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Free vibrations of a piezoelectric body
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Abstract. We present a systematic analysis of the eigenvalue problem associated with free
vibrations of a finite piezoelectric body. The analysis is based on an abstract formulation of the
three-dimensional theory of piezoelectricity. A series of fundamental properties of free vibrations
of a piezoelectric body are proved concisely. The problem of free vibrations of a piezoelectric plate
governed by the two-dimensional plate equations due to Mindlin is treated in a similar manner.

1. Introduction

The free vibrations of a finite piezoelectric body has been of interest for a long
time because of its applications in resonators. It has been studied either by
using the three dimensional equations of piezoelectricity or the two-dimen-
sional plate theory [1]. The two sets of equations are rather complicated. This
has obscured insight into the mathematical structure of the equations and has
made the mathematical manipulations tedious.

In this paper, an abstract formulation is employed. Based on the introduc-
tion of abstract vectors and operators and the construction of appropriate
function spaces, several fundamental properties of free vibrations of a
piezoelectric body are proved in a systematic and concise manner. Following
the proof of the essential property that the operators involved are self-adjoint
and positive on appropriate function spaces, the reality and positivity of the
eigenvalues, the orthogonality of eigenvectors corresponding to distinct eigen-
values, and a variational principle in Rayleigh quotient form for the eigen-
values are established. The Rayleigh quotient is non-negative on an
appropriate function space. This leads to a few properties of the smallest
eigenvalue or the lowest resonant frequency. These properties generalize the
corresponding results of classical elasticity. The problem of frequency shift due
to small disturbances, a problem of great practical interest, is also studied
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within the abstract formulation by a perturbation method and a variational
method. It is shown that the perturbation method gives equivalent results to
those obtained by the Ritz method with a special choice of trial functions. The
problem involving free vibrations of a piezoelectric plate governed by the
two-dimensional plate equations of Mindlin is also formulated in an abstract
form and then similar results follow automatically.

2. Free vibrations of a three-dimensional body
2.1. Governing equations

Let the finite spatial region occupied by the piezoelectric body be Q, the
boundary surface of Q be S, the unit outward normal.of § be n;, and S be
partitioned as

S,uSr=8,u8,=S5,
S,NSr=8,nSp=. 0y

Physically, S,, Sy, S, and S, are, respectively, parts of the boundary § on
which mechanical displacement, traction vector, electric potential, and surface
electric charge are prescribed.

For the time-harmonic free vibrations of a piezoelectric body with circular
frequency w, the governing equations and boundary conditions in rectangular
Cartesian coordinates are [2]

—Cjitath1j = €x;iPxj = pw*u; in Q,

=ty + 4Py =0 InQ,

;=0 onS§,

T;(u, ¢)”j = (Cithiy + €;i®n; =0 on Sy,

Di(u, $)n; = (eyathy — €@ Jn; =0 on Sp, €))
where u; is mechanical displacement, T} stress, ¢ electric potential, D; electric
displacement, p mass density, c;;, elastic moduli, ¢;; electric permittivity, and
e;;x piezoelectric constants. Throughout this paper, a repeated index implies
summation over the range of the index, and a comma followed by an index j

stands for partial differentiation with respect to x;. The material constants have
the following symmetry properties
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Cijt = Cjikt = Cuaij
Cije = €k &ij = Ejip ©)
and are positive definite, i.e. for any nonzero symmetric tensor a;; and vector b;
Ciju@ijay; > 0, &;b;b; >0 )

In Eq. (2), values of w? are sought corresponding to which nontrivial
functions u; and/or ¢ exist, hence we have an eigenvalue problem. We note that
for the eigenfunctions u; and ¢ corresponding to an eigenvalue w?, u; alone
must be nontrivial, This can be seen by setting u;, = 0 in Eq. (2), then ¢ must
vanish identically.

