a uni-
formly distributed normal surface traction on the top facesheet as well
as sudden changes in the curvature of the facesheet between the web
plates. For single-layered corrugated panels, it is shown that the cor-
rugated core web plates deform in compression while for webcore
sandwich panels, they deform in bending. Furthermore, for simply
supported panels, a significant fraction of the work done by the external
load on the structure is absorbed by the elastic deformations of the web
plates near the pin and roller supports.

Four hybrid configurations of two-layered sandwich panels de-
signed as combinations of corrugated and webcores of equal areal
density under the action of a uniformly distributed normal surface
traction are compared in terms of the total strain energy of the core
webs, facesheet deflections and axial stresses. Results indicate that
webcore configurations absorb a greater fraction of the work done by
external forces while corrugated-based designs have lesser facesheet
deflections and axial stresses. The modeling approach can be extended
to multi-layered sandwich panels for quick and accurate design and
optimization studies.

2. Mathematical model

Fig. 2 shows a two-layered corrugated sandwich panel consisting of
three facesheets of length L and thickness h; separated by two trian-
gular corrugated cores, each of height H. The panel is very wide in the
y— direction (width > L) and is subjected to a transverse load that does
not vary along its width. The left ends (x = 0) of the facesheets are
pinned while the right ends (x = L) are supported on rollers. The xz—
plane coincides with the mid-surface of the top facesheet in the un-
deformed reference configuration. The panel is assumed to be in a state
of plane strain (in the xz— plane) undergoing cylindrical bending de-
formations. As shown in Fig. 3, each corrugated core consists of a set of

Single core panels

Dual core lavers
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Dy inclined web plates of thickness ¢,

; and inclination angle
DqSi (i=1,2, ...,Dn), measured counter-clockwise from the positive x—
axis, which are assumed to be perfectly bonded to the mid-plane of the
facesheets at locations 'x” (i =1, 2, ...,n). The superscript D equals
U (L) to denote the upper (lower) corrugated core, while the superscript
F equals T, M and B for the top, the middle and the bottom facesheet,
respectively. The notation used to identify the number of corrugated
web plates is {Vn XL n}. In the present discrete formulation, facesheets
and web plates are modeled separately and continuity of forces, mo-
ments and displacements is enforced at interfaces where they are at-
tached to each other. Transverse shear deformations are neglected in
facesheets and the core web plates as is done in the CPT.

2.1. Mechanics of web plates

As shown in Fig. 4, two interface forces, °P{ (along the x— direc-
tion) and DQ,-d (along the z— direction), and an interface moment DMid
(about the y— axis) are considered at the top and the bottom edges of
the i web plate. The right superscript d takes values t and b to denote,
respectively, the top and the bottom of the web plate. In order to fa-
cilitate analysis of each web plate, a local coordinate system (¥, Z) is
used that is related to the global coordinate axes (x, z) as

—sin g,

(=L

The transformed interface forces Fid (along the Xx— direction) and
D(jid (along the Z— direction), and moment b1 ,-d (about the y— axis) are

given by
—sin Pg.

ops| _[cos?s, —sin’,] ("¢
Q) [sin®, %!

="M} @

N |

cos D¢i

1

cos D¢i

Equilibrium equations for the web plate along the Xx— and the z— di-
rections and of the moment about the y— axis give relations (3) between
the interface forces and moments acting on the top and the bottom of
each web plate:

H

Dpb
PP =
sin D¢i

1

Dyt DFb D=t Dyrb Dzt , DAt
=P, Qi =-"Q;, "My =-"M; +"°Q

3

Kinematic assumptions of the CPT, i.e., cross-section normals to the
mid-plane, 7 = 0, of the undeformed web plate suffer no change in
length and remain normal to the deformed mid-plane, imply the fol-
lowing displacement field

Fig. 1. Sandwich core configurations.
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Top facesheet

Bottom facesheet

P, (%, y, 2) = Wl (%)
dPw?

dx 4

Pa,x,y,2)="a)(x) -z

where P} and °w! are the mid-plane displacements of the web plate
along the X— and the Z— directions, respectively. Using the expression

D
for the infinitesimal axial strain, ez = %, and Hooke's law for plane
—y2 N —
strain deformations, €y = 1oy oz, the axial force DNl-(x) and the

E
bending moment b M;(X) about the y— axis through the mid point of the
web plate thickness are given by

D,
z E "y d°m)
"N = [ b ox(x 2)dz = T li“
e v )
thi EP  d2Pw?
D — = — =\ J> i i
M. = ~(X,7)d7 = ———
(%) _th.- Zox(X, Z)dZ 20 =) e ©

Here E is Young's modulus and v Poisson's ratio of the web plate ma-
terial.

The axial force PN, ;(X) and the bending moment b M;(X) at section X
are given by

D Dpb D Dyrb D=b
N, = —"P},°M, = -"M} - "Q; %
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Fig. 2. Two-layered (dual-core) corrugated sandwich plate.

