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Micromechanical Modeling of a Composite Containing
Piezoelectric and Shape Memory Alloy Inclusions

B. JIANG AND R. C. BATRA*

Department of Engineering Science and Mechanics, MC 0219, Virginia Polytechnic Institute

and State University, Blacksburg, VA 24061

ABSTRACT: Macroscopic constitutive relations based on the mean-field theory and the
Mori–Tanaka method are derived for a 3-phase composite consisting of a polymer matrix and
shape memory alloy (SMA) and piezoceramic (PZT) inclusions. Effective moduli are
computed for likewise oriented spherical and cylindrical inclusions. Results are also computed
for cylindrical PZT and ellipsoidal SMA inclusions. Even though the PZT and the matrix
materials are assumed to be linear, the overall response of the composite is nonlinear because
of the phase transformations in the SMA inclusions. The 3-phase composite exhibits
pyroelectric effects even when none of its constituents is pyroelectric. It is found that the
spherical inclusions are more effective than the cylindrical inclusions in the sense that lower
values of the average axial stress induce phase transformations in the SMA inclusions, and the
maximum principal tensile strain induced in the PZT inclusions is only about 7% of
the average axial strain. However, spherical PZT inclusions require a very high value of the
electric field to induce any noticeable axial strain in the hybrid composite.

INTRODUCTION

A
‘‘smart composite’’ should be distinguished from an
ordinary composite that is primarily used as a

structural material. A smart composite can be tailored
to control its shape when subjected to different loads.
One or more constituents of a smart composite and
hence the composite itself exhibits coupling between at
least two of the following four effects: mechanical,
thermal, electrical and magnetic. Thus, besides the
polymer matrix, other constitutents of a smart compo-
site can be a piezoceramic, a shape memory alloy, and/
or a magnetostrictive material.
A variety of piezoelectric composite materials, usually

called piezocomposites, can be made by combining
a piezoelectric ceramic (PZT) with either a non-piezo-
electric or a piezoelectric polymer phase; e.g. see the web
site (http://www.matsysinc.com/piezopg.html) for
piezocomposites made by Materials System Inc. Soon
after the appearance of barium titanate as a useful
piezoelectric ceramic, researchers at the Naval Research
Laboratory embedded it in a polymer matrix to
make a flexible hydrophone material (Smith, 1989).
Pauer (1973) made flexible piezocomposites by
combining lead zirconate-titanate ceramic powders
with a polymer. Measurements showing the potential
for improvement in the performance of naval

hydrophones provided a major impetus to research on
piezocomposites (Harrison, 1976).

Piezocomposites have been used as electromechanical
and medical ultrasonic imaging transducers. They are
more suitable for damage monitoring due to the ease
with which their mechanical properties can be tailored,
and better impedance matching with that of the host
structure. By altering the shape, the size, the volume
fraction of the PZTs, and the material of the two phases,
a cost-effective piezo-composite with the desired elec-
tromechanical coupling constants and impedance can be
manufactured.

Newnham et al.’s (1978, 1980) connectivity theory
characterized piezocomposites according as the phases
are connected in series or in parallel. They also
determined the effective properties of these composites.
Banno (1983) extended their analyses to discontinuous
PZT fibers, and Smith and Auld (1991) to continuous
PZT fibers. Smith and Auld (1991) studied the thick-
ness-mode oscillations in thin plates of 1–3 piezo-
composites. Such piezocomposites can be treated as a
homogeneous medium with new effective material
properties so long as the size of the PZT rods and
their spacings are sufficiently fine compared with all
relevant acoustic wavelengths. Badcock and Birt (2000)
have described a technique used to prepare and pole 0–3
piezocomposites, and have also computed their electro-
mechanical properties.

One way to compute effective properties of a piezo-
composite is to use the Eshelby tensor for a PZT
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inclusion in an infinite matrix. Several researchers (e.g.
see Deeg (1980), Wang (1992), Dunn and Taya (1993),
Chen (1994), Hwang and Yu (1994), Jiang et al. (1997))
have derived Eshelby tensors for piezocomposites. If
both the matrix and the inclusions exhibit coupled
electromechanical properties, then the Eshelby tensor is
expressed in terms of four Green’s functions which are
difficult to obtain in closed form. However, for a
piezocomposite made of piezoelectric inclusions
embedded in a non-piezoelectric matrix, only two
Green’s functions suffice to describe the electroelastic
Eshelby tensors (e.g. see Jiang et al. (1997)) and their
closed form expressions can be obtained. Benveniste and
Dvorak (1990), and Schulgasser (1992) have provided
internal consistency relations between the effective
moduli of a piezocomposite with continuous PZT
fibers. Benveniste (1993a,b) and Benveniste and
Dvorak (1990) have generalized the fields concept of
Dvorak (1990) to the coupled electroelastic behavior of
a piezocomposite. Dunn and Taya (1993) considered
ellipsoidal PZT inclusions in a non-piezoelectric elastic
matrix and used various micromechanics models to
study their electromechanical properties. Dunn (1994)
has proved that a piezocomposite can exhibit pyro-
electric effects even though neither of its constituents is
pyroelectric. He has also estimated the effective thermal
expansion and pyroelectric coefficients of a two-phase
pyroelectric composite (Dunn, 1993b). The interactions
among densely distributed inclusions or inhomogeneities
are usually approximated by the Mori–Tanaka (1973)
mean field approach. For small concentrations of
inclusions, one can use the rule of mixtures to compute
the effective properties of a piezocomposite. An alter-
native to these analytical techniques is to numerically
analyze deformations of a representative volume ele-
ment of a piezocomposite, and determine material
properties of an equivalent homogenized system; e.g.
see Gabbert et al. (1999).
It is rather well known that PZT actuators supply a

small actuation strain but respond quickly to the applied
electric field. However, shape memory alloy (SMA)
actuators exert significant actuation strains but respond
slowly. We take advantage of the beneficial properties of
these two materials and study composites made of SMA
and PZT inclusions embedded in an elastic matrix.
Bidaux et al. (1995), Hamada et al. (1997) and Lee et al.
(1997) have developed manufacturing and processing
techniques for embedding SMA particles into either an
elastic or a ductile matrix. The strengthening effect of
SMA wires in an elastic matrix has been studied by
Armstrong and Kino (1995), Furuya et al. (1993) and
Yamada et al. (1993). The constitutive properties of an
SMA composite with an elastic matrix have been
studied, amongst others, by Boyd and Lagoudas
(1994), Jonnalagadda and Sottos (1995), Sottos et al.
(1996), Stalmans et al. (1997), and Sun and Sun (1995).

A micromechanical model of an SMA composite with
an elastoplastic matrix has been proposed and analyzed
by Cherkaoui et al. (1998) and Song et al. (1999). They
have also used a self-consistent scheme to determine the
effective properties of an SMA composite in which
identical ellipsoidal SMA inclusions are unidirectionally
aligned. Taya et al. (1995), Song et al. (1999) and
Furuya et al. (1997) used the Eshelby tensor to predict
the compressive stress in the matrix material of a
SMA composite that was prestrained at the room tem-
perature and then subjected to a temperature increase
beyond the austenitic finish temperature. This com-
pressive stress significantly enhanced the tensile pro-
perties of a NiTi (Nickel Titanium) SMA fiber/
Aluminum matrix composite and of a NiTi SMA fiber/
epoxy matrix composite. Other phenomenological
macroscopic constitutive models (e.g., Tanaka et al.
1986; Liang and Rogers, 1990; Raniecki et al., 1992;
Bekker and Brinson, 1997), and micromechanical
models based on the mean field theory (e.g. Patoor
et al., 1988; Sun and Hwang, 1993; Boyd and Lagoudas,
1996; Song et al., 1997; Lu and Weng, 1997) have also
been proposed. Fischer et al. (1996) and Birman (1997)
have reviewed the research on the SMAs.

Because the behavior of a SMA fiber can be modeled
as either pseudoelastic (Müller, 1998) or thermo-elasto-
plastic (Cherkaoui et al., 2000) and it undergoes a phase
transformation with a change in temperature, and the
PZT fiber’s response is electro-elastic, the macroscopic
response of a hybrid composite consisting of PZT and
SMA fibers in an elastic matrix will be thermo-electro-
elasto-plastic. In order to keep the analysis tractable,
only infinitesimal deformations are considered. This is
reasonable because the PZT is a brittle material with an
ultimate tensile strain of about 2%.

