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On contact interaction between a moving massive
body and a linear elastic half space

A. Spector and R.C. Batra

We study a class of problems involving the motion of a linear elastic body
in frictional contact with a linear elastic half space. The dynamic effects
considered are the inertial properties of the body regarded as rigid. We study
only those regimes of contact interaction for which the slip velocity with
the body taken as absolutely rigid and the time rate of change of the elas-
tic displacements of points of the body and the half space that are on the
contact surface are of the same order of magnitude. This work generalizes
previous work on similar problems in that we simultaneously consider inertia
forces of the body and the convective term in the slip-velocity due to the
rigid-body velocity of the slidet/indentor. Thus regimes of contact interaction
investigated include rolling/sliding and shift-torsion type. We propose a vari-
ational formulation of the following two problems: (a) finite contact area and
shift-torsion type of contact kinematics, (b) local contact area and general
kinematics at the contact surface. Results for an elastic cylinder contacting
an elastic half-plane are also given.

1 Introduction

Three-dimensional problems involving frictional-contact interaction between an
elastic body moving on another elastic body are important both from theoretical
and practical points of view. Their engineering importance derives from the
need to simulate wear, fatigue, and energy losses in moving joints of different
mechanical devices. Such problems are interesting mathematically due to the
nonclassical boundary conditions involved and the evolutionary character of
surface tractions and the slip velocity at the contacting surfaces.

The quasistatic indentation of a body into an elastic base in the presence of
frictional forces has been studied by Spence [1] and Turner [2]. Mindlin and
Deresiewicz [3] assumed local interaction between the contacting bodies and
accounted for the possibility of slipping between them. Dundurs and Comninou
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[4] studied nonlocal contact between surfaces of a semi-infinite cut in an infinite
elastic medium when the interaction between them is shift/indentation/separation
type, and Lubkin [5] has studied the torsion regime of interaction. Here torsion
signifies the quasistatic rotation of the body about an axis perpendicular to the
contact surface between the two bodies. Steady rolling/sliding problems have
been investigated by DePater [6], Johnson [7], and Kalker [8], and Kalker [9] has
also examined transient rolling/sliding problems. In all of these studies the effect
of inertia forces of moving bodies on the contact interaction between them was
neglected. Oden and Martins [10], Kikuchi and Oden [11], and Panagiotopoulos
[12] have examined dynamic frictional contact problems. The numerical solution
of contact problems for stick/shift oscillation regimes of contact is given in [10]
and [11]. Wang and Knothe [13] have shown that the effect of dynamic terms
in Lamé’s equations of motions on the evolution of field variables at the contact
surface is negligible for many problems of practical interest.

Here we study the problem of frictional contact interaction between a linear
elastic body and a linear elastic half-space when inertial forces due to rigid
motion of the body influence the tractions and the slip velocity of points on the
contact surface. However, we neglect the dynamic terms in the LLamé equations
for the elastic deformations of the body and the half-space. The expression for
the slip velocity at a point on the contact surface has three dominant terms
in it, namely, the slip velocity of a body point when the body is regarded as
rigid, the local rate of change of the relative tangential displacement, and the
convective rate of change of the relative tangential displacement of contacting
points of the body and the half-space. Different regimes of contact interaction
such as shift, torsion, gross sliding and stationary rolling etc. are special cases of
the aforestated expression for the slip velocity. We consider two cases, namely,
finite contact area but the convective rate of change of the relative tangential
displacements is negligible, and local contact area (i.e. the characteristic dimen-
sion of the contact area is much smaller than a typical dimension of the body)
and general kinematics at the contact surface. For the former case, the varia-
tional formulation of the problem is a minimax problem and for the latter it is
a pure minimization problem. A major advantage of the variational formulation
is that the problem of the minimization of a convex functional on a convex set
is a standard problem in convex analysis and mathematical programming. Thus,
known methods for the analytical and numerical solutions of the problems can
be employed.