Using Egs. (5) and (6), governing equations for the web plate are

E"; d°m Dpb
— i
1—-1912 dx
E "} dZDWiO_D—b Db _
A on a2 = Mit QX
12(1 —v?) dx )

Integrating the two governing differential Eqs. (7) and using Egs. (3),
the mid-plane displacements of the i web plate can be determined as

1 -2

D0 =\ _ Dyt — , Dy
a; (X) = 57 P;x + "W,
0 121 = v?) | p— X2 p~¢| X3 Hx?
Pl ) = 55| "M+ Q| - o
E" 2 6 2sin"¢,
+ Pwix + Pw? ®)

where P W{ (j=1,2,3) are constants. The displacement field
(Pu;(x, z), Pw;(x, z)) of each web in the global coordinate system
(x, y, z) can be determined in terms of loads °P?, Q¥ and the moment
DMl-d by using Egs. (2) and (4) and the transformation rules for vectors.

2.2. Equilibrium equations for facesheets

As shown in Fig. 4, each facesheet is also subjected to interface

Fig. 3. Explanation of notations in a section of the sandwich
panel.
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Fig. 4. Forces and moments on different members.

Transformed interface

loads
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Notation for interface loads

forces and moments from the attached web plates. The loads on each
facesheet, except that from the supports, are summarized below.

e Top facesheet: Point forces P! and Q! and moments M/ acting at
locations “x; (i =1, 2, ...,Un) and externally applied normal surface
traction “q (x) taken positive downwards.

o Middle facesheet: Point forces VP? and YQ and moments "M/ acting
at locations Mx; (i =1, 2, ...,Yn), point forces LP; and LQ; and mo-
ments LM; acting at locations ij G=1,2, .. ) and externally
applied normal surface traction g(x) taken positive downwards.

® Bottom facesheet: Point forces LPJI-’ and LQ}’ and moments LM}’ acting
at locations ®x; (j =1, 2, ..L,) and externally applied normal sur-
face traction %q(x), taken positive downwards.

2.2.1. Top facesheet
The support reactions "R, and "R, at the pinned end, x = 0, in the
x— and the z— directions are

Un.
T U
Ry=— Z P;
=1
Un UVl
T 1] oLt U, T U U
RZO:Z Jo fq(0)x dx — Z Q}(L— x) = Z M;
= =

The axial force TN [ and the bending moment ™ at the section, x = x*,
are given by

j
N (%) = "Ry + D) Hx* — x)Pf

=1 )
X%k J*
TMf(x*) =TR x* — A Tq(o)x dx + Z H(x* — ijU)UM;
j=1
*
+ Z H(x* — ijU)UQ;(x* - ijU)
j=1 (10)

where j* is the number of web plates of the upper corrugated core lo-
cated to the left of the section, x = x*, and H(x) is the Heaviside
function defined as

0 x<
ie-o - {0 150

The derivative of the Heaviside function H(x) is the unit impulse or the
Dirac Delta function 6 (x) defined as

512

0 x<a
S(x—a)={0 x=a
0 x>a

2.2.2. Middle facesheet
The support reactions “'R,, and R, at the pinned end, x = 0, in the
x— and the z— directions are

UVL Ln
M Upb L
Rg = = 2 "B/ =2 P}
j=1 j=1
1 Un Un
L b b
MR, = T S Mg x dx = ) QP - M) = Y UM,
j=1 j=1

Ln Ln

L
2 Q=" =3
j=1 j=1

The axial force MNf and the bending moment MMf at the section,
x = x*, are given by

I K
MNp () = MRy + ) HEt = M)UP + DT H(xt — M) Py
j=1 k=1 (11)
M M Xk M & M_U\U sb
Mp(x*) = YMRyx* — [T Mg(x)x dx + Z H(* — Mx)"M;
=1
i
+ Z H(x* — Mx]V)UQJ'?(x* - ijU)
=1
B
+ HOe* — "xbimg
k=1
o
+ H* — MeD) QL (e — Mxh)
k=1 (12)

where j* and k* are the number of web plates of the upper and the
lower corrugated core, respectively, located to the left of the section,
x = x*.

2.2.3. Bottom facesheet
The support reactions °R,, and ®R,, at the pinned end, x = 0, in the
x— and the z— directions are
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L L
1 L n n
B B LAb B L Ly sb
Rzozzf(; q(x)xdx—z Qj(L—xj)—Z M;
=1 j=1
The axial force 2N ; and the bending moment Bm  at the section, x = x¥,
are given by

i
BN (%) =Ry + )L He* = x)'P}
=1 (13)
J*
BMf(x*) = BRZ(}X* _ ‘/(;x* Bq(x)x dx + Z H(x* — Bx];)Lsz_;
j=1
L B, L\LA~b B_L
+ ) He* =) Q) = Px)
=t 14

where j* is the number of web plates of the bottom corrugated core
located to the left of the section, x = x*.
Using the CPT, governing equations for the facesheets are

Ehy d("uy)

_F ¢
1-12 dx* Ny &) (15)
F_ 0
Eh; dz( Wy _F "
T o - Mo
12(1 — v?) dx* (16)

where © u}] and w}] are, respectively, the mid-plane displacements of
facesheets along the x— and the z— directions.