Here we use the mean field theory and the Mori–
Tanaka method to derive macroscopic constitutive
relations of a composite consisting of a polymer
matrix and PZT and SMA inclusions. As shown by
Dunn (1993b) for a piezocomposite, the three-phase
composite studied herein exhibits pyroelectric properties
even when none of its constituents is pyroelectric. For
cylindrical PZT and SMA inclusions, the axial strain
induced by an applied axial electric field decreases as the
volume fraction of the PZT inclusions is increased.
Results are also computed when PZT and SMA
inclusions are spherical.

CONSTITUTIVE RELATIONS FOR THE MATRIX

AND THE INCLUSIONS

A schematic sketch of the problem studied is shown in
Figure 1. Figures 2a and 2b respectively depict a
composite with all cylindrical and all spherical PZT
and SMA inclusions. We presume that the matrix and
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the SMA are nonpiezoelectric, the response of PZT
inclusions and the matrix material can be modeled as
linear, the deformations are infinitesimal, the values of
the material parameters of the matrix, the PZT and the
SMA are independent of the time and the temperature,
the inclusions are perfectly bonded to the matrix, and
the temperature of the composite is always uniform. In
rectangular Cartesian coordinates, the constitutive
relations for the matrix, the PZT inclusions and the
SMA are

�ij ¼ CM
ijkl�kl � �Mij �, Di ¼ kMij Ej þ pMi �,

for the matrix, ð1Þ

�ij ¼ CP
ijkl�kl � ePkijEk � �Pij �, Di ¼ ePijk�jk þ kPijEj

þ pPi �, for the PZT, ð2Þ

�ij ¼ CS
ijklð�kl � �trklÞ � �Sij�, Di ¼ kSijEj þ pSi �,

for the SMA: ð3Þ

Here �ij is the stress tensor, �ij the strain tensor
appropriate for infinitesimal deformations, �trij the
transformation strain in the SMA, Ei the electric field,
� the change in the temperature from that in the ref-
erence configuration, Cijkl ¼ Cklij ¼ Cijlk are the elasti-
cities, �ij the stress-temperature moduli, kij the dielectric
constants, pi the pyroelectric coefficients, and eijk the

Figure 2a. The hybrid composite with cylindrical PZT and SMA
inclusions.

Figure 2b. The hybrid composite with spherical PZT and SMA
inclusions.

Figure 1. A schematic sketch of the problem studied.
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piezoelectric constants. Superscripts M and P signify,
respectively, quantities for the matrix and the PZT.
We note that two phases, namely austenite and

martensite, can coexist in the SMA. The material
properties of an SMA can be determined from those
of the austenite and the martensite phases by using
either the mean field theory or the energy equivalence
method or the rule of mixtures. Following Boyd and
Lagoudas (1994) we assume that the rule of mixtures
approximates well the overall properties of an SMA.
Thus

CS
ijkl ¼ ð1� �ÞCa

ijkl þ �Cm
ijkl ð4Þ

and similar relations hold for kSij , �
S
ij and pSi , where �S

ij

are the coefficients of thermal expansion of the SMA. In
Equation (4), superscripts S, a and m signify quantities
for an SMA, austenite and martensite respectively. The
volume fraction � of the martensite phase is given by

� ¼
�tre
�trmax

, �tre ¼
2

3
�trij �

tr
ij

� �1=2

, ð5Þ

where �trij is the transformation induced strain in the
SMA, and �trmax is the maximum value of the equivalent
transformation strain, �tre , which is regarded as a
material property (Song et al., 1999). We note that
�Sij ¼ CS

ijkl�
S
kl .

EFFECTIVE MODULI OF THE HYBRID

COMPOSITE

Let �M , �P and �S denote respectively the regions
occupied by the matrix, the PZT inclusions and the
SMA inclusions. Constitutive relations (1), (2) and (3)
can be written as

�ijðxÞ ¼ CijklðxÞ�klðxÞ � ekijðxÞEkðxÞ � �ijðxÞ�ðxÞ þ ��
ijðxÞ,

DiðxÞ ¼ eijkðxÞ�jkðxÞ þ kijðxÞEjðxÞ þ piðxÞ�ðxÞ: ð6Þ

If x 2 �M , �P or �S, the material parameters in (6)
are, respectively, those for the matrix, the PZT and the
SMA. When x 2 �P or �M , ��

ijðxÞ ¼ 0. However, for
x 2 �S, ��

ijðxÞ ¼ �CS
ijkl�

tr
kl . This essentially smears the

austenite/martensite together into a homogeneous
medium. A more sophisticated treatment would have
been to consider the martensite moduli and the
transformation strain to compute the transformation
induced stress.
We assume that the hybrid composite can be regarded

as statistically homogeneous, and the transformation
strains in the SMA can also be assumed to be statistically
homogeneous. The effective thermo-electro-elastic

constants of the hybrid composite are defined by the
relations

���ij ¼ �CCijkl ���kl � �eekij �EEk � ���ij ��� þ ����
ij,

�DDi ¼ �eeijk ���jk þ �kkij �EEj þ �ppi ��� þ �DD��
i , ð7Þ

where ����
ij and

�DD�"
i are, respectively, the residual stress

and the residual electric displacement caused by the
transformation strain, and an overbar on a quantity
denotes its volume average over the entire domain � of
the hybrid composite, or over the rth phase �r ðr ¼ P,
S or MÞ as is appropriate. For example

��� ¼ �h i ¼
1

�

Z
�

� d�: ð8Þ

Let displacements corresponding to the uniform
strain �0ij, the electric potential corresponding to the
uniform electric field E0

i and the uniform temperature �0

be applied on the boundary @� of �. Then under
equilibrium conditions, the fields within � are given by

���ijðxÞ ¼ �0ij ,
�EEiðxÞ ¼ E0

i ,
���ðxÞ ¼ �0: ð9Þ

However, in general

�ijðxÞ ¼ LijklðxÞ�
0
kl þNijkðxÞE

0
k þ RijðxÞ�

0 þ ���ij ðxÞ,

EiðxÞ ¼ PijkðxÞ�
0
jk þQijðxÞE

0
j þ JiðxÞ�

0 þ E��
i ðxÞ, ð10Þ

where the influence functions L,N,R,P,Q and J, and
the concentration tensors ���ij and E��

i obtained by the
Mori–Tanaka method are given in the Appendix.
Substitution from (10) into (9) and exploiting the fact
that the resulting equations must hold for all choices of
�0ij , E

0
i and �0, we obtain

LijklðxÞ
� �

¼ Iijkl , NðxÞ
� �

¼ 0, RðxÞ
� �

¼ 0, e��ðxÞ
� �

¼ 0,

PðxÞ
� �

¼ 0, QijðxÞ
� �

¼ �ij , JðxÞ
� �

¼ 0, E��ðxÞ
� �

¼ 0, ð11Þ

where Iijkl ¼ ð�ik�jl þ �il�jkÞ=2, and �ij is the Kronecker
delta. From Equations (6), (7), (10) and (11) we con-
clude that

�CCijkl ¼ CijmnLmnkl � emijPmkl

� �
,

�eekij ¼ emijQmk � CijmnNmnk

� �
,

�kkij ¼ eilmNlmj þ kilQlj

� �
,

���ij ¼ �ij � CijklRkl þ ekijJk
� �

,

�ppi ¼ pi þ eijkRjk þ kijJj
� �

,

����
ij ¼ ��

ij þ Cijkl�
��
kl � ekijE

��
k

D E
,

�DD��
i ¼ eijk�

��
jk þ kijE

��
j

D E
:

ð12Þ
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The influence functions must satisfy the consistency
condition

Qijeilm �NpqjCpqlm

� �
¼ ejpqLpqlm þ kjpPplm

� �
: ð13Þ

Benveniste (1993) derived Equation (13) by using the
principle of virtual work. Substitution for the material
properties of the matrix, the piezoelectric inclusions, and
the SMA inclusions into (12) gives the following
expressions for the effective properties of the hybrid
composite.