In deriving the variational formulation, the governing equations are dis-
cretized in time. Ideally one should derive a variational formulation of the non-
discretized problem. However, this is difficult due to the simultaneous occur-
rence of nonlinear constraints of obstacle-type and nonconvexity of the action
functional. Nonconvexity occurs in descriptions of propagation of patterns in
space-time. This and the obstacle-constraints lead to collision-type events thus
making the solution highly irregular. Mathematically, the nonconvex functional
is no longer the tensor product of convex functionals as in the constraint-free
case, and the problem becomes very difficult, if not impossible, to analyze.

We note that Point [14] has studied the peeling off of a thin viscoelastic
solid glued to a fixed surface. She has proposed a phenomenological adhesion
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model in which the rate of adhesion is described by a function varying be-
tween 0 and 1; separation occurs when the function equals 0. The problem is
treated as quasistatic; thus the crack-propagation during the peeling process is
the only source of nonconvexity. Mathematically, the convexity comes from a
characteristic function of a nonconvex set described by using the adhesion rate
function in the action functional. Point approximates the characteristic function
by smooth functions, shows the existence of a stationary point of the approxi-
mate functional and its convergence in a sufficiently weak topology. Our work is
comparable to that of Point in the sense that in both papers the bodies are mod-
eled as stationary and only finitely many degrees of freedom show propagation
patterns: the rigid motion of the body in our work and the crack propagation in
Point’s work. Because of a simpler model used, Point proves the existence of
weak solutions but we do not.

An example problem of an elastic cylinder rolling on an elastic half-plane
is studied in detail, and numerical results for a range of values of different
parameters are given.

2 Formulation of the problem

We use three rectangular Cartesian coordinate systems, as shown in Fig. 1, to
study the contact interaction between an anisotropic and nonhomogeneous linear
elastic body, usually referred to as an indentor/slider, and another isotropic and
homogeneous linear elastic body with a flat top surface hereafter referred to
as the base or the substrate. The bottom surface of the substrate is kept fixed.
The coordinate system OX; X, X3 is fixed in space, and the other two coordinate
systems CX;Xpx3 and Cx;xpx3 have their origins at the center of mass C of
the body and move with it. The coordinate axes CX;x,x3 always coincide with
the principal axes of inertia of the undeformed body, and the coordinate axes
Cx1x,x3 always stay parallel to those of the system OX;X,X3. In addition to
the tractions f; acting on the contact surface, we assume that the base deforms
due to time-independent body forces F~ and the body due to external body
forces F* and inertia forces associated with its rigid motion.

The position of the body regarded as rigid is determined by the radius vector
R of its center of mass with respect to the coordinate system X;X,X; and by
the direction cosines a;; (i, j = 1,2, 3) of the axes OxX,%3; with respect to
the axes X1 X, X5 or Ox1x3x3. We assume that elastic deformations of the base
and the body are infinitesimal so that linear kinematic relations apply. However,
displacements of body points due to itsrigid motion may be finite. Suppose
that for every body position (R, @) we know some domain S, in the plane
X3 = 0 which includes sets ST and S; of surface particles, belonging to the
contact surface in the deformed state, of the body and the substrate, respectively.
Henceforth, superscripts + and — affixed to a quantity refer to the value of that
quantity for the body and the substrate, respectively.

