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Generalized Plane Solution for Monoclinic
Piezoelectric Laminates
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An efficient method has been developed for analyzing the three-dimensional electromechanical deformations
of a monoclinic piezoelectric laminate subjected to surface tractions and electric displacements on the top and
bottom surfaces. The procedure combines the transfer matrix method with the asymptotic expansion technique.
The electromechanical coupled formulation is reduced to a hierarchy of problems referred to as a reference plane.
A closed-form solution is obtained for the generalized plane deformations of a piezoelectric laminate with the top
and bottom surfaces subjected to uniform electric displacements and mechanical normal tractions and edges at the
midplane rigidly clamped and grounded. The closed-form solution is obtained because the asymptotic expansion
terminates after a few terms. For some loadings the in-plane electric fields can be much larger than the out-of-plane

electric fields.

I. Introduction

SMART structural system is a composite structure with sur-
face-mounted or embedded active materials. Beams, plates,
and shells are the structural elements most frequently used in aero-
nautics and aerospace applications. The integrated active structures
contain piezoelectric patches and layers that act as sensors and actua-
tors. References 1-4 provide more details of the immense technolog-
ical potentials and implications of the smart materials and structures.
A piezoelectrically induced strain as a source of actuation may be
interpreted as an eigenstrain®>~!° entering the constitutive relations.
These approaches estimate eigenstrain from the applied voltage and
provide no information on the errors involved. Moreover, in cer-
tain circumstances!! '3 the in-plane electric field components are
more significant than the transverse component, thereby making
their omission unjustifiable.

Transfer matrix approaches!*!° have been developed to study
the electromechanical coupling characteristics of laminated piezo-
electric plates. However, the basic equations must be reducible to
a system of ordinary differential equations in which the thickness
coordinate is the only spatial variable. This restricts applications
of the method to a small class of problems. An asymptotic expan-
sion method for three-dimensional elastic analysis?® 2% has been
successfully developed. An important result is that solutions of the
three-dimensional elasticity equations can be generated from solu-
tions of the classical two-dimensional plate equations. In piezoelec-
tricity an asymptotic theory of leading-order approximation for thin
single-layer homogeneous piezoelectric plates?*-?* has also been
proposed. By extending the elasticity work,?® a three-dimensional
solution of electroelastic elliptic symmetric laminates'? has been
presented. However, all of these electroelasticity approaches appear
to be applicable to plates symmetric about the midplane.

Here, the three-dimensional asymptotic approach is further de-
veloped for monoclinic piezoelectric laminates, which are not nec-
essarily symmetric about the midplane. General formulations are
derived to any successive approximations and used for a general-
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ized plane problem. Neglecting the effects of the boundary layer
near the clamped edges, a closed-form solution is obtained at inte-
rior points of a piezoelectric laminate subjected to uniform normal
tractions and electric displacements on the top and bottom surfaces.
This solution essentially generalizes the elasticity solution.?!

II. Formulation of the Problem

We use rectangular Cartesian coordinates x;, (i = 1, 2, 3) to de-
scribe the infinitesimal electromechanical deformations of a plate of
uniform thickness / and take the midplane of the plate to coincide
with the plane x; = 0. The plate is made of a monoclinic piezo-
electric material. In the absence of body forces and electric charge
density, equations governing the quasistatic electromechanical de-
formations of the body are® ~%’

D

where 7;; is the stress tensor and D; the electric displacement.
Throughout this paper a comma followed by an index i denotes
partial differentiation with respect to x;, a repeated index implies
summation over the range of the index, and Latin indices range from
1 to 3 and Greek indices from 1 to 2. The dependence of functions
and operators on x; is not explicitly shown unless necessary. The
infinitesimal strain tensor S;; and the electric field E; are related to
the mechanical displacements u; and the electric potential ¢ through
the gradient relations

‘L',‘jyj = 0, D,‘y,‘ = 0

@)

The constitutive relations for a monoclinic piezoelectric material
can be written as