�CCijkl ¼ �1
ijmnL

M
mnkl þ�2

ijmP
M
mkl ,

�eekij ¼ �3
kmnL

M
mnij þ�4

kmP
M
mij,

�kkij ¼ �3
ilmN

M
lmj þ�4

imQ
M
mj,

���ij ¼ �1
ij ��1

ijmnR
M
mn ��2

ijmJ
M
m ,

�ppi ¼ �2
i þ�3

imnR
M
mn þ�4

ijJ
M
j ,

����
ij ¼ �1

ij þ�1
ijmn�

��M
mn þ�2

ijmE
��M
m ,

�DD��
i ¼ �3

ikl�
��M
kl þ�4

ijE
��M
j ,

ð14Þ

where

�1
ijkl ¼ fM CM

ijkl

D E
M
þfS CS

ijpqH
1S
pqkl

D E
S

þ fP CP
ijpqH

1P
pqkl � ePmijH

3P
mkl

D E
P
,

�2
ijk ¼ fP CP

ijmnH
2P
mnk � ePmijH

4P
mk

D E
P
,

�3
ilm ¼ fP ePijkH

1P
jklm þ kPijH

3P
jlm

D E
P
,

�4
ij ¼ fM kMij

D E
M
þfS kSilH

4S
lj

D E
S
þfP ePilmH

2P
lmj þ kPilH

4P
lj

D E
P
,

�1
ij ¼

X
r¼M,P,S

fr �
r
ij

D E
r
�fS CS

ijlmF
1S
lm

D E
S

� fP CP
ijlmF

1P
lm � ePlijF

2P
l

D E
P
,

�2
i ¼

X
r¼M,P,S

fr p
r
i

� �
r
þfS kSijF

2S
j

D E
S
þfP ePijkF

1P
jk þ kPij F

2P
j

D E
P
,

�1
ij ¼ fS CS

ijklðS
1S
klmn � IklmnÞ�

tr
mn

D E
S
:

ð15Þ

Here fM , fP and fS equal, respectively, the total volume
fractions of the matrix, the PZT inclusions and the SMA
inclusions. Expressions for the thermoelastic Eshelby
tensors H1,F1 etc. are given in the Appendix; the added
superscripts M, P and S signify quantities for the
matrix, the PZT and the SMA respectively.
The constitutive relations (7)1 (i.e. the first of

Equations (7)) can be solved for ���ij in terms of ���ij , �EEi, ���
and ����

ij and the result substituted into Equation (7)2 to
obtain ���ij and �DDi as a linear function of the ���ij , �EEi, and ���.
Equation (14)5 implies that �pp need not vanish even

when pM ¼ pP ¼ pS ¼ 0. That is, the hybrid composite

may exhibit the pyroelectric effect even when none of its
constituents is pyroelectric; a similar result was obtained
by Dunn (1993b) for a composite made of PZT
inclusions and an elastic matrix. This is because thermal
stresses caused by a change in the temperature of the
hybrid composite induce an electric field in the PZT
inclusions which gives rise to the effective or overall
pyroelectric effect. However, when kM ¼ kP ¼ kS, then
the hybrid composite exhibits no pyroelectric effect.

Even though there is no residual electric displacement
in the PZT inclusions, the residual electric displacement
of the hybrid composite is nonzero due to the eigen-
strain in the SMA inclusions. The effective thermo-
electroelastic moduli �CC, �ee and �kk of the hybrid composite
are related to Cr, er and kr ðr ¼ M,P,SÞ and the shapes
and the orientations of the inclusions, but are indepen-
dent of kr and pr. However, �kk and �pp of the hybrid
composite depend upon all of the material properties of
its constituents and also on its microstructure. If the
material properties of the austenite and the martensite
are the same, we find that the effective thermo-
electroelastic moduli are independent of the volume
fraction � of the martensite but the residual stresses
and the residual electric displacement vary with �.

PHASE TRANSFORMATIONS IN THE SMA

The evolution of the volume fraction, �, of the
martensite depends upon the state of stress and
temperature in the SMA. The stress state in the SMA
is given by

�S
ij ¼ US

ijkl�
0
kl þ VS

ijkE
0
k þWS

ij �
0 þ ���S

ij , ð16Þ

where

US
ijkl ¼ H5S

ijmnL
�
mnkl , VS

ijk ¼ H5S
ijmnN

�
mnk,

WS
ij ¼ F3S

ij þH5S
ijmnR

�
mn,

���S
ij ¼ S5S

ijkl"
tr
kl � fSU

S
ijkl S

5S
klmn�

tr
mn

� �
S
,

ð17Þ

and matrices H5S, S5S,L�,N�, F3S and R� are defined
in the Appendix. When the orientation of each SMA
inclusion is the same, we have

���S
ij ¼ YS

ijkl�
tr
kl , ð18Þ

where

YS
ijkl ¼ ðIijmn � fSU

S
ijmnÞS

5S
mnkl, ð19Þ

and the matrix S5S is defined in the Appendix. Let _��0
ij

equal the change of the stress in the SMA inclusions due
to the variation of the applied fields r0, E0 and �0, and
_���
ij the change of the stress in the SMA due to the
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evolution of the martensite phase. That is,

_��0
ij ¼ US

ijkl _��
0
kl þ VS

ijk
_EE0
k þWS

ij
_��0,

_���
ij ¼

@US
ijkl

@�
�0
kl þ

@VS
ijk

@�
E0
k þ

@WS
ij

@�
�0 þ

@YS
ijkl

@�
�trkl

 !
_��

þ YS
ijkl _��

tr
kl , ð20Þ

where a superimposed dot indicates a change or an
increment in the quantity. Using Equation (5)1, one can
express _�� in terms of _��trij . Following Boyd and Lagoudas
(1994), Song et al. (1999) and Cherkaoui et al. (2000), we
assume that

_eetr ¼
_��sS for the forward transformation,
_��reetr for the reverse transformation,

�
ð21Þ

where _�� and _��re are proportionality factors to be
determined from the consistency condition, and s is the
deviatoric stress tensor. Note that _�� and _��re have
different dimensions. Evaluating the incremental change
in different quantities from Equation (16) and using
Equations (5), (20) and (21) we arrive at

_�� ¼ �
sSij

_��0
ij � ð2=3Þseð@s

fS
e =@�Þ _��0

sSij ð2=3Þ�trmax�
tr
e
_���
ijð�

tr
kls

S
klÞ þ YS

ijkls
S
kl

h i ð22Þ

for the forward (austenite ! martensite) and

_��re ¼ �
sSij

_��0
ij � ð2=3Þseð@s

rS
e =@�Þ _��0

sSij ð�tre =�
tr
maxÞ

_���
ij þ YS

ijkl�
tr
kl

h i ð23Þ

for the reverse (martensite ! austenite) transformation.
Here

se ¼ ð3=2Þsijsij
� �1=2

ð24Þ

is the equivalent or the effective or the von Mises stress,
and the forward transformation initiates when sSe ¼

sfSe ð�Þ and the reverse transformation begins when
sSe ¼ srSe ð�Þ. Note that sfSe ð�Þ and srSe ð�Þ are temperature
dependent material parameters. However, here the
temperature of the composite is assumed to be uniform
and constant.

COMPARISON OF RESULTS WITH

EXPERIMENTAL FINDINGS AND

PREDICTIONS FROM OTHER MODELS

To the authors’ knowledge, there is no experimental
data available for the 3-phase composite studied herein.
Therefore, we first compare computed values of some of

the effective moduli of an 1–3 piezocomposite with the
experimental results of Chan and Unsworth (1989).
Subsequently, for a composite made of an elastic matrix
and cylindrical SMA inclusions aligned along the x3-
axis, we compare our results with those reported by
Lagoudas et al. (1994).

Figures 3a and 3b depict the experimental and
the computed values of the effective piezoelectric
constant ~dd333, the effective dielectric constant ~kk33, the

Figure 3b. Comparison of the computed and the experimental
values of kp and kt for an 1–3 piezocomposite.