At a point of S, let

=t . =@ ), 2.1)
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Fig. 1. Schematic sketch of the problem studied, and three sets of coordinate axes used

where p™ is the normal pressure and 7% the tangential traction acting there.
Then

pt=0 if XI—X5>0, 2.2)
pt>0 if Xf-X5=0, (2.3)
l7*l < f(p*) if|s] =0, (2.4)
= —f(p+)% if s > 0. 2.5)

Here X7 and Xj are, respectively, the X3-coordinate of points of the body
and the substrate that have the same values of X; and X, coordinates, s is
the slip velocity of a body point with respect to the base, and the function
f(p") characterizes the frictional force between the body and the substrate.
When Coulomb’s friction law is assumed to hold, f(p*) = up™ where u is the
coefficient of friction between the two contacting bodies. Here we assume that
f is a smooth function of p and 9f/9dp is bounded. Condition (2.2) holds at
points of S. where the two bodies are not in contact with each other, and at the
remainder of S, the normal pressure is positive but the tangential tractions are
given by (2.4) if there is no slipping between the two bodies, and by (2.5) when
the body is slipping over the base. Let x3 = x3 (x;, x2, @) be the parametric
equation in the undeformed configuration, (see Fig. 2), of the surface of the
body containing S;. Then

XT — X3 = x3(x1, x2, @) + Ry +ud —u3. (2.6)

The slip velocity s can be written as
S=vt @t —u) @7
N dr ’ '

where v equals the slip velocity when both the body and the base are regarded as
absolutely rigid. In linear elasticity, one usually sets %(-) = d(-)/0t. However,
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Fig. 2. The positions of surface points in the vicinity of the contact area

o)

for the present problem, the deformations of the body consist of its infinitesimal
elastic deformations superimposed upon its finite rigid displacements. Thus, for
any function h(x1, x2, x3, t) defined on the contact surface,
dh  0Oh dh oh
a o Ve T 2y 8
where V| and V, are the x;- and x,-components, respectively, of the velocity
of a body point on the contact surface when the body is regarded as absolutely
rigid. Hereafter V is referred to as the rigid-velocity of a body point. Note that
Vi < V1], [V3] < V2], and therefore the corresponding term involving V3 is
omitted in (2.8).

The substrate is assumed to be a linear elastic half space, therefore,

w =u; (F) +u (f5), (2.9)

where u;, and u, denote displacements of a point of the substrate due to body
force F~ and surface tractions f, respectively. The functional relations u, (F~)
and u; (f) are determined, respectively, by Mindlin’s [15] and Boussinesg-
Cerruti’s [15] solutions. Substitution from (2.8) and (2.9) into (2.7) yields

d
s=v+ E[qu —u, —u |+ (V' gradyu™ — (V™ - grad)u". (2.10)

Since || grad u*|| « 1, for every term on the right hand side of (2.10) to be of
the same order of magnitude,

v < V¥, 2.11)
and
ViaV =V. (2.12)

The body force F~ is assumed not to depend upon time ¢, hence,
ou,,

S =0. (2.13)
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Combining (2.10), (2.11), (2.12), and (2.13), we obtain
a
s=v+ 5(u+ —u )+ (V- grad)(w™ —u"). (2.14)

We now characterize contact regions according to the magnitude of V relative
to that of v. In regimes of shift-torsion type we have

Vi~ lv| ~ ‘% ; (2.15)
and hence equation (2.14) reduces to

s:v+£(u+—ut_). (2.16)
When

vl ~ V] > % , 2.17)

the effect of elastic deformations of the body and the substrate on the slip
velocity is negligible, and
s=v. (2.18)

In this case we call the sliding region as the region of gross sliding, and in
steady regimes,

s=v+ (V. grad)(u® —u™). (2.19)

Equations determining the rigid motion of the body are

MR=F + / fida, (2.20)
Sc

I.Q+!2xI.Q=T+/ 7 x fldA, (2.21)
Sc

where M is the mass of the body, F and T are resultant forces and moments
due to external forces, except those on S, applied to the body, £2 is its angular
velocity, I the inertia tensor with respect to principal axes embedded in the
body, and 7 the position vector of a point in the body with respect to OX;%,%3
coordinate system.