Su = %(uk,l + upi), Ey = —o4

Tap = CapapSap T Cap33S33 — €305 E3

To3 = 2C(z3fu3S{u3 - e{u(z3E(u

D(x = 26(1(03S(u3 + g(sz(u

(3)

Here, we have assumed that the material properties are symmetric
with respect to the x;—x, plane, i.e., the diad axis is the x5 direction.
Accordingly, the numbers of nonzero independent elastic moduli
Ciju» piezoelectric moduli ey, ;, and dielectric moduli ;; are respec-
tively 13, 8, and 4 for the monoclinic material. These material moduli
exhibit the following symmetries:

733 = C33(upS(up + 3333533 — es33 E3,

D3 = e30pSap + €333533 + &33E3

Cijki = Cjiki = Cklij» CLij = €kji, Eki = Eik (©)]
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For a laminated plate with laminae made of different homogeneous
monoclinic piezoelectric materials, the material moduli are piece-
wise constant functions of xs3.

By eliminating the possibly discontinuous in-plane stresses 7,
and in-plane electric displacements D,, from Egs. (1) and (3), and
expressing S, in Eq. (3)in terms of 7,3 and ¢, a state-space equation
for the piezoelectric plate is formulated as

o= [s 3]le] ©

where 0; = 0/0x; and the state-space variables are chosen as

U 713
u T
F=|"| G=|" (6)
733 us
D; b

The 4 X4 matrices A and B in the state-space equation (5) are dif-
ferential operator matrices:

1 =J 30 —Lg,030, —Mpgo
A=[ f ﬁﬁ]’ B=[ 000 ﬁﬁ] o
—J395 Kp,050, —M0; N
where both A and B have been partitioned into four 2 X2 operator
submatrices and

e Jé‘ Jéz
I= ("= ) Jp=(J5) =
(™) [121 122 ] B B ng ng
11 12 11 12
K;; = (K%)= Kﬁp Kﬁp L;z = (L) = Lﬁp Lﬁp
P Bl T 21 2 |’ P Bp’ 21 22
Kﬁp Kﬁp Lﬁp Lﬁp
11 12 11 12
M, = (M) = My My N= (N) = N N
B = B~ M/zzl M/zzz i = TN N2

®
For a laminated plate A and B are piecewise constant functions of
X3; the submatrices are only related to the material moduli, and their
elements can be scalars, vectors, and tensors. We use superscripts
to denote the location, i.e., row and column, of matrix elements
in Eq. (8), whereas the Greek subscripts are for the usual tensor
notation. These elements are expressed in terms of the material
moduli as

[JE’I J;’z] = [5w/3 I“’aeﬁ@]
11 12 21
Ky, = K, = Kp, = 0,

22
K,Bp = Ima€ﬁa3€pw3 + €pp

C33ap
LZ;’ = Capap — [Ca/m €3aﬁ]N[ ]
e3wp

[Mlel Mgz]=[ca/z33 €3a/z]N 9

where 9,4 is the Kronecker delta and

- C1313  Ci323 - 3333 €333
I = [ ], N = [ ] (10)
C1323 (2323 €333 T&33
The in-plane stresses and in-plane electric displacements, which
may be discontinuous in x3, are then given by

Top = L;;’apuw + Mgl‘l'33 + MgzD3
D, = JP T, — K3 2050 (11)

The state-space equation (5) for piezoelectricity is structurally
the same as that for pure elasticity except for the contribution from
the two additional variables because of the electric field. The state-
space equation for an elastic plate can be recovered from Eq. (5) by
setting ey;; = 0.

We introduce a dimensionless parameter € = h/2a, where a is
a typical in-plane length of the plate and set z = x3/é&. Thus z

varies from —a to a as x5 goes from —h/2 to h/2. The state-space
equation (5) can now be written as

3 R AR

and has the formal solution?®

F F(z%)
[G] =P [G(z*)] 13

where z* takes a specific value of z and hence the initial functions
F(z") and G(z") are functions of x, only. Their components are
the unknowns to be determined from specified surface and edge
conditions. The transfer matrix P is given by

ot (2n) (2n + 1)
a ea
P = Z 82n [
0

8b(2n+ 1) b(2n) (14)

where

a”+h =f Ab™ dz, b+ =f BaWdz  (n20)
(15)
a® = pO —§ (16)

isa4 X4 identity matrix. Similar to A and B,a™ and b are the op-
erator matrices that include differential operators only with respect
to x,, whereas their variation with z appears only in the material
moduli.