Figure 3a. Comparison of the computed and the experimental
values of d333 and k33 for an 1–3 piezocomposite.
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effective thickness coupling constant kt, and the effective
planar coupling constant kp for the 1–3 piezocomposite
made of PZT7A cylindrical wires embedded in an
Araldite D material. The matrix is modeled as an
isotropic material and the PZT7A as transversely
isotropic with the axis of polarization coincident with
the x3-axis. Values of material constants for these two
materials are given in Chan and Unsworth (1989). The
planar moduli kp and kt are given by

kp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð ~dd311Þ

2

~kk33ð ~MM1111 þ ~MM1122Þ

s
, kt ¼

B� Akpffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� A2

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2p

q ,

where

A ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð ~MM1133Þ

2

~MM3333ð ~MM1111 þ ~MM1122Þ

s
, B ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ~dd333Þ

2

~kk33 ~MM333

s
:

It is clear that the two sets of results agree well with each
other. With an increase in the volume fraction of the
PZT7A inclusions, ~kk33 increases linearly and kt appears
to approach a saturation value. The slope of the
~dd333 vs: f P curve decreases with an increase in the
value of f P and is nearly a constant for f P � 0:5.
For values of material parameters of the matrix and

the SMA listed in Lagoudas et al. (1994) and both
materials modeled as isotropic, Figure 4 depicts the axial
stress, �33, vs. the axial strain curves for a rectangular

block of the composite material loaded in the x3-
direction only. The cylindrical SMA inclusions with
f S ¼ 0:30 are aligned along the x3-axis. Subsequent to
the initiation of the phase transformation in the SMA,
our results differ from those of Lagoudas et al. (1994)
because they account for work hardening of the SMA
and we do not. The values of the effective Young’s
modulus and the effective Poisson’s ratio computed by
the two models essentially coincide with each other.

RESULTS AND DISCUSSION

We compute and discuss results for a hybrid
composite comprised of a polymer matrix, BaTiO3 as
the PZT material and the SMA made of a NiTi alloy.
Nonzero values of material parameters are listed in
Table 1. We model the polymer matrix and the SMA as
isotropic, and the PZT as transversely isotropic with the
x3-axis as the axis of polarization and hence of
transverse isotropy. We investigate the following three
cases: (i) identically oriented cylindrical PZT and SMA
inclusions, (ii) identically aligned spherical PZT and
SMA inclusions, and (iii) cylindrical PZT and ellipsoidal
SMA inclusions. In each case, the temperature of the
composite stays uniform at 10�C which is above
the austenite finish temperature. Each constituent and
the body is assumed to be stress free in the reference
configuration at 10�C.

Axial Stress–Axial Strain Relations

Figures 5 and 6 exhibit respectively, the variation of
the axial strain with the axial stress for the hybrid
composite containing cylindrical and spherical inclu-
sions, loaded only along the x3-axis, and zero electric
field and no temperature change applied on the
bounding surfaces. Prior to the initiation of the forward
transformation in the SMA, the stress–strain relation-
ship for the composite is linear and the macroscopic
axial strain is quite small. When the equivalent stress
sfSe ð�Þ in the SMA reaches 100 MPa, the value required
for the initiation of the forward transformation in the
SMA, the forward transformation ensues in the SMA
inclusions and the macroscopic strain of the composite
increases noticeably. For both spherical and cylindrical
inclusions, the forward transformation in the SMA
inclusions initiates at a value of the applied axial stress
which is considerably smaller than that required to
initiate the forward transformation in the pure SMA.
This is because the values of the elasticities of the
polymer matrix are at least an order of magnitude lower
than those of the inclusions. Consequently, in order for
the axial strain to be the same in the matrix and the
inclusions, inclusions take up a larger portion of the
applied axial tractions. This also explains the increase in

Figure 4. Comparison of the axial stress vs. axial and lateral strains
for a uniaxially loaded composite comprised of an elastic matrix and
cylindrical SMA inclusions.
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the applied axial stress at the initiation of the forward
transformation with an increase in the volume fraction
of the PZT inclusions. The applied axial stress at the
conclusion of the forward transformation in the SMA
also increases with an increase in the volume fraction of
the PZT inclusions. However, the macroscopic strain in
the composite decreases because of an increase in the
stiffness of the composite containing a larger volume
fraction of the PZT inclusions. The macroscopic strain
of the composite increases with an increase in the
volume fraction of the SMA inclusions because of the
larger transformation strain induced in the SMA.

Results plotted in Figures 5 and 6 also establish that
the axial stress vs. the axial strain curves are sensitive to
the shapes of the inclusions. Since the spherical SMA
inclusions are completely embedded in the softer
polymeric matrix, the equivalent stress for the initiation
of the forward transformation is reached at a higher
value of the applied axial stress than that in the
cylindrical SMA inclusions. In general, the stress
distribution in the inclusions is such that the equivalent
stress or the von Mises stress in the spherical inclusions
is larger than that in the cylindrical inclusions for the
same value of the applied axial stress. Thus the forward

Table 1. Material parameters of the three constituents of the hybrid composite.

Polymera BaTiOa
2 Austeniteb Martensiteb

C1111 (Gpa) 8.0 150.0 143.57 56.36
C1122 (Gpa) 4.4 66.0 95.71 37.57
C1133 (Gpa) 4.4 66.0 95.71 37.57
C3333 (Gpa) 8.0 146.0 143.57 56.36
C1313 (Gpa) 1.8 44.0 23.93 9.39
e311 (C=m2) 0 �4.35 0 0
e333 (C=m2) 0 17.5 0 0
e131 (C=m2) 0 11.4 0 0
k11=kc0 4.0 1115.0 0 0
k33=k0 4.0 1260.0 0 0
�11 (MPa=�C) 1.008 1.974 3.685 0.8679
�33 (MPa=�C) 1.008 1.471 3.685 0.8679
p3 (10�3C=m2 �C) 0 1.877 0 0
At 10�C, sfS ¼ 100MPa, srS ¼ 80MPa, �trmax ¼ 0:048: @sfs@� ¼ @srS@� ¼ 8MPa=�C MPa=�C (Ref. (b))
aDunn, M.D., 1993b;
bSong, G.Q., Sun, Q.P. and Cherakoui, C., 1999;
ck0 ¼ 8:85� 10�12 C/Vm2

Figure 5 Axial stress vs. axial strain in an hybrid composite
consisting of a polymeric matrix and cylindrical SMA and PZT
inclusions.

Figure 6 Axial stress vs. axial strain in an hybrid composite
consisting of a polymeric matrix and spherical SMA and PZT
inclusions.
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transformation in the spherical SMA inclusions is
completed more quickly than that in the cylindrical
SMA inclusions.
We note that most PZTs can withstand a maximum

tensile strain of about 0.1 to 0.2%. When all of the SMA
and the PZT inclusions are cylindrical, the axial strain
induced in each one of them and the matrix will be the
same and the axial stresses will be different. Thus, unless
new ceramic materials capable of withstanding higher
tensile strains become available, the hybrid composite
comprised of an elastic matrix and all cylindrical SMA
and PZT inclusions can be used only when the PZT is
loaded in compression. However, as shown in Figure 7,
when the SMA and the PZT inclusions are spherical and
the overall axial strain is 3%, the maximum axial strain
induced in the PZT is only 0.2% which is within the
allowable limits.
Figure 8 exhibits the average axial stress vs. the

average axial strain curves for the hybrid composite
containing ellipsoidal SMA and cylindrical PZT inclu-
sions with fS ¼ fP ¼ 0:30. Let a1, a2 and a3 denote
respectively the principal radii of the ellipsoid along the
x1, x2 and x3 axes. Results have been computed for the
case of a1 ¼ a2 but different values of r ¼ a3=a1; r ¼ 1

for cylindrical SMA inclusions and r ’ 0 for penny
shape SMA inclusions. It is clear that for the cylindrical
SMA inclusions the axial stress required to induce the
phase transformation in the SMA is the least, and for
the same applied axial stress the transformation strain
produced is the largest of all of the values of r
considered. The area of the hysteresis loop increases
with a decrease in the value of r.

Stress-Electric Displacement Relations

Although the response of the PZT material has been
modeled as linear, the piezoelectric behavior of the
composite is nonlinear because of the forward and the
reverse transformations in the SMA inclusions; cf.
Figures 9, 10 and 11. Since the spherical PZT inclusions
are completely embedded in the polymer matrix which
has non-electromechanically coupled properties and low
values of the dielectric constants, the electric displace-
ment D3 induced by the applied axial stress �33 for the
hybrid composite with the spherical inclusions is nearly
10�4 times that for the cylindrical inclusions. Figures 9,
10 and 11 depict that D3 varies linearly with �33 both
prior to the initiation of the forward transformation and
after the completion of the reverse transformation in the
SMA. However, when either one of the two transforma-
tions is in progress, the magnitude of D3 changes rapidly
with a change in the value of the applied axial stress �33.
For reasons delineated in the previous section, the
average applied axial traction at the initiation of the
forward transformation in the SMA inclusions decreases
with a decrease in the volume fraction of the PZT

inclusions. Thus for the same value of the applied axial
stress, the magnitude of the electric displacement D3

increases with a decrease in the volume fraction of the
PZT inclusions because the forward transformation
occurs more readily in the SMA inclusions. However,
after the conclusion of either the forward or the reverse
transformation in the SMA inclusions, the electric

Figure 7. Average axial stress vs. the axial strain in the PZT
inclusions for an hybrid composite made of an elastic matrix and
spherical PZT and SMA inclusions.