2.2. An abstract formulation

For convenience, we denote w? by A and introduce vectors U and V, and
operators A and B as

U={u, ¢}, V={v,y},

AU = {“Cjikl“k.lj — €D xjs — €l T €D xi}s

BU = {pu;, 0}. %)
Then equation (2) can be written as

AU = BU inQ,

u,=0 onS§,

T,(On; = (¢ ity + €iPin; =0 on Sy,

¢=0 onS,

D,(Un; = (et s — ;=0 on Sp, (6)
We also introduce a function space Z():

E(Q) = {U] U satisfies boundary conditions (6),_s}. )
We note that Z(Q) contains all eigenvectors of Eq. (2). With the above
definitions, the eigenvalue problem defined by Eq. (2) can be stated as: Find A

for which there exists a nontrivial Ue E(2) such that

AU = /BU. ®
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For later use, we also introduce a subspace Z*(Q) = E(Q):
EXQ) = {U real | Ue E(Q), —eyytyy i + £4P ., = 0 in Q}. ®

Next we introduce an inner product {;) for vectors in E(Q):

G V) = L (uv; + ¢Y) dQ. 10
2.3. Self-adjointness and non-negativeness of the operators
For any U and VeE((}), we have
CAU; V) = (I~ it g; — €4jiPajp — Contthesi + EaPrids {06 ¥}
= L (=it 1j — exi®avi + (— ety + ex® W] dQ

= J [— T(U)n v, — D(Uyn,y1dS
S

+ J Lejimtn v ; + € Vi 5 + €qthh W ; — €3, @ 4, 1dQ
Q

—I [T;(Ujnjo; + Dy(Upn,¥r1dS + J [Tu(Vin 4y + D (V)n$]dS
N N

+ J‘ [—Cuijviji — etV it + (—ejiv; i + e 1)1 dQ
o

_J [T;(U)nj; + D(U)n,;y1dS
s

+ J [T(VInu, + D(V)n,¢1dS + (U; AV)
s

= (U;AV) [¢8))

and
BU; V) = {{pu,, 0}§ {v,s lﬁ}}
=j‘ pu;v;dQ
Q
= {U; BV), (12)

which show that the operators A and B are sclf-adjoint on Z(Q). On Z*(Q), we have
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(AU U) = ({ — Chini U 15 — ekji¢,kj9 — el + 8ik¢.ki}; {u;, o}>

= L [(—Cjmth s — €xji® o i + (—epqthy ;; — €4 P 1 )] AQ
- f [~ T(Upnu; — D,(Upn,$1dS
+ L LCiath thsj + €D pths j + gty 1@ ; — £ 4@, ]dQ
= L [ejimt s + b u i + Aepath 19 — €09, @ )] dQ
= L} Lcjimthttij + ExPu P i — 2eipathy s — ex®,u)P] AQ
+ L 2euty — Ex P JIn;9dS
= L [ jinath g th; ; + €0 Db, 1dQ > 0 (13)

and
BU; U) = ({pu;, 0}; {u;, $}>

=f puu;dQ > 0, (14)
o

which show that A and B are non-negative on E¥(Q).

2.4. Reality of eigenvalues

Having shown the self-adjointness of operators A and B, we prove that all
eigenvalues of Eq. (2) are real. Let 1 be an eigenvalue, and U the corresponding

eigenvector. Then (J, U) satisfies Eq. (8). Taking the inner product of both sides
of Eq. (8) with U, the complex conjugate of U, we obtain

(AU; U) = (BU; 0D (1%5)

Subtracting the complex conjugate of both sides of equation (15) from it, we
arrive at

(AU; U) — (AU; U) = A(BU; U) — IKBU; U). (16)
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Since A and B are real and self-adjoint, we have
0= (1 — A<{BU; 0. amn

For the eigenfunction U,
(BU;U) = f pu;ir; dQ >0, (18)
Q

which implies that 4 — 4 = 0, or the eigenvalue 4 is real. For a real eigenvalue,
we can always choose the corresponding eigenvector to be real. To see this, we
take the complex conjugate of Eq. (8), and obtain, with the reality of A, B, and
4,

AU = ABU. (19)
Thus U is also an eigenvector corresponding to A. The linearity of the problem
implies that U + U) and 1/(2i{U — U) are also eigenvectors corresponding
to A. In the following, we will assume that eigenvectors have been chosen real
so that Z*%(Q2) contains all eigenvectors and E(Q2) has real vectors only.