We expand the state-space variables F and G in terms of the small
parameter € as

F had (n)
[ ]: S e o (17)
G n=0 g(n)
Substitution from Egs. (14) and (17) into Eq. (13) yields
f(n) — Z [a(Zk)f(n—k)(Z*) +a(2k+l)g(n—k)(z*)] (l’l ZO)
k=0
¥ =g
n—1 n
g(n) — Z b+ l)f(n—l—k)(z*) + Z b(2k)g(n—k>(z*) (n>=1)
k=0 k=0
(18)

Equations (18) furnish general expressions for the nth-order expan-
sion coefficients of the field functions in terms of the expansion
coefficients of the initial functions from the zeroth order to the nth
order. Hence the three-dimensional problem reduces to a series of
two-dimensional problems defined on the reference plane. As for
most plate theories, we designate the reference plane z = z* to be
the midplane, i.e., z* = 0.

III. Governing Equations of Initial Functions
We assume that the top and bottom surfaces of a piezoelectric
plate are subjected to given shear tractions ¢, normal tractions
—q; , and normal electric displacements D3, which are scaled as

Ta(*a) = gzqat, 733(*a) = —83q3t, Ds(%a) = 8D3t
(19)
Thus functions f and g in Eq. (17) are given by
gV =1 =0, =1y =0 (20)
g0 (Ea) = 77 (Ea) = 478,
3('”1)(ia) = Téé””(ia) = —q3t5,,0
f{"(xa) = DY (%a) = D8, (n=0) (@2
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Using Egs. (16) and (18) and agg) = agf‘) = f‘;) =0, Eqgs. (21) can be
rewritten as

Tt 0) + bUNEa) UL + b3 (£a)yy (0) + by (£a) DS (0)

+b2(£a)1R(0) + bF (£a)UL"” + b (£a)d™

+ Z [b(2k+l)(+ )fL(n k)(O) +b(2k+2)(+ )g(n k)(O)]

k=1
= qatfsno
i 00) + aj, (£a)Th PP (0) + af (2a)UL + afy (2a) Ty (0)
+a (£a) D" (0) + a5) (£a)7li (0) + ay (xa)Uy"”

n
3 2%+2 —k
+ a§4)(ia)<1)(") + Z [agL * )(ia)fL(" )(0)

k=1
+ai Y (xa)g! T 0)] = =45 80

DY (0) + aj,) (xa)7i3 (0) + ayy) (*a)d™

+ 2 [a ) £ 700 + ay V(xayg) TP O0)]

k=1
= Di &y (22)
where an uppercase subscript L takes values from 1 to 4 and

UP = ul(x,,0), U =ul"(x,,0), 0" = 9" (x,,0)

(23)
By eliminating four unknowns 2 *"(0), 7\ *"(0), and D{"(0)
from Egs. (22) and using the notatlon

am = a(n)(a) - a(n)(_a), am = a(n)(a)

b = b"(a) - b (~a), B =b"(a)  (24)

we obtain the following equations:

boLUL + bRUS + [B2) = bllay o
= (g =480 = bl D} 8,0 — by 7} (0)

2) _ D~ (1) (n) (2k + 1) (1) - (2k)
[B Ba4 4w (0) Z {[B Ba4 4L

k=1

(1) _Rk+ 1) (n—k)
= bag g O}

-k
700
(2k +2)

+ [BaL
[a(Z) &(1)5(1)]Ui,") + [a§3)

3a Y an
&(1)[5(2) 55114) A(‘l)]}q)(n)

2 1 1
— [a% - a3.5.0]1D3 6

D r(2) (n)
a3a 5(13 ]U

(3) (2) (1

+ {a3 a34 44

- 1

= —(g5 —q5)d0 — a;a)