The deformations of the body are governed by

(Aijreere),; +FF =007, (1=1,2,3), (2.22)

ere = (uf, +ul /2, Aijke = Ajie = Aijer. (2.23)

Here A;ji, are elastic moduli of the material of the body, g is its mass density,
a repeated index implies summation over the range of the index, and

at =D xF+02x (2xF)+R. (2.24)
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3 A solution technique for the problem

Recalling that we are interested in finding tractions at the contact surface and
elastic displacements of the body at any time ¢, we first write the governing
equations in the finite difference form, and then give an equivalent variational
formulation of the problem. Knowing the solution at time ¢, we show how to
find the solution at time 7+ Ar. Since the initial conditions are known, therefore,
the solution can be obtained by marching forward in time. Let the interval [0, T]
of interest be divided into N equal subintervals of length Az = T/N, and denote
g(KAr) by ggx. We use the backward-difference method to approximate the time
derivatives of g, i.e.,

g((K + DA?) = (gr+1 — gx)/Ar, 3.1

g((K + DAr) = (gg+1 — 28k + gx—1/AF. (3.2)

With such substitutions, the equations of motion (2.22), and boundary conditions
(2.2) -~ (2.5) can be written as follows.

0 .
g (Aijmngnzil(u;(—+1)) + (FE_H)[ -0 { [Q(aK-H’ g, aK—l) X 7]
J

+ aky, ag) X [Xagy, ag) X T}, — (3.3)
O(Rixi1 — 2Rk + Rx_1)i/AP =0, (i=1,2,3),

P =0 if (X5,);— (Xk41); > 0, (3.4)
Pra1 20 i (Xy); = (Xki1); =0, (3.5)
[Tl < flpEe) if [Asgiy] =0, (3.6)
Thp = —fPE DAk /|Asg ] if [Asgi] > 0, (3.7)
where

Asgiy =Ar[vgy + Vi - grad) (., — (@ k1))

- _ (3.8)
g, —ug — @)k + @)k,

is obtained from (2.14) for a general contact regime. We note that the displace-
ments uy,, of the substrate can be expressed as functions of pgy; and 7¢
by Boussinesq-Cerruti’s formulae [15]. Equations (2.20) and (2.21) for the de-
termination of R and e corresponding to the rigid motion of the body take the
form

Rey1 — 2Rx + Ry
SR Pt [ DA, (3.9)
Se
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1Qay,, ag, ax_)) + Oag 1, ag) X 1 (agy, ag) =

_ 3.10
Ty, —|—/ Fre1 X (fD k41 dA. (3.10)
Se

We first give a variational formulation of the problem defined by equations
(3.3) through (3.10) for regimes of shift-torsion type for which the slip velocity
is given by equation (2.16). Subsequently, we will study the case of general
motion but involving local interaction at the contact surface. We introduce the
following functionals.

1

9;(”}‘;4_1) = / [EAijmngij(u;_H)gmn(u}a_l) - (F7{+1)i(u?(_+1)i} dv, (3.11)
R

{O.S(ut ke + (- £+
Sc

+ (@ )3 + x3(x1, %2, @) + (R)g1 ) Py (3.12)

(k1w y) 2/

+ (uy —ug —uf, | —vg A - T,}H} dA,

L(fy,uh) =F@) —€(f;,ub), (3.13)

where F* equals the sum of the inertia forces and body forces. The volume
integration in (3.11) and henceforth is over the present region % occupied by
the body. In order to shorten the notation we drop the index K + 1 but keep the
index K. We investigate the following minimax problem. Find

supinfL(f;,u") V f, €3, (3.14)
v
where
3={(p.nlp=0, |7l =<f(p}, (3.15)

and prove its equivalence to the problem defined by equations (3.3) - (3.7).
Since there are no constraints imposed on ut, therefore,

d
5Lﬁ"L = _/ [a—x" (Aijmngmn(u(_j:— ) + FT (ul+ - u;;) dv+
m L0X; (3.16)

/ @)+ ] - @™ —ug)da=0.