2.5. Positivity of eigenvalues

On E*(Q), for an eigenpair (4, U), we take the inner product of both sides of
Eq. (8) with U and obtain

(AU U) = (BU; U). (20)

Since both A and B are non-negative on E*(Q2), and for eigenvectors they are
strictly positive, Eq. (20) shows that all eigenvalues A must be positive.

2.6. Orthogonality of eigenvectors

Let A™ and 1™ be two distinct eigenvalues of Eq. (2) and the corresponding
eigenvectors be U™ and U™. Thus

AU™ = JmBym,
AU® = JWBU™, (21)

Then taking the inner product of both sides of Egs (21), and (21), with U™
and U™ respectively, and subtracting one from the other, we obtain

0 = (A™ — A™CBU™, U™, (22)
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where we have used the fact that A and B are self-adjoint. Since 1™ # A,

(BU™, U™ = J puf™uf® dQ = 0, (23)

Q
which implies that eigenvectors associated with distinct eigenvalues are mu-

tually orthogonal (Tiersten [3]). We note that Egs (21) and (23) also imply
another form of the orthogonality condition, viz.,

CAU™;, U™y = J [(—c jiklu;:.'?j - ekji¢$l'c"}))u(in) + (— el + £, 0™ dQ
o

= || Gt + e, 0+ a0 eI 000
Q
(24)
2.7. Variational formulation

We now give a variational formulation for the eigenvalue problem defined by
Eq. (2). For a fractional functional

A
n=r, (25)

OI1 = 0 implies that
oA —TIoI' = 0. (26)
We consider the following functional of U e E(Q):

{AU; U

RRECA

(27)

By using the self-adjointness of A and B, the stationary condition of I is seen
to be

SA —T18T = CAU; U +<(SAU; U —TI({BU; U +<5BU; U)
=(AU; §U) +<ASU; Ud —TI((BU; U +<(BSU; U))
= (AU; 65U +<U; AU) —TI({BU; 65U +(5U; BU))
=2(AU-TIIBU; §U) = 0, (28)
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or
AU-TIBU =0 (29)

since 8U is arbitrary. Therefore, we have the following variational principle: In
order that the functional II(U) defined by (27) be stationary in Z(Q) Eq. (2), ,
must be satisfied, and the stationary value of I1 equals w?. Here the boundary
conditions (2),_, are regarded as constraints which must be satisfied by all
admissible vectors U for I1. Written explicitly, the Rayleigh quotient IT is given
by

In (Ciathy jh s — €599 ; + 2e5,t; ;¢ ) dQ
M(u. = [¥11had W hat TAh] k1Y,
(s 9) s ,

(30)

which was obtained in [4]. Here it is a direct consequence of the self-
adjointness of A and B.
We further have, on Z*(Q)

My, ¢) = In (Cijklui,juk,l + 8ij¢,i¢,j) dQ. G1)
fo puu, dQ
Since IT is non-negative on E*((), it is bounded from below. Therefore the
smallest eigenvalue must be a minimum. Following standard arguments in
variational analysis [5], we obtain the following results.
The smallest eigenvalue will increase if (i) p decreases; and (ii) c;;, increases
to ciju such that (cij — ¢;54)a;a,, > 0 for any nonzero symmetric a;;.

2.8. Frequency shift by a perturbation method

In applications, it is often of interest to study small change in the eigenvalues
caused by small variations in the operators which may be due to small
variations in the physical and/or geometrical parameters of the system. The
small change in an eigenvalue is usually called a frequency shift. For the
frequency shift problem associated with the eigenvalue problem (8), we
consider the following problem:

(A + eA¥)U = B + ¢eB¥)U, (32)
where ¢ is a small parameter, éA* and ¢éB* are the small changes in operators

A and B, and A and U are unknowns. We make the following perturbation
expansions:
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A= 2"+ eA* + O(e?),
U = U° + eU* + 0(e?), (33)
where A* is the first-order frequency shift which is to be determined. Substitu-

ting (33) into (32), and collecting terms of equal powers of ¢, we have the
following perturbation problems of successive orders.