2) (D) (MY -(m) 3) (2) ()
- [a3 — 83, b, ]733 0) - {am — a3, 4y,

— AD[p@) _ 5D (1) (n) 2k +2) (D) p(2k+1)
a3a [Eam ba w]}r (0) Z {a a3a baL

k=1

2 1 1 2k k 2k +3 1 2k +2
[a() aga)bfﬂ;) ( )}fL(n )(0) {a( +3) a( )5( +2)

3a“alL
k=1

2 1 1 2k +1 k
[&() ﬁga)5514) —( +)}g(n )(0)

al) o™ = (Df — D)8, — alt%(0)

_ Z [a(Zk) (n— k)(0)+a(2k+l) (n— k)(O)] 25)

k=1

for the four unknowns U, U{", and ®™. The right-hand sides of
Egs. (25) involve % (0). r;;”(O) £®(0), and g©(0), (k=0,.
n — 1), which are determined from solutions of order up to (n — 1)
The (n + 1)th-order out-of-plane stresses on the midplane, 7, (" * 1)(O)
and r(" * 1)(0) can be solved from Eq. (22).

W1th the notations

( ..)EfUZ(...)dZ’ O(-+9) = foa(...)dz

( ")Ef (++9dz (26)

the equations of leading order (n = 0) can be written as
cx© = y©® 27

where the components of the differential operator C are

Cao = —QL32050,, Caos = QzL37050,0,

Cas = O[LE2QU — MP(Q — 0)K221050,0,

Cso = —02L590,050, Cyy = 022L390,040,0,

Csy = Qz[L52 QT = MP(Q — 0)K;210.040,0,

Cio = Ci3 = 0, Cu = 0K;2050, (28)

X0 _ [U(U) U(U) U(U) (D(U)] (29)
v, = g5 —q, + OMgDy
O _ (gt — oy
r; (¢5 —a3) +alq, + qa) + QZM Sap

v\ = D - D} (30)

We notice that the electric potential ®© can first be solved from
Eq. (27)4, and the leading-order terms of the midplane displace-
ments can then be solved from the remaining Eqs. (27), 3. If the
plate is symmetric about its midplane, then Co3 = Cou = C3, = 0,
and Eq. (27) can be further simplified to decouple the in-plane
displacements U from U{" and ®®. This special case has been
studied.'?

For an elastic plate the differential operator matrix C given in
Eq. (28) reduces to that of the classical plate theory?-*° for the
bending of a thin monoclinic plate or laminate. For a piezoelectric
plate Eq. (27) canbe viewed as a set of classical equations governing
the unknowns (29) under the action of surface tractions and electric
displacements. The higher-order equations (25) show that all of the
terms on the right-hand side are expressed as derivatives of the lower-
order solutions. Accordingly, the preceding procedure may be used
to generate an accurate three-dimensional solution provided that the
solution of the two-dimensional classical plate equations has been
found.

Furthermore, we note that the left-hand sides of Egs. (25) of
different orders contain the same coefficients, which, after a little
simplification, turn out precisely to be the classical operators gener-
alized to piezoelectricity. In principle, any numerical technique for
solving the classical plate equations can simply be used to solve the
three-dimensional problems for laminated piezoelectric plates.

When the unknowns X© can be expressed as polynomials in x,,
then the right-hand sides of Eqs. (25) identically vanish for all orders
greater than a certain integer. In such cases the series for the initial
functions F(0) and G(0) have a finite number of terms, and F and
G become exact solutions of the governing equations for all values
of €.
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IV. Example
We consider a piezoelectric strip (Ix1]1 <a, x,— o) and assume
that the solution is independent of x,. The matrix operators (7)
simplify to

1 =Ji0, —L“af —M,0,
A=| 1 B- (31)
—Ji01 Ko, -MTo, N

and the field equations (27) for the leading order reduce to

) (0) (0) - 2
doolU +d3Us ) +daa® ) = da — 4, + QMF D3+,1

w,11

d3, Uy

w, 11

1+ d33U3(?1)111 + d34®f?311 = —(¢5 —q3)