Figure 8. Axial stress vs. axial strain in an hybrid composite
consisting of cylindrical PZT inclusions and ellipsoidal SMA
inclusions.
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displacement of the hybrid composite decreases with a
decrease in the volume fraction of the PZT inclusions.
Said differently, the phase transformation in the SMA
inclusions enhances the electromechanical coupling
properties of the composite. For the same volume
fraction of the PZT inclusions and the applied axial
stress, the magnitude of the axial electric displacement

decreases with an increase in the volume fraction of the
SMA inclusions.

We have plotted in Figure 11 the axial stress vs. the
axial electric displacement for the case of the cylindrical
PZT and the ellipsoidal SMA inclusions. A comparison
of these results with the curve 2 of Figure 9 reveals that
for the cylindrical SMA inclusions the axial stress for the
same value of the axial electric displacement is the least.
The axial stress required to induce the same axial electric
displacement increases with a decrease in the value of
the aspect ratio r.

Effect of the Applied Electric Field

For the case of the spherical PZT inclusions com-
pletely embedded in a non-electromechanically coupled
polymer matrix with low values of the dielectric con-
stants, the electrical field applied to the hybrid
composite to induce a phase transformation in the
SMA inclusions is very large. Thus we discuss only the
case of the cylindrical PZT inclusions for which Figures
12 and 13 depict the relationship between the applied
axial electric field E3 and the induced axial strain �33.
Both prior to the initiation and after the conclusion of
the phase transformation in the SMA, �33 varies linearly
with E3, and, for a fixed value of E3, the macroscopic
axial strain �33 increases with an increase in the volume
fraction of the PZT inclusions. This is because the
axial strain is induced only due to the electro-
mechanical coupling properties of the PZT inclusions.
The applied electric field at the initiation of the forward

Figure 10. Axial stress vs. axial electric displacement for a three-
phase composite consisting of a polymeric matrix and spherical
SMA and PZT inclusions.

Figure 11. Axial stress vs. axial electric displacement for a three-
phase composite consisting of a polymeric matrix, cylindrical PZT
and ellipsoidal SMA inclusions with fS ¼ fP ¼ 0:3.

Figure 9. Axial stress vs. axial electric displacement for a three-
phase composite consisting of a polymeric matrix and cylindrical
SMA and PZT inclusions.
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transformation in the SMA decreases with an increase in
the volume fraction of the PZT inclusions, and increases
with an increase in the volume fraction of the SMA
inclusions. However, as the phase transformation in the
SMA progresses, the transformation strain is much
larger than the strain induced by the applied electric

field in a pure PZT material and the relation between
E3 and �33 for the three-phase composite is nonlinear.
Results depicted in Figure 13 suggest that for the
cylindrical SMA inclusions, the value of the axial
electric field at the initiation of the phase transformation
in the SMA is the lowest. The area of the ‘‘hysteresis

Figure 12. Axial electric field vs. axial strain for a three-phase
composite consisting of a polymeric matrix and cylindrical SMA and
PZT inclusions.

Figure 13. Axial electric field vs. axial strain for a three-phase
composite made of a polymeric matrix, cylindrical PZT inclusions
and ellipsoidal SMA inclusions with fS ¼ fP ¼ 0:3.

Figure 14. Axial electric field vs. axial electric displacement in a
three-phase composite consisting of a polymeric matrix and
cylindrical SMA and PZT inclusions.

Figure 15. Axial electric field vs. axial electric displacement in a
three-phase composite made of a polymeric matrix, cylindrical PZT
inclusions, and ellipsoidal SMA inclusions with fS ¼ fP ¼ 0:3.
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loop’’ does not vary monotonically as the value of the
aspect ratio, r, is decreased from 1 to 10�3, i.e., the
shape of the SMA inclusions is changed from cylindrical
to penny shape.
Figures 14 and 15 depict the variation of the axial

electric displacement D3 with the applied axial electric
field E3. The effect of the phase transformation in the
SMA inclusions is much less noticeable on these curves.
The magnitude of the electric displacement in the hybrid
composite increases with an increase in the volume
fraction of the PZT inclusions.
Recalling that the dielectric strength of a typical PZT

is about 2MV/m, results plotted in Figures 12 and 13
suggest that it may not be possible to induce large
actuation strains just by applying an electric field across
the faces of a patch made of the hybrid composite. The

consideration of the electric heat generated by the
electric current should facilitate the initiation of the
phase transformation in the SMA and will reduce
somewhat the required electric field.

Tabulated Values

In Tables 2 through 7 we have listed the computed
values of the effective electromechanical moduli of the
3-phase composite with the x3-axis aligned along the
polarization axis of the PZT inclusions. Values listed in
Tables 2, 3 and 4 assume that all of the SMA inclusions
are in the austenite phase, and those in Tables 5, 6 and 7
are for the case of the SMA inclusions in the martensite
phase. It is clear from these results that the effective
electroelastic moduli are symmetric when all of the

Table 2. Values of effective moduli for the 3-phase composite made of polymeric matrix, and cylindrical PZT
and SMA inclusions. The SMA material is modeled as austenite.

fS ¼ 0:15 fS ¼ 0:30 fS ¼ 0:40

fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40

�CC1111 (GPa) 12.20 15.81 19.36 15.77 21.63 28.10 19.27 28.04 39.09
�CC1122 (GPa) 6.40 8.09 9.76 8.18 11.00 14.16 9.96 14.31 19.93
�CC1133 (GPa) 6.59 8.27 9.92 8.67 11.54 14.72 10.72 15.18 20.84
�CC3333 (GPa) 34.00 50.16 61.28 44.92 61.92 74.10 52.72 70.86 84.78
�CC1212 (GPa) 2.90 3.86 4.80 3.80 5.31 6.97 4.66 6.86 9.58
�CC1313 (GPa) 3.13 4.31 5.47 4.19 6.02 8.02 5.19 7.82 11.04
�ee311 (C/m2) �6:60� 10�2 �0:163 �0:259 �8:19� 10�2 �0:215 �0:363 �9:76� 10�2 �0:273 �0:496
�ee333 (C/m2) 2.98 5.94 7.89 2.97 5.90 7.81 2.95 5.85 7.72
�ee131 (C/m2) 1:02� 10�3 2:98� 10�3 5:34� 10�3 1:08� 10�3 3:24� 10�3 6:02� 10�3 1:16� 10�3 3:62� 10�3 7:09� 10�3

�kk11=k0 3.99 5.39 6.63 2.95 3.99 4.87 2.40 3.26 3.98
�kk33=k0 194.66 385.79 513.08 194.05 385.12 512.29 193.64 384.64 511.66
���11 (MPa/�C) 1.06 1.09 1.12 1.12 1.18 1.24 1.17 1.27 1.39
���33 (MPa/�C) 1.10 1.09 1.09 1.22 1.23 1.25 1.32 1.35 1.42
�pp1 (C/m2 �C) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
�pp3 (C/m2 �C) 2:76� 10�4 5:53� 10�4 7:37� 10�4 2:76� 10�4 5:54� 10�4 7:39� 10�4 2:77� 10�4 5:547� 10�4 7:416� 10�4

k0 ¼ 8:85� 10�12 pF/m

Table 3. Values of effective moduli for the 3-phase composite made of a polymeric matrix, and spherical PZT
and SMA inclusions. The SMA material is modeled as austenite.