Sc

This implies that satisfaction of Lamé’s equations (3.3) and

fyw)=—f; onsS, (3.17)

are necessary and sufficient conditions for #; to be a solution of the problem
(3.14).
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Consider now supremum in (3.14) and the variation of L with respect to f .
For the sake of simplicity we first demonstrate basic calculations for the case

f(p) = g(x1, x2), (3.18)

and then consider the general case. Recalling that f(p) is the limiting frictional
force between two contacting bodies, equation (3.18) models the case when a
thin layer of material, such as a lubricant, adjoining the contact surface has
undergone plastic deformations.

Note that the first term under the integral sign on the right-hand side of
equation (3.12) is quadratic in f due to the linear dependence of u; on f; and
represents the potential energy of the substrate. Hence this term is positive and
the functional € is convex. With f(p) given by (3.18), the set 3 of admissible
S+ is convex. Therefore, the necessary and sufficient condition for supremum
of L with respect to f is

0p-€=0 V fo €3, (3.19)

which can be written as

8= / {(=@u )3 — ()3 + ()5 + x3(x1, x2, @) + R3) (p — po)+
SC

(w; +u, —u) —ug+ug —vAD) - (7—7,)} dA>0 V f €3

(3.20)

Consider now the variation in (3.20) with respect to p only. In this case the
problem defined by (3.20) becomes: find p, such that

U(p,) = inf £(p) (3.21)
p=0

where

L(p) = /S ()3 — ()3 + ()T + x3(x1, X2, @) + R3) pdA. (3.22)

If (ul, p,) is the solution of the boundary-value problem defined by equations
(2.22), (2.2) and (2.3), then for any p > 0 the following relations are valid

Up) >0, L(p,)=0. (3.23)

Therefore, inequalities (3.20) and (3.21) are satisfied. Suppose now that in-
equality (3.20) holds. Thus, inequality (3.21) is satisfied, and since £(0) = 0,
we have

£(p,) <0. (3.24)

Suppose that £(p,) < 0. Then for p = Ap,, 0 < A < 1, we get a contradiction
with (3.21). Hence £(p,) =0, and £(p) = 0 V p > 0. This is the integral form
of boundary conditions (2.2) and (2.3), or equivalently (3.4) and (3.5).

We now consider the variation of L with respect to + only and rewrite
inequality (3.20) as

0,6 = —/ As,-(r—7,)dA>0 V |7] <g, (3.25)
Se
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where As, is evaluated at f; = (f,),. This is equivalent to the variational

problem of finding 7, such that

m(7,) = sup m(7), (3.26)
Iri<g

where

m(7) :/ As(f,,) - TdA. (3.27)
Se

If function 7, is a solution of equations (3.6) and (3.7), we have

m(7) < m(7,) =/ glAsS(f)ldA ¥V |7| <. (3.28)

Se

Thus the variational inequality (3.20) is satisfied. Suppose now that the function
7, satisfies (3.20) and hence (3.26). Using results from convex analysis [16],
we have

Sup/ T-As(f;:)dAzf g|As-(f;S)]dA, (3.29)
Se Se

[Ti<g

which together with equation (3.26) gives

/ glAs- (f3)]dA = / As, - 7 dA. (3.30)
Se Se

Relation (3.30) together with the inequality |7,| < g is the integral form of
boundary conditions (3.6) and (3.7).

We now study the case of general friction law and introduce the sequence of
minimax problems: find

supinf L(f ), ul) Vo fim €3m (3.31)
Ls
where
3m ={ P, Tw) | Py =0, 7wl < fPu-1)}, n=1,2,.... - (3.32)