+alg! +q)a+ QZM112D3+,11
duy®)) = Df = D (32)
where

daw = _QL(lllw’ da3 = QzL(lllla

duy = Q[LP QI — MP(Q — O)K{T], dy, = —QzL}Y

dyy = QZ°Lyj, dyy = Qz[L\7QJ = MP(Q — O)KT}

dy = QK (33)

We assume that the transverse surfaces of the piezoelectric strip
are subjected to uniform normal tractions —g; and uniform normal
electric displacements Df , with vanishing shear tractions ¢ . The
edges x; = *xa of thestrip arerigidly clamped. As is usually assumed
in plate theories, these edge conditions are imposed by requiring that
u(+a,0) = 0, O1u3(%a, 0) = 0, o(+a,0) =0 (34)
The electric edge condition (34); implies that the edges are grounded
at the midplane z = 0. These are not pointwise conditions and thus
exclude the boundary-layer effect. The edge conditions (34) may be

written in the form of their expansion coefficients as
U =0, o™ =0

U =0,  U" =0,

(n=0) on x; = *a (35)
The solution satisfying the preceding edge conditions is

2
Uf) = ku,)cl()cl2 —a%), U3(U) = k3(x12 )

O = I(x2 - a?) (36)
where
ko = =Yg = q3)dus, ks = —5:(q5 —q3)ds
I = (1/2dy)(Df — D;) (37)

Here d is the inverse of the submatrix consisting of the first three
rows and first three columns of d. The solution of the other four
unknowns in Eq. (22) for n = 0 can then be obtained as

733(0) = 60(k, — 4ksz8,)L{{'x,
733(0) = 53 = —qi +60z(k, — 4ksz8) L1}
D\"(0) = D= Df —210K% (38)
Equation (25); for n = 1 can be rewritten as
2y, oV = —ay) 1 (0) — AU - a U (39)

whose solution is

o = m()cl2 - a?) (40)

with
m = ~(31du) Q[I72(Q = Q) (ko — 4ks28, ) LY

- K77 Q(ky = 4ksz0,1) M 7] (41)
Then Eq. (22); forn = 1 gives

D/

D" (0)

K22
6(Q L - Q)[JFZ(Q — O)(k, — 4323, LY

dyy
— K{7Q(ky — 4k3z8,) M ] (42)

The same procedure may be continued for higher-orders terms. A
detailed examination of Eq. (22) reveals that all higher-order un-
knowns identically vanish. Consequently, the nonvanishing expan-
sion coefficients of the initial functions are

U 0
FO0) = Uéo) N O

D (0) cD3<“>

g ©1(0)
o= g | #O= Tz%‘;(m 43)

D{"(0) e

The expansion series for the reference displacements terminates at
their first term, while the expansion series for the reference electric
potential terminates at its second term. Thus, the evaluation of the
reference solution is complete, and the full through-thickness so-
lution of all nonvanishing orders is obtained by substituting these
reference values into Eq. (18):

g(U) - g(U)(O), f(U) =f(0)(0) + a(l)g(ﬂ)(o)
g(l) — g(l)(o) + b(l)f(U)(O) + b(Z)g(U)(O)
f(l) =f(1)(0) + a(l)g(l)(o) + a(Z)f(U)(O) + a(3)g(0)(0)

g(2) — b(l)f(l)(o) + b(Z)g(l)(O) + b(3)f(0)(0) + b(4)g(0)(0) (44)
Any of the through-thickness physical quantities can be evaluated
from the reference functions by straightforward differentiations with
respect to x; and integrations with respect to z (or x3).