Zeroth order:

AU’ = 2°BU° 34)
First order:

AU* + A*U° = A*BU’ + A°B*U° + A'BU*. 35)

The solution to the zeroth order problem (34) is assumed known. In order
to solve the first-order problem (35) for A*, we take the inner product of both
sides of (35) with U°, and use the self-adjointness of A and B to obtain

_ <U0; A*Uﬂ) — 10<U0; B*UO)

*
A 0% BU%

(36)

Since all terms on the right-hand side of (36) are known, we can compute
the frequency shift. The above perturbation method was used in [8] to find the
frequency shift caused by a small change in the thickness of a quartz plate. The
derivation, leading to an expression equivalent to (36), was very lengthy. Here
it follows immediately from the self-adjointness of A and B. Equation (36)
delineates clearly how small changes in operators contribute to the frequency
shift.

2.9. Frequency shift by a variational method

If the small changes in A and B are also self-adjoint, then the Rayleigh quotient
for (32) is

{(A + eéAY)U; U)
(B + eB¥U; U>"

(V) = (37

The use of unperturbed modes U° as trial functions in the Ritz approxi-
mation method gives
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_{(A +AMUs U

T (B + eBHU% U

_ (AU5 U + ¢(A*U U%)

~ (BU5U°) + &(B*U% U

_ (AU5U% 1 + &(A¥U% U%)/KAUS U

~ (BU% U 1 + &(B*U%U°)/(BU%U*>
. <Uo; A*Uo) - la(Uo; B*Uo)

(U%BU’) '

~ 10+ (38)

A comparison of (38) with (36) shows that the frequency shift computed by
the Ritz method is asymptotically equal to that given by the first order
perturbation method. This equivalence of results given by the two methods was
also discussed in [8].

3. Free vibrations of a plate
3.1. Governing equations

We consider a piezoelectric plate of thickness 2b, with Cartesian coordinate
axes x, and x, in the middie plane, and x, normal to the plate. Let the
two-dimensional region in the x,-x; plane occupied by the piezoelectric plate
be A, the boundary curve of A be C, the unit outward normal of C be n; (with
n, = 0), and C be partitioned as

C“UCT= C¢UCD= C,

C,nCr=CynCp=(. 39)

The eigenvalue problem for free vibrations of a linear piezoelectric plate is [9]

~T = w?2bpul?, —Tif) + TP = 3% in 4,
—DQ@=0, —D{+DP =0 in4,

=S + 5D + ul® + 0,u) + 6,;uY) =0 in 4,
—SB + 3 +uff) =0 in A,
E® + ¢9 + 6,00 =0, EV+¢P=0 in4,

JH 0H .
a—Sg)—) = O, ’T( =0 in A,

—TO + as“)
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D + 6—‘2% —0, D+ 6‘2’;) ~0 in4,

-u®=0, —u’=0 onC,,

nT9 =0, nT{=0 onCy,

—¢® =0, —¢=0 onC,

n,D{® =0, n, D=0 on Cy, (40)

where u(® and u{" are zeroth and first order displacements, S{ and Sy the
zeroth and first order strains, T and T’ the zeroth and first order stresses,
¢© and ¢'" the zeroth and first order electric potentials, E{® and E!" the
zeroth and first order electric fields, D{® and D! the zeroth and first order
electric displacements, 2b the thickness of the plate, p the mass density, and w
the resonant frequency. We note that indices i, j, k range from 1 to 3, Greek
indices «, B assume values 1 and 3 only, and () , = 0. H = HS©®, S, E?, EW)
is the electric enthalpy function. For a linear piezoelectric plate, H and the
corresponding linear constitutive relations [9] are

0) SO0 0) (0 0) 7(0) (O
H = b(c(ijlzlsb )S;d) - BijE(i )E} ) — 2e§jk)E§ )Sﬁ'k))

17,3¢,.(1 gl . R 1) Rl
+ 3b (cg,,)y‘,SLﬂ’S(w) — a,,,E; ’Ejg b 2eL,,’yE§ )Sgy’), (41)
(0 0 1 2 1 1 1) p(1
7250) = 2b(c(ileISl(c(l)) - escij)' Eﬁo)), 7;(/3) = 3b3(0(az}yas(ya) - e(ya}i E(, )),
o 0 0) ¢(0 1 2 1 1 ¢l
D©® = 2b(8ijE§- )+ egj,"Sﬁ-k’), DV = §b3(8,ﬂE§; Y+ eiﬁ)yngy) X 42)

where ¢, cis, &, €l and elp, are material properties. Given p, b, and H,

values of w? are sought corresponding to which nontrivial solutions u{®, u{",
(4] 1 0 1 0 1 0 1 1 . :