That is, the pressure field computed at the (n — 1)st iteration determines the
surface tractions for the nth iteration. Because of the results proved above, for
every i, the minimax problem (3.31) is equivalent to a boundary-value problem.
Convergence conditions restrict the dependence of the limiting frictional force
upon the contact pressure. Thus | f(p,)| needs to be bounded above by a constant
which depends upon the geometry of the body and the elastic moduli of the
body and the substrate. For Coulomb’s friction law, this restricts the value of
the coefficient of friction. We note that iterative processes similar to that defined
by (3.31) and (3.32) have been employed by Panagiotopoulos [12], Kravchuk
[17], and Kalker [8]. We refer the reader to these references for details of the
convergence of the iterative process.
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4 Local contact between isotropic and homogeneous bodies

We now consider the case when the characteristic dimension of the domain S
is much smaller than a typical dimension of the body. Suppose that the external
forces act at points far from the contact area and do not influence much the elastic
displacements at points of the body that are close to the contact surface. Due to
the localized nature of the contact area, we can use a half-space approximation
(e.g. see Kalker [8]) for displacements of body points adjacent to the contact
surface. Thus

ul —uy = B3y (p) + kB (7) — (433, (4.1)

ug — (u;)g = (kBa1(p) + Bna(7))g, B=12, 4.2)
where Bsj, B3, By, etc. are Boussinesq-Cerruti’s integral operators [15], and

_1—21/+ 1 =2y~
TG G-

4.3)

y* and G* being Poisson’s ratio and the shear modulus, respectively, for the
material of the body and the substrate.
Substitution from (4.2) into (3.8) yields

As = Av™ + B(7) — B*(7) (4.4)
where

Av* = vAr + k(AtV - grad)By1 (p) + kBai(p) —u™ +u;, (4.5)
B*() = —Au(V - grad)Byy(-), B()) = Bn("). (4.6)

We do not need equations (3.3) since displacements within the body caused by
surface tractions at the contact surface are determined by Boussinesq-Cerruti’s
formulae [15].

We now obtain the variational problem for the determination of tractions at
the contact surface. For this case we have a pure minimization problem. When
x = 0 the problem for the determination of the pressure field at the contact
surface can be considered separately from that for the determination of friction
forces there and has the form

1
;ng{f(p)z / [5311<p>p+(u3++x3(x1,x2, a>+R3—u;)p] dA}. 4.7)
> S,

The functional f(p) is convex and, therefore, the inequality 6f > 0V p is
the necessary and sufficient condition for f to take the minimum value. This
inequality is similar to (3.21). Hence by following arguments similar to those
given for inequality (3.21) we can show the equivalence of problem (4.7) to the
boundary conditions at the contact surface.
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Having determined the pressure field at the contact surface from (4.7), the
tangential tractions there can be found from

Mifr}f(p){g(f) :/ Lf(P)|As()] — 7 As()] dA} (4.8)

Se

where As is given by (4.4). Regarding (4.4) as a constraint, we introduce the
Lagrangian

£(7, As, A) = / [f(p)|As(7)| — 7 - Av* — 7 B(7)
S, 4.9)

—A - (As — Av* — B(7) + B*(7))] dA

where A is a Lagrange multiplier. By varying the argument 7 in £(r, As, A),
we obtain the following condition for the minimum of £(r, As, A) at the point
T =", §=38,.

—/ b-(v—7,)dA>0 V 7| < f(p), (4.10)
Js,
where
b=Asg+B(r, — A +B*(v, — A). 4.11)

The inequality (4.10) is similar to (3.25) studied above, and therefore we have

/To-bdA:/ F(p)bldA, (4.12)
S, Se

or in local form
f(p)bl —7,-b=0. (4.13)

If we vary the argument As in £(7, As, A), the condition for the minimum of £
becomes

/Sf(p) [JAs| — A - As] dA—/S [F(p)IAs,| — A - As,| dA > 0. (4.14)

Assume now that for some As = As* the first term on the left-hand side of
the inequality (4.14) is negative. Then for As = wAs*, @ > 0, the sign of the
left-hand side of the inequality (4.14) is determined by the first term when w is
sufficiently large. This contradicts the inequality. Hence