Expressions (17) together with Eqgs. (43) and (44) give the com-
plete solution throughout the plate as

(0)

Uy = €u, =+ 83u(wl) = S[Uu(,o) + aS;Uéo) + aiﬁ(l)(o)]

+ 8 {[a® = aDBOTUO + [o - a2 U + B}

wvva wa” a3

3 (D 3f_(D) 2) M ra 0
T3 = €Ty = € {133 (0) + |a;, — a;, B(va)]Ué)
3) (D) p(2) 0)
+ [‘133 — a3, b, ]U3 }

D; = eDY” + & D" = [ DY (0) + af) @] + & {D{"(0)

2) _ (D (0) 3) _ (D2 0) 1) gy (1)
+[a4a a,’'b ]Ua +[a43 614(115(13:|U3 + a,/ ® }

4v Yva

= 22 = @ [ - LU0 + [ - 51U )
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us = uéo) + Szugl) + 84u22)

= U + 265U + b)) DP(0) + b3 U + b0

30~ o

4 3) _ 1,2 ) (0) ) _ 12D p@2) (]
+é {[b3(u b3(15(xw]Uw + [b33 b3(z5(x3]U3

+ b3 743 (0) + b5 DLV(0) + b o }

0= ¢ 4+ 200 4 gtp®

= 0+ &b UL + b DY (0) + b US” + b ©© + V]

# e {[02 - 2B + [ - 0282 Ju”
+ D43 74y (0) + b3 DSV (0) + b @ } (45)

More explicitly, using Egs. (36), (38), (40), and (42), the closed-form
analytical solution in the interior of the plate is

U, = —&[(gi — q; )RPx 1 (x? —a®) + IRYx; |
+2'[(¢5 — g5 )Ry — mRy]x,
Uz = k3(x12 — a2)2 + 82[DR(1]2 + (g5 — q3_)R51()cl2 — %az) +IR}]
+&'[ssRy) + D'R) — (¢ — q; )Ry + mR;] (46)
for the displacement field,
33 = &8ss — (qgf —q;)Ry] (47)

for the out-of-plane stress field, and

s = &(q5 —q3 ) R{xy,

Ds = &(D +IRs) + &€[D' — (¢ —q;)Rs + mR;]
Q= l()cl2 -a%) + 82[DR§2 + (g5 — q;)Rg(xlz — %az) +IR2
+ m()cl2 - az)] + 84[S3R(2]1 + D’Rg2 - (g5 - q;)Rg + mRé]

(48)

for the transverse electric displacement and the electric potential.
Here
R = ON¥,

Ry = %(5{03 = 28,1d33), Ry = 2QJ1w2

Ry = 20K7, Ry = 6(Q— Q)RLSY, R! = 3QR’M

RY = Q(M{R$ + NR;), Ry = QI*R{ —2QJ""R{

Ry = QJR) — 8,20K I R:, Ry = Q(MP'RY + N R})
(49)

The in-plane stress field and the in-plane electric displacement com-
ponents, which may be discontinuous across interfaces, are deter-
mined from Eq. (11) to be

To = E[DMP + (M Ry — L§'RY)
— (g —q; )L R°(3x? —ad) ] + E[ss M + D'MP
= (g7 = g3 )(M;¥R = LETRY) + m(M;? Ry = L3Ry

D, = =21Kxi + &'[(g7 — g3 )(JPRY = 2K(2R3) —2mK {5 |xy

(50)

Thus the exact closed-form solution of the problem has been ob-
tained.

By setting the piezoelectric moduli ¢;;; = 0, we obtain results for
a purely elastic strip that are slightly different from the solution of
Ref. 21 because of the different choice of the reference planes. For a

Table 1 In-plane and out-of-plane distributions of expansion terms
of physical quantities of laminates

X1

£z Constant Linear Quadratic  Cubic  Quartic
Constant — D/()U) © £ ugﬂ)
Linear Dgo) - T((x(]].) - 0
Quadratic — ‘L‘((z;)’ D/()l) ugl), o o
Cubic =7, Dy 7w .
Quartic ugz), o? - - - o

piezoelectric strip symmetric about the midplane, it can be verified
that the present solution is exactly the same as that given in Ref. 12,
where a symmetric elliptic plate is degenerated into an infinite strip.