fS ¼ 0:15 fS ¼ 0:30 fS ¼ 0:40

fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40

�CC1111 (GPa) 12.94 17.16 21.27 17.07 23.08 31.10 21.07 30.96 43.10
�CC1122 (GPa) 6.53 8.33 10.09 8.44 11.43 14.77 10.34 14.95 20.85
�CC1133 (GPa) 6.52 8.28 10.01 8.41 11.36 14.62 10.31 14.84 20.61
�CC3333 (GPa) 12.98 17.27 21.48 17.13 23.98 31.47 21.14 31.23 43.73
�CC1212 (GPa) 3.20 4.42 5.59 4.32 6.18 8.17 5.36 8.01 11.13
�CC1313 (GPa) 3.23 4.49 5.73 4.35 6.30 8.42 5.41 8.19 11.54
�ee311 (C/m2) �6:23� 10�4 �1:83� 10�3 �3:31� 10�3 �6:87� 10�4 �2:08� 10�3 �3:88� 10�3 �7:49� 10�4 �2:34� 10�3 �4:54� 10�3

�ee333 (C/m2) 2:50� 10�3 7:37� 10�3 1:34� 10�2 2:81� 10�3 8:61� 10�3 1:63� 10�2 3:13� 10�3 1:00� 10�2 1:996� 10�2

�ee131 (C/m2) 1:78� 10�3 5:25� 10�3 9:52� 10�3 1:99� 10�3 6:10� 10�3 1:15� 10�3 2:21� 10�3 7:05� 10�3 1:399� 10�2

�kk11=k0 4.96 7.43 9.69 3.98 6.075 7.93 3.41 5.296 6.936
�kk33=k0 4.96 7.44 9.70 3.99 6.082 7.94 3.42 5.301 6.945
���11 (MPa/�C) 1.07 1.12 1.17 1.14 1.22 1.31 1.20 1.324 1.479
���33 (MPa/�C) 1.01 0.975 0.94 1.07 1.03 0.997 1.12 1.096 1.077
�pp1 (C/m2 �C) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
�pp3 (C/m2 �C) 2:08� 10�6 4:99� 10�6 7:68� 10�6 1:92� 10�6 4:56� 10�6 6:95� 10�6 1:83� 10�6 4:32� 10�6 6:559� 10�6
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inclusions are of the same shape, and do not retain the
symmetry properties when inclusions are of different
shapes. This asymmetry in the material moduli comes
from the use of the mean field theory. However, when
an energy equivalent method is used to derive the
material properties, the effective material moduli are
symmetric even when inclusions are of different shapes.
When a phase transformation occurs in the SMA phase,
approximate values of the effective moduli can be
obtained by using the rule of mixtures. We hope that
the values provided in these tables will enable research-
ers in the field to analyze other problems for the 3-phase
composite and explore their use as sensors and
actuators.

Remarks

The heat generated by the electric field and the
hysteresis exhibited by the SMA have been neglected.
Also, creep effects in the epoxy matrix have been
ignored. One way to account for all these effects is to
numerically solve an initial-boundary-value problem
which is computationally expensive.

CONCLUSIONS

Based on the mean field theory and the Mori–Tanaka
method, we have derived macroscopic constitutive

Table 5. Values of effective moduli for the 3-phase composite made of a polymeric matrix, and cylindrical PZT
and SMA inclusions. The SMA material is modeled as martensite.

fS ¼ 0:15 fS ¼ 0:30 fS ¼ 0:40

fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40

�CC1111 (GPa) 11.846 15.275 18.605 14.739 19.877 25.363 17.398 24.517 32.888
�CC1122 (GPa) 6.308 7.952 9.558 7.887 10.492 13.332 9.393 13.184 17.809
�CC1133 (GPa) 6.425 8.026 9.585 8.180 10.725 13.462 9.814 13.495 17.879
�CC3333 (GPa) 27.771 43.890 54.947 32.360 49.143 61.014 35.785 53.378 66.409
�CC1212 (GPa) 2.769 3.661 4.523 3.426 4.692 6.015 4.002 5.667 7.539
�CC1313 (GPa) 2.954 4.039 5.088 3.692 5.195 6.756 4.327 6.258 8.402
�ee311 (C/m2) �6:464� 10�2 �0:1594 �0:252 �7:793� 10�2 �0:202 �0:335 �9:030� 10�2 �0:245 �0:430
�ee333 (C/m2) 2.979 5.939 7.894 2.969 5.907 7.833 2.959 5.874 7.763
�ee131 (C/m2) 9:854� 10�4 2:845� 10�3 5:066� 10�3 9:901� 10�4 2:898� 10�3 5:247� 10�3 1:016� 10�3 3:035� 10�3 5:632� 10�3

�kk11=k0 3.993 5.393 6.635 2.951 3.987 4.867 2.396 3.262 3.982
�kk33=k0 194.661 385.794 513.094 194.052 385.137 512.344 193.643 384.679 511.774
���11 (MPa/�C) 1.018 1.038 1.057 1.014 1.038 1.065 1.011 1.039 1.073
���33 (MPa/�C) 0.983 0.970 0.964 0.9766 0.966 0.9658 0.971 0.964 0.969
�pp1 (C/m2 �C) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
�pp3 (C/m2 �C) 2:759� 10�4 5:520� 10�4 7:363� 10�4 2:758� 10�4 5:520� 10�4 7:364� 10�4 2:758� 10�4 5:520� 10�4 7:365� 10�4

Table 4. Values of effective moduli for the 3-phase composite made of a polymeric matrix, and cylindrical PZT and
spherical SMA inclusions. The SMA material is modeled as austenite.

fS ¼ 0:15 fS ¼ 0:30 fS ¼ 0:40

fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40

�CC1111 (GPa) 12.55 16.23 19.84 16.61 22.65 29.28 20.54 29.60 40.89
�CC1122 (GPa) 6.47 8.18 9.86 8.36 11.23 14.44 10.25 14.69 20.40
�CC1133 (GPa) 6.43 8.07 9.68 8.29 11.04 14.07 10.15 14.35 19.63
�CC3311 (GPa) 6.52 8.30 10.04 8.56 11.73 15.23 10.62 15.66 22.00
�CC3333 (GPa) 28.14 46.57 59.20 34.45 56.77 72.50 40.22 66.39 85.69
�CC1212 (GPa) 3.04 4.03 4.99 4.126 5.71 7.42 5.15 7.45 10.24
�CC1313 (GPA) 3.17 4.36 5.52 4.290 6.14 8.16 5.34 7.99 11.23
�ee311 (C/m2) �4:65� 10�2 �0.115 �0.183 �2:55� 10�2 �6:70� 10�2 �0.113 3:30� 10�3 9:19� 10�3 1:66� 10�2

�ee333 (C/m2) 3.44 6.86 9.135 4.05 8.10 10.78 4.61 9.21 12.29
�ee131 (C/m2Þ 1:06� 10�3 3:13� 10�3 5:70� 10�3 1:14� 10�3 3:50� 10�3 6:63� 10�3 1:23� 10�3 3:94� 10�3 7:85� 10�3

�kk11=k0 4.32 5.91 7.37 3.39 4.69 5.84 2.85 3.98 4.97
�kk33=k0 181.09 358.93 477.41 168.77 335.06 445.86 161.42 320.85 427.14
���11 (MPa/�C) 1.06 1.09 1.12 1.12 1.18 1.24 1.18 1.28 1.39
���33 (MPa/�C) 1.047 1.06 1.076 1.13 1.19 1.25 1.21 1.33 1.45
�pp1 (C/m2 �C) 0 0 0 0 0 0 0 0 0
�pp3 (C/m2 � C) 2:719� 10�4 5:44� 10�4 7:26� 10�4 2:66� 10�4 5:33� 10�4 7:11� 10�4 2:61� 10�4 5:23� 10�4 6:79� 10�4
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relations for a three phase composite made of PZT and
SMA inclusions embedded in a non-electromechanically
coupled polymer matrix. All of the PZT inclusions
considered are identical in shape and have the same axis
of polarization. Similarly, all of the SMA inclusions
have the same shape. However, the PZT and SMA
inclusions may have different shapes. Because of the
transformation strains induced in the SMA inclusions,
the hybrid composite exhibits a nonlinear behavior even
though the matrix and the PZT are modeled as linear
materials. It is found that the cylindrical inclusions are
better than the spherical ones in the sense that the
applied electric field at the instant of the initiation of
the forward transformation in the SMA inclusions is
considerably lower for the cylindrical inclusions than
that for the spherical inclusions. However, for spherical
inclusions, for the same axial stress, the axial strain

induced in the PZTs is considerably less than that in
cylindrical inclusions; the latter equals the overall axial
strain. Also, the phase transformation in the SMA
inclusions is found to enhance the electromechanical
coupling properties of the 3-phase composite. The
hybrid composite exhibits pyroelectric effect even if
none of its constituents is pyroelectric; a similar result
was obtained earlier by Dunn (1993b) for a piezo-
composite.