The solution of the two ordinary differential Egs. (15) and (16)
requires three boundary conditions to be specified: “wf(0) = "w}(L) = 0
and % u/Q(O) = 0. We thus get the mid-plane displacements of each fa-
cesheet in terms of the unknown interface loads.

2.3. Continuity conditions at interfaces between facesheets and web plates

To ensure continuity of displacements and rotations at interfaces
between facesheets and web plates, and to determine the unknown
interface forces and moments and constants of integration
Pwi (j =1, 2, 3), six conditions are specified for each web plate. For
example, for the i™ web plate in the upper corrugated core:

wa(Tx,-U, 0) = Uwi(H cotU¢i, —H)
Tuf(Tx,-U, 0) = Uu,-(H COtU¢i, —H)
T, U.
w w.
i} XY, 0) = i(H cotUcpi, —-H)
ox ox
wa(Mx,-U, 0) = Yw,(0,0)
Muf *Mx”, 0 = Y0, 0)
Mw “w.
f M_U w;
— 7,0 = ——(0,0
* Cx7, 0) ™ (0, 0) a7

Imposing continuity conditions (17) results in 6(Yn + “n) linear alge-
braic equations for the unknown interface forces and moments and
constants of integration W7 (j = 1, 2, 3) in terms of the applied loads.
Displacements, axial forces and bending moments in the web plates are
determined using Egs. (5), (6) and (8).

3. Example problems

Unless otherwise mentioned, we assume that the web plates and the
facesheets are made of steel for which E = 200 GPa and v = 0.3. The left
ends of the facesheets (x = 0) are pinned while the right ends (x = L)
are supported on rollers. The horizontal reaction force at the left pinned
end and the horizontal interface forces at the web plates-facesheet in-
terfaces induce an axial stress in the facesheets. The axial stress
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exhibited in the figures below is the sum of those due to the axial force
and the bending moment at a point. In all example problems studied
here, a uniformly distributed normal surface traction is applied on the
upper surface of the top facesheet.

3.1. Two-layered {6 X 6} corrugated sandwich panel

Deformations of a two-layered corrugated sandwich panel with
L=01m, hy=1mm, H=1cm, "n="n=¢6, ;= ", = /100 and
Tq(x) = g, = 100 kN/m are studied. The analytical solution for the mid-
plane displacements of the top facesheet in terms of the interface loads
is

_ 2 -
Tu})(x) = lEhv TRy X + 2 H(x - Tx}])UP;(x - ijU)
' j=1 (18)
i 2
12(1 — 2 X} x—"x)
ijg(x) - _120-») < ) TR, y— + Z H(x — ijU)UMjij
Eh} 6 4 2
L =)
O i AP SN
j=1
(19)
where
2
1, I <& = "%)
Q= - —[TRN— + ) UM
L — 2
Jj=1
& =" I
Unt J
+ N — J—
Z Q 6 024
Jj=1
1 LZ 6 6
Ry = L[qOZ -2 Qe =" - 3 M
= =1

Here j* is the number of web plates of the upper corrugated core

located to the left of the section at the location x and

SL
WU _ (L L L L sL sL

66”272 67 6
plates on the top facesheet.

} are locations of the upper corrugated web

3.1.1. Comparison with the linear elasticity theory solution

For comparison with the solution of the linear elasticity equations,
we analyze plane strain deformations of the sandwich panel by the FEM
using the commercial software ABAQUS/ Standard [32]. The facesheets
and the web plates are meshed using 8-node shell elements with re-
duced integration (element S8R). Each facesheet is discretized into 100
uniform elements along the length and 1 element along the width and
each web plate is meshed with 20 uniform elements along the X di-
rection and 1 element along the width. The core webs are attached to
facesheets using the tie constraint which ensures perfect bonding. The
sandwich panel is modeled with a finite width W = % in the y— di-
rection. Boundary conditions which restrict the y- displacement and
rotations about the x— and the z— axes are imposed along edges y = 0
and y = W of the panel. For each facesheet, boundary conditions at the
pinned edge, x = 0, and the roller-supported edge, x = L, are modeled
as u(0) = w(0) = w(L) = 0. The uniformly distributed normal load is
applied as a pressure B, = q,/W = 100 MPa on the top facesheet. The FE
mesh used was found to give converged displacements and stresses
within a tolerance of 0.15%. From the FE results, the work done by the
applied load was calculated as 0.627 J and was found to equal the strain
energy of the structure ensuring that very little, if any, energy was
dissipated due to hour glass modes that could ensue because of the
reduced integration rule used. The support reactions “R,, and TRzo at
the pinned end, x = 0, of the top facesheet were calculated as 695 N
and 623 N, respectively, from the FE results and were found to differ
from those determined by the analytical solution by less than 1 %.
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Fig. 5. Variation of the transverse displacement waq(x) along the span of the top face-

sheet for a two-layered corrugated core {6 X 6} sandwich panel.
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Fig. 6. Variation of the axial stress Tax (x, —hy/2) along the span of the top facesheet for a

two-layered corrugated core {6 X 6} sandwich panel.