The transverse shear stresses 7,3 given by Eq. (47) are indepen-
dent of the relevant transverse shear moduli ¢33, a property already
known for elliptic monoclinic elastic plates.2’ Here this property is
shown to be valid for monoclinic piezoelectric strips. In addition,
the out-of-plane stresses 7,3 and 733 in Eq. (47) do not depend on the
normal electric displacement loading Df prescribed on the top and
bottom surfaces of the plate. This means that the specified uniform
electric displacements do not produce any out-of-plane stresses, an-
other property particularly valid for the piezoelectric strips.

Differentiation of ¢ in Eq. (48), with respect to x; and x3 yields
the following order of magnitude estimates of the electric field com-
ponents:

E| = —@, ~(Dj —D;)O() + (¢ —q;)0(&")
E; = —p3~ (D7 — D;)O(¢) + (D7 + D;)O(¢)
+(g+ —q;)0(8) + (g5 + q7)0(&) (51)

Thus, if D7 — D; = 0, the ratio of the in-plane to the out-of-plane
electric field components is of the order of the dimensionless thick-
ness parameter, i.e., E,/ E; ~ &, which implies that for a thin piezo-
electric plate E; is negligibly small as compared to E3. On the other
hand, E, should not be neglected when D — D; £ 0 because
it is of the order of the reciprocal of the thickness parameter, i.e.,
E,/E;~ 1/&. In such a case the in-plane electric field component
is in fact much larger than the out-of-plane component. Therefore
the assumption that the in-plane electric field component is negli-
gible is incorrect when the transverse electric displacements on the
top and bottom surfaces are unequal to each other. However, for
equal transverse electric displacements prescribed on the top and
bottom surfaces, the existing thin piezoelectric plate models based
on negligible in-plane electric field components are satisfactory in
this aspect. This observation from the solution of laminated piezo-
electric strips of arbitrary thickness agrees with that derived from
the limit analysis'! of thin single-layer plates.

For a piecewise homogeneous piezoelectric strip all of the mate-
rial moduli are piecewise constants in the thickness direction. Ob-
serving Egs. (46-50), the in-plane and out-of-plane distributions of
the expansion terms of the mechanical displacements, stresses, elec-
tric displacements, and electric potential are summarized in Table 1.
Of particular interest are the through-thickness distributions of the
physical quantities. The through-thickness distributions of the ex-
pansion terms of the mechanical and electric quantities in z and € are
of the same form. Table 1 provides useful information for making
proper approximations in two-dimensional piezoelectric plate mod-
els. In particular, the assumption of the through-thickness cubic dis-
tribution of the in-plane mechanical displacements in higher-order
plate theories agrees with the present results. However, the constant
distribution of the out-of-plane mechanical displacement provides
only the zeroth-order approximation to our solution.

V. Numerical Results

The materials used to compute numerical results in the following
examples are lead zirconate titanate®' (PZT-4) and polyvinylidene
fluoride? (PVDF). The material moduli of PZT-4 and PVDF are
given in Table 2, where &, is the permittivity of vacuum. Because
a linear theory is used, results for complex loadings can be ob-
tained by a superposition of the results for simple loadings. Two
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Table 2 Values of nonvanishing material
moduli for PZT-4 and PVDF

Moduli PZT-4 PVDF
C1111,» GPa 139 238.24
C2222, GPa 139 23.6
C3333, GPa 115 10.64
C1122, GPa 77.8 3.98
C1133, GPa 74.3 2.19
€2233, GPa 74.3 1.92
€2323, GPa 25.6 2.15
C3131, GPa 25.6 4.4
C1212, GPa 30.6 6.43
311, C/m? -5.2 —-0.13
€32, C/m? -5.2 —0.145
333, C/m? 15.1 —-0.276
€223, C/m? 12.7 —0.009
e113, C/m? 12.7 —0.135
g1/ g 1475 12.5
enlef 1475 11.98
533/80a 1300 11.98

agy = 8.854185 pF/m.