A hybrid composite with about 15% PZT and 30%
SMA spherical inclusions can make an effective strain
gauge since about 3% axial strain is produced by
only100MPa axial stress.

The macroscopic properties of the hybrid composite
provided herein should facilitate the solution of
boundary-value problems and the design of such
3-phase sensors and actuators.

Table 7. Values of effective moduli for the 3-phase composite made of a polymeric matrix, and cylindrical PZT and
spherical SMA inclusions. The SMA material is modeled as martensite.

fS ¼ 0:15 fS ¼ 0:30 fS ¼ 0:40

fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40

�CC1111 (GPa) 12.07 15.51 18.85 15.22 20.37 25.82 18.05 25.14 33.32
�CC1122 (GPa) 6.37 8.02 9.64 8.03 10.66 13.50 9.61 13.41 17.99
�CC1133 (GPa) 6.32 7.89 9.41 7.94 10.38 12.97 9.46 12.93 16.99
�CC3311 (GPa) 6.50 8.35 10.13 8.44 11.68 15.12 10.31 15.21 20.95
�CC3333 (GPa) 27.31 45.27 57.59 32.21 53.23 68.05 36.44 60.34 77.85
�CC1212 (GPa) 2.85 3.75 4.61 3.59 4.86 6.16 4.22 5.86 7.66
�CC1313 (GPa) 2.98 4.06 5.11 3.74 5.24 6.79 4.39 6.31 8.42
�ee311 (C/m2) �2:63� 10�2 �6:48� 10�2 �0:102 2:55� 10�2 6:58� 10�2 0.107 8:33� 10�2 0.225 0.39
�ee333 (C/m2) 3.35 6.69 8.91 3.81 7.63 10.19 4.21 8.449 11.32
�ee131ðC=m2Þ 1:02� 10�3 2:99� 10�3 5:39� 10�3 1:04� 10�3 3:12� 10�3 5:74� 10�3 1:07� 10�3 3:282� 10�3 6:20� 10�3

�kk11=k0 4.32 5.91 7.37 3.39 4.69 5.84 2.85 3.99 4.97
�kk33=k0 181.10 359.00 477.54 168.80 335.21 446.21 161.47 321.10 427.70
���11 (MPa/�C) 1.02 1.04 1.06 1.014 1.039 1.065 1.011 1.04 1.074
���33 (MPa/�C) 0.98 0.97 0.96 0.976 0.962 0.961 0.970 0.957 0.962
�pp1 (C/m2 �C) 0 0 0 0 0 0 0 0 0
�pp3 (C/m2 �C) 2:76� 10�4 5:53� 10�4 7:37� 10�4 2:77� 10�4 5:54� 10�4 7:383� 10�4 2:77� 10�4 5:55� 10�4 7:39� 10�4

Table 6. Values of effective moduli for the 3-phase composite made of a polymeric matrix,
and spherical PZT and SMA inclusions. The SMA material is modeled as martensite.

fS ¼ 0:15 fS ¼ 0:30 fS ¼ 0:40

fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40 fP ¼ 0:15 fP ¼ 0:30 fP ¼ 0:40

�CC1111 (GPa) 12.452 16.427 20.247 15.666 21.467 27.541 18.567 26.421 35.385
�CC1122 (GPa) 6.434 8.176 9.875 8.117 10.869 13.850 9.714 13.696 18.491
�CC1133 (GPa) 6.420 8.136 9.803 8.099 10.814 13.744 9.693 13.626 18.350
�CC3333 (GPa) 12.485 16.527 20.430 15.711 21.612 27.827 18.624 26.615 35.797
�CC1212 (GPa) 3.009 4.125 5.186 3.775 5.299 6.846 4.426 6.363 8.447
�CC1313 (GPa) 3.032 4.193 5.310 3.805 5.395 7.034 4.464 6.489 8.710

�ee311 (C/m2) �5:936� 10�4 �1:723� 10�3 �3:083� 10�3 �6:116� 10�4 �1:792� 10�3 �3:233� 10�3 �6:277� 10�4 �1:851� 10�3 �3:353� 10�3

�ee333 (C/m2) 2:416� 10�3 7:062� 10�3 1:272� 10�2 2:590� 10�3 7:746� 10�3 1:429� 10�2 2:761� 10�3 8:468� 10�3 1:608� 10�2

�ee131 (C/m2) 1:715� 10�3 5:008� 10�3 9:009� 10�3 1:825� 103 5:438� 10�3 9:996� 10�3 1:931� 10�3 5:884� 10�3 1:109� 10�2

�kk11=k0 4.955 7.434 9.689 3.985 6.076 7.928 3.415 5.296 6.936
�kk33=k0 4.958 7.441 9.702 3.987 6.082 7.939 3.417 5.301 6.946
���11 (MPa/�C) 1.029 1.066 1.100 1.027 1.070 1.115 1.025 1.074 1.129
���33 (MPa/�C) 0.972 0.926 0.881 0.962 0.904 0.845 0.952 0.884 0.809

�pp1 (C/m2 �C) 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

�pp3 (C/m2 �C) 2:078� 10�6 4:990� 10�6 7:683� 10�6 1:924� 10�6 4:562� 10�6 6:951� 10�6 1:834� 10�6 4:320� 10�6 6:548� 10�6
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APPENDIX

Eshelby Tensors for Thermoelectroelastic

Deformations

Consider an ellipsoidal piezoelectric (PZT) inclusion
with a uniform eigenstrain ��ij and a uniform eigen-
electric field E�

i embedded in an infinite nonpiezoelectric
but pyroelectric matrix. The constitutive behavior of the
PZT inclusion is described by Equation (2), with �kl and
Ek replaced by �kl � ��kl and Ek � E�

k respectively, and
that of the matrix by Equation (1). In terms of the
characteristic function hðxÞ defined as

hðxÞ ¼
1 when x 2 �P,
0 when x =2 �P,

�
ðA1Þ

constitutive relations for the PZT and the matrix can be
written as

�ij ¼ CM
ijkluk, l � �Mij � þ �̂�ijhðxÞ,

Di ¼ �kMij �, j þ pMi � þ D̂DihðxÞ,
ðA2Þ

where

�̂�ij ¼ C0
ijkluk, l � �0ij� þ eImijð�,m þ E�

mÞ � CI
ijkl�

�
kl ,

D̂Di ¼ �k0im�,m þ p0i � þ eIijkðuj, k � ��jkÞ � kIimE
�
m,

�ij ¼ ðui, j þ uj, iÞ=2, Ei ¼ ��, i,

C0
ijkl ¼ CI

ijkl � CM
ijkl, k0ij ¼ kIij � kMij , �0ij ¼ �Iij � �Mij ,

p0i ¼ pIi � pMi : ðA3Þ

Here u is the mechanical displacement, � the electric
potential, and �, i ¼ @�=@xi, Ei ¼ ��, i, and the super-
script I refers to the PZT inclusion.
Henceforth we assume that the temperature is uni-

form throughout the body. In the absence of body forces
and free charges, static electroelastic deformations of the
PZT and the matrix are governed by

�ij, j ¼ 0, Di, i ¼ 0: ðA4Þ

Substituting from (A2) into (A4) and recalling that the
temperature � is uniform, we arrive at

CM
ijkluk, lj ¼ �½�̂�ijhðxÞ�, j, kMij �, ji ¼ ½D̂DihðxÞ�, i: ðA5Þ

The terms on the right-hand sides of Equations (A5)1
and (A5)2 can be regarded as body forces and
distributed charges applied to the matrix. Following
Jiang et al. (1997, 1999), the concentration strain eI and
the concentration electric field EI in the PZT inclusion
can be obtained from