Fig. 5 and 6, respectively, show variation of the mid-plane trans-
verse displacement Tw}) (x) and the axial stress Tax (x, —hs/2) along the
span of the top facesheet as obtained from the FE solution and the
analytical formulation. The maximum differences of — 0.18 % and
— 1.58 %, respectively, in the two values of the transverse displacement
and the axial stress occur at x = L/2 and x = 5L/6, respectively. The
deformation and the axial stress results are not symmetric about the
mid-span, x = L/2, of the panel because of unsymmetric boundary
conditions at the two edges. For example, at x/L = 0.5 F 0.025, the
deflection and the axial stress in the top facesheet are 0.157, 0.165 mm
and — 45.03, —45.29 MPa, respectively. The analytical model precisely
captures the secondary bending of the facesheet between the web plates
which manifests as abrupt changes in curvature of the transverse dis-
placement at the facesheet-web plate junctions and as an oscillatory
axial stress field with the point of the maximum stress shifting away
from the center of the facesheet. A homogenized model of the core does
not capture these axial stress fluctuations, and other discrete models
[4,6,26] require superposition of a local displacement field on dis-
placements obtained from the homogenized or the global analysis.

In spite of the web plates being very thin, no buckling or other in-
stabilities were observed in the FE solution. The maximum axial com-
pressive load of 5.8 kN is below the critical buckling load of 18.2 kN for
a web assumed as a fixed-fixed column. The maximum axial stress of
about 60 MPa in a facesheet indicates an axial compressive strain of
approximately 1073,

3.2. Comparison of single-core sandwich panels with corrugated and
webcore configurations of equal areal density

3.2.1. Stresses and deflections
The deformations of three single-core sandwich panels with
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Table 1
Dimensions of the corrugated and the webcore configurations for H = 1 cm.

Case n tw/hy
Corrugated Webcore
1 4 0.464 1.25
2 6 0.429 0.833
3 8 0.390 0.625
04
— —_— 4wl
oAn RN m———— i wels
5 i S —vee 8 wels
& Y
0,30 o o -
£ ~
0.2 i
, — Corrugnted

o Wielsore

I”'}I[-"'-:' min

010 | ff

005

0.00

Fig. 7. Variation of the transverse displacement Tw})(x) along the span of the top face-

sheet for the corrugated core (in black) and the webcore (in red) single layer sandwich
panel. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article).

corrugated and webcore configurations, and L = 0.1m, hy = 1 mm,
H=1cm and “q(x) = q, = 100kN/m are studied. In each case, the
thickness t,, of the web plates are adjusted to maintain the core areal
density of approximately 0.05p,, where p,, is the mass density of the core
material. The areal density p; of the core with n uniformly distributed

web plates (¢; = arctan(nH/L) and ¢; + ¢, = 7) is p; = thi‘ﬁf;‘l),
¢; = 90° for the webcore. In Table 1 we have listed core dimensions for
3 corrugated and webcore configurations, arbitrarily chosen, for the
study.

Figs. 7-9 show the variation of the transverse displacement Tw_(f) (x)

and

and the axial stress "o, (x, —hy/2) along the span of the top facesheet for
the two core configurations. Even though web plates of the corrugated
sandwich panel are thinner than those of the webcore configuration,
the corrugated sandwich panel has significantly lower top facesheet
deflections and axial stresses. For example, for 4 and 6 webs, the central
deflection of the top facesheet of the corrugated panel is lesser than that
of the webcore panel by 64% and 97%, respectively, while the maximum
axial stress in the top facesheet of the corrugated panel is smaller than
that of the corresponding webcore panel by 55% and 73%, respectively.

Corrugated

104

/21 MPa

(x, —=hy

[

100

Fig. 8. Variation of the axial stress Tcrx (x, —hy/2) along the span of the top facesheet for
the single layer corrugated sandwich panel.
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Fig. 9. Variation of the axial stress "o, (x, —hy/2) along the span of the top facesheet for
the single layer webcore sandwich panel.

Furthermore, the waviness in the axial stress field for the webcore panel
is more severe than that for the corrugated panel resulting in a dis-
continuous stress distribution across the webs. It is interesting to note
that increasing the number of webs while maintaining a constant areal
density in either core configuration decreases the maximum axial stress
in the top facesheet but the top facesheet deflections are not mono-
tonically decreasing. For example, for the webcore, increasing the
number of webs from 4 to 6 decreases the central deflection of the top
facesheet from 0.43 to 0.33 mm but from 6 to 8 causes the central
deflection of the top facesheet to increase from 0.33 to 0.38 mm. For
the corrugated core, the centroidal deflections of the 6 and 8 webs cases
are essentially the same. However, the deflections at other points for 8
webs is smaller than that for the 6 webs case. For 4, 6 and 8 webs in the
corrugated core, the maximum axial stress near the left pinned edge is
higher than that near the right roller supported edge.