SO, ST, TP, ¢, ¢!V, E@, ED, DO and DY exist. With (42), Eq. (40)

can be written as a group of seven equations for the seven unknowns u{®, u{",

¢, and ¢, which are the counterpart of Eq. (2).

3.2. The abstract formulation
We introduce the following vector U:

0) (1 o 1 0 1 o 1) Q0 ¢l o 1
U = &{ul®, ulh, ¢, ', TO, T, DI, DY, S, YY), EI, ELV} (43)

i s

and operators A and B:

0 1 0 0 1 [4]
AU {— T, —T{, + T, ~D©, — DY) + DY,

0) 4 14,0 0 1 1 U L1 1
— S + 2ull) + ufd + o) + 52,’“5’ ), —S% + 2} + ugl),
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B + 60+ 55,6, B + g,

~T® +§S%’ —T +§S%”
D©® + aizI;’)’ DY + %} (44)
BU = {2bpu{®, 3b°pu{", 0, 0,0, 0, 0, 0, 0, 0, 0, 0}.
We also define
E(A) = {U|boundary conditions in (40) are satisfied}. (45)

With the above definitions, the eigenvalue problem (40) can be stated as: Find
1 = w? for which there exists a nontrivial Ue Z(Q) such that

AU = iBU. (46)

For two abstract vectors U and V e £(A4), we define the inner product

G V) = f @0 + uDlD + OO + gDy
A

+ TOTY + THTR + DO + DO
+ QLD + SLW + EVEO + EVED) dA, @7)

where U is given by (43) and
V = {vg())) vgl)’ ‘/I(O)’ ‘/l(l)a 3_3‘?)9 '7'}11;9 95'0): @Ll)a ys;”: y&?’ ‘g’50), (ggl)}. (48)
3.3. Self-adjointness of the operators

For vectors U and V e E(A4), we obtain the following after integration by parts
and using the boundary conditions given in equations (40):

(AU;V = J {— T + (= Tgl) + TOWD
A

~ DY + (=D + DY

F ISP + 40 + 4 + Sy + 50T Y
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+ [—S% + Hul) + uf]T

+ (B9 + ‘155?) + 5zi¢(l))9(io) +(E® + d)fal))@(a“
0H oH
T 4 0 T}
< 15 ) aS(m) ygj) + < Y as&)) ,SP“)
0H oH
0 0
+ <DE~ ) aE<°)> &° (D‘“ +3 m) é'f.”} dA

- [ {-rmue e oy
A

— D + (- + PP
+[=FQ + 1 + v + 5,00 + 5,0 T
+ =P + Hokl) + o] TED

+(E + Y+ 5,9 IDO + (8 + YD
o ox
+ T+ > SO 4+ (—9‘ P+ ) S4
( oFP) Y oLy

+ (@%0) ;ﬁ)) E (0) + (9(1) :;ﬁ)) E(l)} dA

= (U;AV), (49)

(BU; V) = f (2bpui®v{® + b3 puiVpiV) dA
A

= {U; BV), (50)
where

H = B F QLD ~ 6, 8080 — 24Q80F)
+ 363, PRI — £, EDED — 26 EOFD), (51)

Relations (49) and (50) show that operators A and B are self-adjoint. It is
important in deriving the two-dimensional plate theory from the three-dimen-
sional theory that the self-adjointness be kept. With the self-adjointness, we can
prove the reality of the eigenvalues in the same way as was done in Section 2.4,
We assume below that the eigenvectors have also been chosen as real.
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3.4. Orthogonality of eigenvectors
Following the steps outlined in Section 2.6, we can prove that
(BU™, U™ =0 (52)

or
j (2bpu® ™My O™ 4 Zp3 oy (Dmy(Dimy d4 = 0, (53)
A

Hence eigenvectors U™ and U™ associated with distinct eigenvalues are
mutually orthogonal. Relation (53) was proved in [10] “after much tedious
manipulation”. Similarly, the other orthogonality condition