�Iij ¼ H1
ijkl�

0
kl þH2

ijkE
0
k þ F1

ij�
0 þ S1

ijkl�
�
kl þ S2

ijkE
�
k ,

E1
i ¼ H3

ijk�
0
jk þH4

ijE
0
j þ F2

i �
0 þ S3

ijk�
�
jk þ S4

ijE
�
j , ðA6Þ

where

H1
ijkl ¼ XijmnAmnkl, H2

ijk ¼ Xijmn�mnpBpk,

H3
ijk ¼ �Yim	mnpAnpjk, H4

ij ¼ YimBmj,

S1
ijkl ¼ Iijkl � XijmnðImnkl � �mnklÞ,

S2
ijk ¼ �Xijmn�mnpð�pk � 
pkÞ,

S3
imn ¼ Yij	jklðIklmn � �klmnÞ,

S4
ij ¼ �ij � Yilð�lj � 
ljÞ,

F1
ij ¼ �Xijmnð�mn þ �mnp�pÞ,

F2
i ¼ Yijð	jkl�kl � �jÞ,

ðA7Þ

are the thermoelectroelastic Eshelby tensors. In Equa-
tions (A7),

Aijkl ¼ ½Iijkl þ Su
ijmnðC

M
mnpqÞ

�1C0
pqij �

�1,

Bij ¼ ½�ij þ S�
imðk

M
mnÞ

�1k0nj �
�1,

�ijk ¼ Zijmne
I
kmn, 	ijk ¼ zime

I
mjk, �ijkl ¼ ZijmnC

I
mnkl,


ij ¼ zimk
I
mj, �ij ¼ �Zijmn�

0
mn, �i ¼ zijp

0
j ,

Xijkl ¼ ðIijkl þ �ijm	mklÞ
�1, Yij ¼ ð�ij þ 	imn�mnjÞ

�1,

Zijkl ¼ AijmnS
u
mnpqðC

M
pqklÞ

�1, zij ¼ BimS
�
mnðk

M
nj Þ

�1

Iijkl ¼
1

2
ð�ik�jl þ �il�jkÞ,

ðA8Þ

where Su and S� are respectively the Eshelby tensors for
the elastic and the dielectric inclusions whose shapes and
orientations are the same as those of the PZT inclusions
considered herein. When thermal effects are not
considered, i.e., kP ¼ 0 and pP ¼ 0, expressions (A7)
for the thermoelectroelastic Eshelby tensors reduce to
those derived by Jiang et al. (1997). For a nonpiezo-
electric inclusion, eP ¼ 0, and expressions (A7) simplify
to those of Benveniste and Dvorak (1990). In the space
of stress and electric field, we have

�I
ij ¼ H5

ijkl�
0
kl þH6

ijkE
0
k þ F3

ij�
0 þ S5

ijkl�
�
kl þ S6

ijkE
�
k ,

EI
i ¼ H7

ikl�
0
kl þH4

ijE
0
j þ F2

i �
0 þ S3

ikl�
�
kl þ S4

ijE
�
j ,

ðA9Þ

where

H5
ijkl ¼ ½CI

ijmnH
1
mnpq � eImijH

3
mpq�ðC

M
pqklÞ

�1,

H6
ijk ¼ CI

ijmnH
2
mnk � eImijH

4
mk,

H7
ijk ¼ H3

imnðC
M
mnjkÞ

�1,

F3
ij ¼ CI

ijmnF
1
mn � eImijF

2
m � �Iij ,

S5
ijkl ¼ CI

ijmnðS
1
mnkl � ImnklÞ � eImijS

3
mkl ,

S6
ijk ¼ CI

ijmnS
2
mnk � eImijðS

4
mk � �mkÞ:

ðA10Þ
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For the hybrid composite studied herein, only the SMA
inclusion has an eigenstrain, and there is no eigen-
electric field in any phase.

Mori–Tanaka Approximation for

Thermoelectroelastic Concentration Tensors

The Mori–Tanaka method approximately accounts
for the interaction among inclusions embedded in a
matrix. This method gives the following values of the
average strain and the average electric field in the
matrix.

���Mij ¼ LM
ijkl�

0
kl þNM

ijkE
0
k þ RM

ij �
0 þ ���Mij ,

�EEM
i ¼ PM

ijk�
0
jk þQM

ij E
0
j þ JM

i �0 þ E��M
i ,

ðA11Þ

where

LM
ijkl ¼ H1

ijkl �H2
ijmðH

4
mnÞ

�1
H3

nkl

h i�1

,

NM
ijk ¼ �LM

ijmnH
2
mnpðH

4
pkÞ

�1,

PM
ijk ¼ �ðH4

imÞ
�1
H3

mpqL
M
pqjk,

QM
ij ¼ ðH4

imÞ
�1 �mj �H3

mklN
M
klj

	 

,

RM
ij ¼ � LM

ijklF
1
kl þNM

ijkF
2
k

	 

,

JM
i ¼ � PM

imnF
1
mn þQM

imF
2
m

� �
,

���Mij ¼ �fSL
M
ijkl S

1S
klmn�

tr
mn

� �
S
,

E��M
i ¼ �fSP

M
ikl S

1S
klmn�

tr
mn

� �
S
,

H1
ijkl ¼ Iijkl �

X
r¼S,P

fr Iijkl � H1r
ijkl

D E
r

h i
,

H2
ijk ¼ fP H2P

ijk

D E
P
,

H3P
ijk ¼ fP H3P

ijk

D E
P

H4
ij ¼ �ij �

X
r¼S,P

fr �ij � H4r
ij

D E
r

h i

F 1
ij ¼

X
r¼S,P

fr F
1r
ij

D E
r
, F 2

i ¼
X
r¼S,P

fr F
2r
i

� �
r
: ðA12Þ

The constraint strain and the constraint electric field in
the PZT inclusion ðr ¼ PÞ and the SMA inclusion
ðr ¼ SÞ are given by

���rij ¼ Lr
ijkl�

0
kl þNr

ijkE
0
k þ Rr

ij�
0 þ ���rij ,

�EEr
i ¼ Pr

ijk�
0
jk þQr

ijE
0
j þ Jr

i �
0 þ E��r

i ,

where

Lr
ijkl ¼ H1r

ijmnL
M
mnkl þH2r

ijmP
M
mkl ,

Nr
ijk ¼ H1r

ijmnN
M
mnk þH2r

ijmQ
M
mk,

Pr
ijk ¼ H3r

imnL
M
mnjk þH4r

imP
M
mjk,

Qr
ij ¼ H3r

imnN
M
mnj þH4r

imQ
M
mj,

Rr
ij ¼ F1r

ij þH1r
ijmnR

M
mn þH2r

ijmJ
M
m ,

Jr
i ¼ F2r

i þH3r
imnR

M
mn þH4r

imJ
M
m ,

���rij ¼ S1r
ijmn�

�r
mn þH1r

ijmn�
��M
mn þH2r

ijmE
��M
m ,

E��r
i ¼ H3r

imn�
��M
mn þH4r

imE
��M
m ,

In the space of stress and electric field, we have

����
ij ¼ L�

ijkl�
0
kl þN�

ijkE
0
k þ R�

ij�
0 þ ����

ij ,

�EE�
i ¼ P�

ikl�
0
kl þQ�

ijE
0
j þ J�

i �
0 þ E���

i ,

where

L�
ijkl ¼ H5

ijkl �H6
ijmðH

4
mnÞ

�1
H7

nkl

h i�1

,

N�
ijk ¼ �L�

ijmnH
6
mnpðH

4
pkÞ

�1,

P�
ijk ¼ �ðH4

imÞ
�1
H7

mpqL
�
pqjk,

Q�
ij ¼ ðH4

imÞ
�1
ð�mj �H7

mpqN
�
pqjÞ,

R�
ij ¼ �ðL�

ijmnF
3
mn þN�

ijpF
2
pÞ,

J�
i ¼ �ðP�

imnF
3
mn þQ�

imF
2
mÞ,

����
ij ¼ �fSL

�
ijkl S

5S
klmn�

tr
mn

� �
S
,

E���
i ¼ �fSP

�
ikl S

5S
klmn�

tr
mn

� �
S
,

H5
ijkl ¼ Iijkl �

X
r¼S,P

fr Iijkl � H5r
ijkl

D E
r

h i
,

H6
ijk ¼ fP H6P

ijk

D E
P
,

H7
ijk ¼ fP H7P

ijk

D E
P
,

F 3
ij ¼

X
r¼S,P

fr F
3r
ij

D E
r
:
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