/ [f(p)|As| —A-As] dA=0 V As (4.15)
Se

or

Al < f(p). (4.16)
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For sufficiently small w the sign of the left-hand side of (4.14) is governed by
the second term, and therefore

/S [f(P)IAS,| — A~ As,] dA <0 4.17)
;N}Clich holds only if

/S [F(P)|As,| — A+ As,] dA =0, (4.18)
orrequivalently

As, + B (7, — A) =ar,, a=>0, (4.19)
a(|7,l — f(p)) =0 in S,. (4.20)

We now consider the quadratic form
WA—-7,,A—7,) = / (A=7o)  [BAA—17,) —B*(A - 7,)] dA. (4.21)
SC

Since operator B is positive and operator B* is skew symmetric, therefore,
W(A = Yo, A = 7o) = 0. (4.22)
Substitution from (4.19) into (4.21) yields

WA—7,,A—7,) = /

a(A-To—T,-T,) dA+/ (T0-5,—A-5,)dA > 0.(4.23)
R Se

Recalling (4.16), (4.19), and (4.20), we conclude that the inequality (4.23) is
satisfied only if

f(p)|As0| —~As, -7, dA=0. 4.24)
| ]

Equation (4.24) together with |7,| < f(p) is equivalent to the integral form of
boundary conditions (2.4) and (2.5).

The inverse assertion that the solution 7, of the boundary-value problem
minimizes g(7) follows from the inequalities

8(7) =0, g(m=0 VvV [7]=f(p. (4.25)
For the general case when x = l"G—zft — Lfézl’; # 0, we construct the following
sequence of variational problems:
inf {f(pma Tm—1) = (426)
Pma=0

1
/ {5311(Pm)1?m + ((Mr)§ —ud — x3(x1, X2, @) — R3 — KBIZ(Tm‘l))pm} dA}
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inf {g(va pm):/S [f(pm)IAs(Tm» pm)l—fm'As(Tm’ pm)] dA} s (427)

[Tm| < f(Pm)

m=1,2,.... The iterative process (4.26) and (4.27) is based on the observation
that in known solutions of frictional contact problems (e.g. see Johnson {7]), the
influence of frictional force, within every iteration, on the difference between
the normal displacements of points of the body and the substrate that are on
the contact surface is weak. The convergence of the iterative process follows
from the works of Panagiotopoulos [12] and Kravchuk [17] which deals with
quasistatic frictional contact problems involving two elastic bodies. In order for
the iterative process to converge, |«df/dp| should be bounded which holds since
k defined by (4.3) is finite and df/dp has been assumed to be bounded. We
note that for Coulomb’s law, df/dp equals the coefficient of friction.

5 An example

In order to illustrate some of the aforestated results we study the rolling/sliding
ofa cylinder on a half-space, and assume that both are made of the same isotropic
and homogeneous material. Also deformations involved are small so that linear
elasticity theory can be used. We assume that, in addition to the surface tractions
on the contact surface, a time dependent horizontal force 7., and a driving
moment M., are applied at the center of the cylinder (Fig. 3). We study the
quasistationary problem and assume that the term involving the time derivatives
in the expression for the slip velocity is negligible, but the distribution of contact
forces evolves in time due to the inertia properties of the body. Also, Coulomb’s
friction law with constant coefficient of friction u is assumed.

| X3

Fig. 3. An elastic cylinder rolling and sliding on an elastic half-space

The distribution of surface tractions at the contact surface can be obtained by
using Carter-Poritsky’s solution (e.g. see Johnson [7], Kalker [8]). This solution,
valid for the stationary case needs either the resultant frictional force or the rigid-
slip velocity to be prescribed. For the present problem these values are obtained
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from the equations of motion of the cylinder. The Carter-Poritsky solution gives