3.2.2. Energies due to axial and bending deformations
We decompose the total elastic strain energy of the i web into its
components due to axial and bending deformations as

i — 77l i
Utotal - Uaxial + Ubending

where
: 1 — V2 LH/SNG) Un2 o ger
axial — 2Et ‘/(; M (X)dx
w
. 12(1 — ) LH/SnGD Uy 12 o ger
Ubending = T-/o' UM (X)dx
w

In Tables 2 and 3 we have listed non-dimensionalized values of the
strain energy due to axial deformations, U.;, = UL.,/UL,.,, the strain
energy of bending deformations, Uienging = Ubending/ Uotar @ well as the
total strain energy, Ul = UL./W, in each web plate of the sandwich

Table 2

Axial, bending and total strain energy of each web plate of the corrugated sandwich panels.

Ws = 0.05] differ because of different deflections of the top facesheet for the three panels.
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Table 3

Total strain energy of each web of the webcore sandwich panels. Webs are numbered
from the left edge of the panel. UL, = 0 and Uli)ending =1 for each web. W; = 1.68 J,
W = 1.217 and Wy = 1.33].

Xia

Casel, n=4 Case2, n=6 Case3, n=8
Web i Utimal Web i Uliolal Web i Uliotal
1 0.07 1 0.20 1 0.23
2 0.00 2 0.04 2 0.09
3 0.00 3 0.01 3 0.03
4 0.06 4 0.00 4 0.00
Total 0.14 5 0.03 5 0.00
6 0.17 6 0.02
Total 0.45 7 0.08
8 0.21
Total 0.66

panels, for the three values of the number of webs. Here,

W, = % _/(;L Tq (x)w}’(x)dx is the work done by the applied load on the
sandwich panel. Note that Uk, and Ufenging €qual the fraction of the
total strain energy of the i web that is due to axial and bending de-
formations, respectively, non-dimensionalized with respect to the total
strain energy of the web plate and W, = Y| Ul + Yoe | Uhcesheets-
Even though "q(x) is kept constant, w}’ (x) depends upon the core design.
Hence, values of W, depend upon the type of core and the number of
webs in the core. Based on these results, the following observations are
made:

1. For the core configurations studied, increasing the number of web
plates increases the fraction of the work done on the structure that is
carried by the core, i.e., the core efficiency. For example, increasing
the number of webs from 4 to 8 increases the core efficiency from
20 % to 40 % for the corrugated panel and from 14 % to 66 % for the
webcore panel. Furthermore, of the fraction of the work done on the
structure that is carried by the core, a significant portion is ac-
counted for by the webs near the supports. For example, for n = 8,
the webs near the supports carry 58 % and 67 % of the fraction of
work done on the structure that is carried by the corrugated core
and the webcore, respectively. The large asymmetry in the strain
energy distributions in the webs is because the left edge of the fa-
cesheets is pinned while the right edge is on a roller. Thus, reaction
forces at the two supports are not equal to each other.

2. For corrugated configurations, the web plates mostly deform in
compression while for webcore configurations, they deform in
bending.

3. For the corrugated (webcore) panel, the work done by the applied
surface traction equals 0.25 (1.68), 0.08 (1.21) and 0.05 (1.33) J,
respectively, for n = 4, 6 and 8, because of the large differences in
deflections of the top facesheet that is subjected to the external load;

Web plates are numbered from the left edge of the panel. Wy = 0.25J, W; = 0.08J and

Casel, n=4 Case2, n=6 Case3, n=38
Web i Ueixial 7li)ending Ugotal Web i Ueixial 7{)ending Utiotal Web i Uzixial 7liending Utiotal
1 0.94 0.06 0.12 1 0.99 0.01 0.16 1 0.99 0.01 0.17
2 0.31 0.69 0.01 2 0.95 0.05 0.04 2 0.99 0.01 0.07
3 0.27 0.73 0.01 3 1.00 0.00 0.04 3 1.00 0.00 0.07
4 0.87 0.13 0.05 4 0.99 0.01 0.00 4 1.00 0.00 0.01
Total 0.20 5 0.53 0.47 0.00 5 1.00 0.00 0.01
6 0.97 0.03 0.06 6 0.99 0.01 0.01
Total 0.31 7 0.93 0.07 0.01
8 0.99 0.01 0.06
Total 0.40
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Table 4
Interface forces for each web of the corrugated and the webcore configuration for n = 6.
Webs are numbered from the left edge of the panel.