(AU, U™y = 0 (54)

yields

J {_ 7}(,'(,)}('")uf~°)(") + (_ Tﬁ;l}(m) + Tz(g)(m))ugl)(n)
A

_Dsg)(m)¢(0)(") + (—Df,l,?,(m) + DEO)(m))(b(l)(n)

+ [_Sg?)(M) + %(u(ig)(m) + u}(,)i)(m) + 52juf~”‘"" + 52iu}1)(m))]]'}(i0)(n)
+ [_S;}?)(M) + %(ule,‘)s(M) + u‘(al,;(M))] Tﬂ(; ) n)

+ (E(;O)("') + ¢f?)(m) + 52i¢(1)(m))D(iO)(n) + (E(a”("" + ¢f;)("'))Df,”(")
OH'™ > SONm (_ T oH™ ) S
aS@Im) | =4 af aS¢Lm Ba

dH™
K E,(O)('")

+ <_ ’IE(jO)(m) +

+ (DE"""” + ) E©® 4 <Dg,”<m> L ) E;”W} da=0, (55

a E; 1)(m)

where

0 0 0 0 () 0) (0 0
H™ — b(c(ijlzlssj )(m)S’(d Ym) __ ging ’("')Eg- Ym) __ 2e$jk)E$ )(M)S}k)(m)

1 1 1 1 1 1 1 1 1
+ §b3(cf, /fya sz ﬁ)(m)Sg 6)(M) — £y Ei Xm) E;; Yom) __ 2e; ﬂ)y ES. )("')ng y)(rn))' (56)

We note that (55) can be simplified to

J [— T 4+ (~ T4 + TO™WP] dA = (57)
A
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which is equivalent to (53).

3.5. Variational formulation

The Rayleigh quotient for the eigenvalue problem (46) is

<AU; U)
<BU;U)

I(U) =
| ooy + T + T+ DO 4 DY + DO
A
+ H(S©, SV, E©, EV) + EOD® + EVDY
- 15 - 1psyas) 4| S abotoute + pina) ds},
A

(38)

where some of the terms have been integrated by parts. We note that the
variational principle is of mixed type with all of the field variables taken as
independent variables, and similar variational principles were given in [11].

Acknowledgements

This work was supported by the U.S. Army Research Office grant DAAH
04-93-G-0214 to the University of Missouri-Rolla, and a matching grant from
the Missouri Research and Training Center.

References

IR

2.

w

M.C. Démecki, Recent progress in the dynamic applications of piezoelectric crystals. Shock
Vib. Dig. 20 (1988) 3-20.

H.F. Tiersten, Linear Piezoelectric Plate Vibrations. New York: Plenum Press (1969) pp.
34-36.

. Page 79-80 of [2].
. E.P. EerNisse, Variational method for electroelastic vibration analysis. IEEE Trans. Sonics and

Ultrasonics (SU) 14 (1967) 153-160.

. R. Courant and D. Hilbert, Methods of Mathematical Physics, vol. 1. New York: Interscience

Publishers (1953) 407.

. J.S. Yang, “A few properties of the resonant frequencies of a piezoelectric body,” Arch. Mech.,

44, (1992) 475-477.

. H.-C.Hu, Variational Principles of Elasticity and Applications (In Chinese). Beijing: Academic

Press (1981) 108-113.



254 J.S. Yang and R.C. Batra

8. W. Zhang and J.S. Yang, A perturbation analysis on contoured crystal plates. In Proceedings
of the 1993 IEEE International Frequency Control Symposium, Piscataway, NJ. Institute of
Electrical and Electronics Engineers, Inc. (1993) 448-460.

9. R.D. Mindlin, High frequency vibrations of piezoelectric crystal plates. Int. J. Solids Structures
8 (1972) 895-906.

10. Page 153 of [2].
11. J.S. Yang, Variational principles for the vibration of a piezoelectric plate. Arch. Mech. 45 (1993)
639-651.