™= a2\ e—d a2\
nd (1-(2)) __E_(l_(g_d)> tysmse,
5.1)
723 = 0, (5.2)
F\'? ¢
vﬁ’:V—nRz—Mev[l—(Hﬁ) } £= (5.3)

where £ is half-length of the contact zone, p, is the maximum pressure at the
contact surface, £, is the x;-coordinate of the edge of the adhesion zone, V is the
x1-component of the rigid-velocity of a cylinder point, R is the cylinder radius,
P is the total force acting normal to the contact surface, and F is the resultant
frictional force. Besides this, we have

1/2

0 - [4PR(1 - Vz):l 7 (5.4)
mE
PE 7'

Do = [m] , (5.5)

F 1/2
Ca=2d—¢, d:Z(l—(l+ﬁ> ) (5.6)

For the present problem, equations of motion (2.20) and (2.21) take the form

MV = —F 4+ T, (0), (5.7)

10 = FR + M., (1), (5.8)

where I = I, the mass moment of inertia about the axis of the cylinder. Instead
of equation (5.8) it is more convenient to consider the following equation (5.9)
for the rigid-slip velocity obtained by combining equations (5.3), (5.7), and
(5.8)

M., MR?

MU?:—(I‘I‘TI)F"‘TCX_"?R’ n 7

li

(5.9)
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Solving equation (5.3) for F and substituting the result into (5.7) and (5.9), we‘

arrive at
w \ 12
MV = uP <l—|- x) —1J+Tex, (5.10)
uve
o N\ 172
v M
M = (1 Pl1—-{1 X Tox — —=. )
i =0+nu <+MV8> Tl —n— (5.11)

Once nonlinear equations (5.10) and (5.11) have been solved for V and v{, we
can find F from equation (5.3), d from (5.6),, £ from (5.4), ¢, from (5.6);, p,
from (5.5), and 7 from (5.1) and (5.2). Hence the problem has been completely
solved. We note that a numerical solution of equations (5.10) and (5.11) can be
obtained by using an iterative method.

We present below detailed results for the case

TexZOa Mex(t):Mo+')’la

where vy is a constant. Figures 4a through 4c exhibit the evolution in time of
the dimensionless friction force F = |F|/uP, half-length of adhesion zone ¢ =
(I—-d/¥¢), and the rigid-slip velocity v = |v9|/ueV (0) for different values of y =
yMV(0)/(P)?R. In these figures, the abscissa represents the nondimensional
time 7 = tuP/MV(0). The evolution of F, £ and v for different values of the
dimensionless initial moment M, = M,/uPR is plotted in Figs. 5a through Sc.
It is clear that the resultant frictional force and the magnitude of the rigid-slip
velocity increase with time when a driving moment is applied to the cylinder.
Consequently, the length of the adhesion zone decreases with time and hence
that of the slipping zone increases. For the same value of 7, the magnitudes of F,
¥ increase, and that of £ decreases with an increase in the value of M,. Figure
6 depicts the influence of inertial properties of the cylinder upon the solution of
the problem. The cases 7 = 1,2 and oo correspond, respectively, to a hollow
cylindrical ring, a homogeneous solid cylinder and a cylinder with all of its mass
concentrated at its centroidal axis. It is clear that the mass distribution in the
cylinder influences noticeably the evolution of the frictional force at the contact
surface.
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Fig. 4. Evolution of (a) friction force, (b) half-length of adhesion zone, and (¢) the rigid
slip velocity for different values of the rate of increase of the applied moment



196 A. Spector, R.C. Batra

a 1.00 T y I T T

0.75 e ]

050 ]

075
050

0.25

1.25

075

g N 1 —
0 0.1 0.2 0.3 04 05

L

Fig. 5. Evolution of (a) friction force, (b) adhesion zone, and (c) the rigid slip velocity
for different initial values of the applied moment.
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Fig. 6. Evolution of the frictional force for a homogeneous cylinder, a non-homogeneous
cylinder with entire mass concentrated at the center, and a homogeneous circular cylin-
drical ring.
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