Webi  Upt () Pt () PM} (N-m)
Corrugated ~ Web Corrugated ~ Web Corrugated ~ Web

1 —10,945 —809 -23 —7742 -0.3 —38.6

2 5501 —694 —-24 —3591 -0.3 —18.0

3 —5476 —718 2 —1241 0.1 —-6.2

4 —1351 —718 -2 881 -0.1 4.4

5 1359 —694 24 3212 0.3 16.1

6 —6773 —809 20 7231 0.3 36.1

e.g., see Fig. 7.

. We have listed in Table 4 the interface forces P} (along the X—
direction), U@-’ (along the z— direction), and moment "M (about
the y— axis) acting at the top of each web for the corrugated and the
webcore configurations for n = 6. The axial compressive force, VP!,
in each web plate of the corrugated configuration is significantly
larger than that for the webcore configuration. However, the in-
terface moment, "M/, and the force perpendicular to the axis of the
web, U(jf , are much larger for the webcore case than that for the
corrugated case. Thus, corrugated web plates deform predominantly
in axial compression while those of the webcore deform in bending.
Furthermore, the significantly lower magnitudes of °M; for the
corrugated case explains the rather smooth variations of the axial
stress in the facesheets of the corrugated panel as opposed to the
sharp variations of the axial stress observed at the web-facesheet
interfaces for the webcore panels. The axial compressive force of
10.9 kN in web 1 of the corrugated panel is considerably less than
the Euler buckling load of 143.9 kN when the web is regarded as a
fixed-fixed column.

For simply-supported sandwich panels, the data in Tables 2 and 3
indicate that a significant fraction of the work done by the external load
on the structure is absorbed as strain energy of deformation of the core
plates near the supports. In order to investigate the influence of loca-
tions of webs on the sandwich panel deflections, we analyze deforma-
tions of a webcore sandwich panel with 2 webs, symmetrically placed at
a distance d from the supports, with L = 0.1 m, iy = 1mm, H = 1 cm,
ty = 2.5 mm and "q(x) = g, = 100 kN/m. Fig. 10 shows the variation of
the transverse displacement Tw}’ (x) along the span of the top facesheet
as d is varied. The top facesheet deflections significantly reduce as the
webs are positioned closer to the supports with the maximum deflection
reducing by 50% as d is reduced from L/3 to L/8. These results indicate
the potential to optimize the core designs to tailor the response of

0.4 0.6

=/

Fig. 10. Influence of locations of webs on the transverse displacement Tw}] (x) along the

span of the top facesheet for the webcore single layer sandwich panel. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of
this article.)
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sandwich panels to fit structural constraints as well as the efficacy of
the analytical solution for parametric and design studies.

3.3. Comparison with a homogenization-based approach

We compare results from the present discrete formulation with
those from a homogenization-based approach [8] wherein the discrete
core is replaced by an equivalent homogeneous orthotropic layer. We
study deformations of two single-core corrugated sandwich panels with
6 and 40 webs, respectively, and L = 0.1 m, hy = 1 mm, H = 1 cm and
Tq (x) = g, = 100 kN/m. In each case, the thickness ¢, of the web plates
are adjusted to maintain the core areal density of approximately 0.050,,.
The left ends of the facesheets (x = 0) are pinned while the right ends
(x = L) are supported on rollers. For the homogenization-based ap-
proach, the kinematic assumptions of the classical laminate theory are
used to analyze the sandwich panel which is modeled as a three-layer
laminate with isotropic facesheets of thickness h; and an orthotropic
continuous core of thickness H with equivalent Young's moduli E, and
E, and Poisson's ratios v, and v, given as [8]:

_ Et3 cos(¢,)
B = (H? — t2 cos2(¢))H
E - Et3 sin(¢,)
¢ pP - ptlsin(g)
(H? + t2sin?(¢,))cos*(¢,)
T WP = 12 cosi(@)sind(@)
E;
SN 20)

where p = Hcot(¢,) and t,, is the thickness of the web plates (see
Fig. 2). For the case of a simply supported panel subjected to a uni-
formly distributed load g, on the top surface, the transverse displace-
ment w(x) and the axial stress oy (x, z) in the panel are determined as

qox (3 — 2Lx% + %)

we) = 24D,
d*w
ox(x,z) = — ZQHW 1)

where the equivalent bending stiffness D,, of the panel and the con-
stitutive parameter Q;; are given by

_ p-HR2 B HI2 B E
Dy = -L(H/2+hf) 1-2 dz + ‘/:H/2 1= vxgvzx

1-2

H/2+h
dz+f /2+ht

H/2 dz

E_ —(H/2+ k) <z<-H/2
1-v
Ex _
Q=i H/2<z<H/2
E H/2<z<H/2+h
1-12

Figs. 11 and 12 show the variation of the transverse displacement
Tw})(x) = w(x) and the axial stress Tcrx (x, =hs/2) = oy (x, —(H/2 + hy))
along the span of the top facesheet for the two cases as determined by
the discrete and the homogenization-based approaches. These results
clearly indicate the lack of accuracy of continuum-based models in
capturing the displacement and stresses even in panels with a large
number (40) of core plates. While the homogenization model is able to
qualitatively predict the transverse displacement as the number of webs
increase from 6 to 40, it is unable to capture the maximum deflection
(error of 25% for the 40 webs case) as well as the abrupt changes in
curvature of the facesheets between the webs. As expected, the oscil-
lations in the axial stress field of the facesheets as well as the location of
the maximum axial stress cannot be determined by the homogenized
model. Furthermore, the displacement and the bending stress are
symmetric about the panel center (x = L/2). These results demonstrate
the importance of using a discrete modeling approach to accurately
determine deformations of corrugated core sandwich panels and that
the accuracy of the homogenized model depends on the loading and
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Fig. 11. Variation of the transverse displacement Tw}’ (x) along the span of the top face-

sheet for the corrugated core sandwich panel using the present discrete formulation (in
black) and a homogenized approach (in red). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article).

boundary conditions of the structure.

In order to determine the number of core unit cells required for the
possible convergence of results from the homogenization-based solution
with those from the discrete approach, we analyzed deformations of a
symmetric single-core corrugated sandwich panel with 200 webs of
thickness t,, = 0.25 h; and dimensions mentioned above. Both ends of
the facesheets are assumed to be supported on rollers
("w(0) = "w{(L) = 0). For the discrete-modeling approach, the sym-
metry of the deformation field is imposed by the condition © u}’ (L/2)y=0
for the facesheets. The homogenization-based solution for the dis-
placement and the stress field remains the same and is given by Egs.
(21). Fig. 13 shows the wvariation of the axial stress
Tcrx (x, —=hs/2) = o (x, —=(H/2 + hy)) along the span of the top facesheet
of the sandwich panel as determined by the discrete and the homo-
genization-based approaches. Clearly, with the increase in core unit
cells, the amplitude of waviness of the axial stress in the facesheet
decreases and results from the homogenization-based approach are
qualitatively similar to those from the discrete model. However, the
maximum axial stress at x = L/2 is still severely under-predicted by the
homogenized model (error of 21%) indicating the need to superimpose a
local frame response on the results from the homogenized model, as is
done in Refs. [4,26,27], to be able to accurately capture the stresses and
deflections in sandwich panels with a large number of core unit cells. It
should be noted that we have only considered the homogenization
scheme given in Ref. [8] and have not compared the accuracy of other
schemes available in the literature. This will be done in a future work.

3.4. Hybrid corrugated-webcore sandwich panels

In Section 3.2 we observed that while the corrugated configuration
had lower facesheet deflections, the webcore configuration absorbed a
greater fraction of the work done on the structure. In terms of structural
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B

6 webs

— Present formulation

= Homogenized approach

10 webs — Present formulation

= Homogenized approach

Fig. 12. Variation of the axial stress Tax (x, —hy/2) along the span of the top facesheet for
the corrugated core sandwich panel using the present discrete formulation (in black) and
a homogenized approach (in red). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article).

= Present formulation

= Homogenized approach

I

(x, =hs/2)MPa

[

I 200 webs

18
Fig. 13. Variation of the axial stress TGX (x, —hr/2) along the span of the top facesheet for
the symmetric corrugated core sandwich panel with 200 webs using the present discrete
formulation (in black) and a homogenized approach (in red). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this
article).

efficiency, an ideal sandwich core would be one that absorbs a large
fraction of the work done by external forces and lowers values of
maximum stresses induced in the structure. In order to delineate ad-
vantages, if any, of a hybrid core, we investigate deformations of four
hybrid {6 x 6} two-layer sandwich panels designed as a combination of
the two core configurations, namely, Corrugated-Corrugated, Corru-
gated-Web (see Fig. 1), Web-Corrugated and Web-Web wherein the first
term denotes the upper core which faces the applied load. In each case,
we set L = 0.1 m and hy = 1 mm, the core height H=1cm and the
areal density of each core = 0.05p,,. For the corrugated core, the
thickness of the web plates t, = 0.429 h;, while for the webcore
tw = 0.833 .
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Fig. 14. Variation of the transverse displacement Tw}’ (x) along the span of the top face-
sheet for the hybrid {6 X 6} two-layer sandwich panels. (For interpretation of the refer-
ences to color in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 15. Variation of the transverse displacement Bw})(x) along the span of the bottom

facesheet for the hybrid {6 x 6} two-layer sandwich panels. (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this
article.)
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Fig. 16. Variation of the axial stress TUX (x, —hy/2) along the span of the top facesheet for
the hybrid {6 x 6} two-layer sandwich panels. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Figs. 14-17 show the variation of the mid-plane transverse dis-
placement Dw}) (x) and the axial stress Dax (x, —hys/2) along the span of
the top and the bottom facesheets, for the four hybrid sandwich panels.
In each case, the deflection and the axial stress values for the Corru-
gated-Corrugated, Corrugated-Web and Web-Corrugated configurations
have been scaled by a factor of 10. In Table 5 we have listed the total
strain energy of the core of each hybrid sandwich panel non-dimenio-
nalized with respect to the work done by the applied surface traction for
that panel. Based on these results, the following observations are made:

1. The Web-Web combination has the maximum top and bottom face-
sheet deflections as compared to the other three configurations, as can
be seen in Figs. 14 and 15. In sandwich panels with an upper corru-
gated core, secondary bending effects manifest in the form of steep
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Fig. 17. Variation of the axial stress %o (x, —hy/2) along the span of the bottom facesheet
for the hybrid {6 x 6} two-layer sandwich panels. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Table 5
Total strain energy of each core (and their sum) of the hybrid two-layer webcore sand-
wich panels.

Configuration SE top/Work  SE bot/Work  SE core/Work  Work (J)
Corrugated-Corrugated  0.250 0.008 0.258 0.072
Corrugated-Web 0.292 0.013 0.305 0.077
Web-Corrugated 0.091 0.340 0.431 0.064
Web-Web 0.194 0.197 0.391 0.725

changes in the curvature between the webs in the top facesheet.
However, using a corrugated core in the lower panel does not in-
troduce sudden curvature changes in the bottom facesheet deflections.

. In the top and the bottom facesheets the maximum axial stress is the

largest in the Web-Web combination. Irrespective of the kind of core
used in the upper panel, an oscillatory axial stress field is observed
in the top facesheet. However, using a corrugated core in the lower
panel helps reduce the waviness of the axial stress field in the
bottom facesheet. The rather noticeable axial stress in the bottom
facesheet near the roller support is due to the horizontal interface
force of the web plates meeting the facesheet at the support.

3. As can be seen from the data in Table 5, the fraction of the work
done by the external forces absorbed by the cores is greatest for the
Web-Corrugated combination. While the energy absorbed by a top
corrugated core is larger than that by the corresponding webcore,
the efficiency of the second core in such configurations is low. For
the Web-Web combination, the work done by the applied surface
traction is the maximum with both cores having equal strain en-
ergies. This is consistent with the observation that deflections of
facesheets in the Web-Web case are the largest amongst the four
combinations considered.

The observations detailed above clearly indicate the need to establish a
compromise between conflicting structural constraints. The Web-
Corrugated combination would be ideally suited for designs based on
core efficiency. However, from a structural integrity standpoint, the
Corrugated-Corrugated pattern has significantly lower bottom facesheet
deflections and stresses. Each two-layer sandwich plate combination
exhibits a qualitatively different mechanical behavior and provides a
rich design space to tailor the response to various structural require-
ments.

4. Remarks

Needless to say, deformations of the facesheets and the cores will
depend upon the applied load and the boundary conditions at the panel
edges. We have not attempted to find optimal core configurations in
this study. For example, one can have a webcore design near the edges
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and corrugated core elsewhere or vice versa depending upon the design
requirements and applied loads.

5. Conclusions

The cylindrical bending of linearly elastic two-layered corrugated
and webcore sandwich panels has been analytically investigated using
the mechanics of materials approach. The facesheets and the web plates
are analyzed independently using the classical plate theory and the
continuity of displacements and tractions at the perfectly bonded web-
facesheet interfaces are satisfied. The analytical solution is validated by
comparing it with the solution of the linear elasticity equations by the
finite element method. Secondary bending effects such as abrupt
changes in the curvature of the facesheet between webs and the re-
sulting changes in the axial stress field from being compressive to
possibly tensile, that cannot be determined by commonly-used homo-
genization approaches, are well captured by the model. For a sandwich
panel pinned at the left edge and on a roller support at the right edge
with a uniformly distributed normal surface traction applied on the top
facesheet, the main conclusions are summarized below:

1. By decomposing the total elastic strain energy of the web plates into
components due to axial and bending deformations, it is found that
the web plates of a corrugated sandwich panel deform in compres-
sion while those of a webcore panel deform in bending.
Furthermore, a significant fraction of the work done on the structure
that is carried by the core is accounted for by webs near the sup-
ports.

2. For the four hybrid two-layered sandwich panels studied, the cor-
rugated core designs have the least facesheet deflections and axial
stresses while the webcore-based combinations absorb a large frac-
tion of the work done on the structure by the external loads.

3. When the 200 webcore panel is replaced by a homogenized sheet,
the maximum axial stress computed using the homogenization-
based model is 21% less than that from the discrete model using the
mechanics of materials approach and the CPT.

The discrete modeling approach employed here can be extended to
multi-layered sandwich panels with an arbitrarily large number of core
unit cells. The analytical solutions can be used for parametric and
preliminary design studies to tailor the performance of the sandwich
panels to varied structural constraints. The prototypes can then be
analyzed using computationally expensive numerical simulations for
finding details of stresses and strains at critical locations.
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