Table 3 Results at some points for a clamped-clamped
four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg PVDF) laminate
(2a/h =10)

Parameter variation ~ Mechanical load g;  Electric load DY

ai(al2,h/2) 0.02485 —0.005980
a3(0, h/2) 0.4595 —0.01078
Di(al2, —h/2) 0.6177 —4.972
Ds(0, 0) —0.01637 0.4999
1110, (h/4)7] 4.319 —0.2695
72[0, (h/4)7] 2.099 0.5102
(0, 0) 0.07356 —0.2565

loading conditions are examined. One corresponds to applied uni-
form normal tractions with vanishing normal electric displacements
and the other to applied uniform normal electric displacements with
vanishing normal pressures. Results are presented in terms of the
nondimensional variables

i = M,‘/Pa, Tij = Tl‘j/PC*

@ = e"pl Pac®, D, = D,/ Pe* 52)
with ¢* = 10° N/m?, e* = 1 C/m?, and either P = g3/ c* for applied
normal traction g3 or P = Ds/e* for applied normal electric dis-
placement Dj.

A four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg PVDF from bot-
tom to top) piezoelectric laminate with equal thickness of each layer
is examined. Selected results at some particular points of the lami-
nated plate are listed in Table 3. The through-thickness distributions
of the transverse shear stress 7,3 and the transverse normal stress 733
under applied normal traction ¢; are plotted in Figs. 1 and 2.

To illustrate the order of magnitude of the electric field compo-
nents, we consider a homogeneous single-layer PZT-4 plate with
normal electric displacements D;‘ prescribed on its top and bottom
surfaces. For symmetric electric loading D; = D; the ratio of the
in-plane to the out-of-plane electric field components E;/E; can
be shown to be identically zero. For antisymmetric electric loading
D} = —D; we have plotted in Fig. 3 the through-thickness distri-
bution of E,/E3 = Bx;/a within the lower half plate, as the result
for the upper half plate is antisymmetric about the midplane. Here

B = 2a/e(M{*R? + N**R;3) (53)

is a function of x;. Because E; = 0 at the midplane of the plate, the
value of B approaches infinity as x3— 0~ and thus is not shown
therein for —0.25 < 2x3/ h < 0. Figure 3 shows that for this case the
in-plane electric field component cannot be neglected as compared
with the out-of-plane electric field component.

05 r

-4 3 2 -1 0
1713( a2, x,)

Fig.1 Through-the-thickness distribution of the dimensionless trans-
verse shear stress for a four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg
PVDF) laminate under q; (2a/h =10).
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2x 3/h
o
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0 0.25 0.5 0.75 1

7,(al2, x,)

Fig. 2 Through-the-thickness distribution of the dimensionless trans-
verse normal stress for a four-ply (PZT-4/90-deg PVDF/PZT-4/0-deg
PVDF) laminate under q; (2a/h =10).

0

-025 r

2x4/h

-0.75

_1 1 1 1 1
0 10 20 30 40 50

Fig. 3 Through-the-thickness distribution of the ratio of the in-plane
to the out-of-plane electric field components for a homogeneous PZT-4
plate under D; =—Dj (2a/h =10).
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Although the numerical results for only the span-to-thickness ra-
tio 2a/ h = 10 are given, many other results can simply be obtained
in terms of expressions of physical quantities and Table 1. For ex-
ample, for 2a/ h = 100 the value of B will be 10 times the value
given in Fig. 3 for 2a/ h = 10 according to Eq. (53), and 733 will be
the same at a plane parallel to the midplane according to Table 1.

VI. Conclusions

We have combined the method of asymptotic series expansion
with the transfer matrix method to obtain a closed-form solu-
tion for the three-dimensional electromechanical deformations of
a clamped-clamped laminated plate. The governing equations are
expressed in terms of functions defined on the midplane of the
plate. Equations for the determination of the nth-order mechan-
ical displacements and electric potentials involve effective loads
that depend upon the quantities of order 0 through (n — 1). For a
clamped-clamped piezoelectric strip of length 2a, these are further
simplified, and a closed-form solution of the governing equations
is derived. The transverse shear stresses 7,3 (o = 1, 2) are indepen-
dent of the relevant transverse shear moduli ¢,343, and 7,3 and the
transverse normal stress 733 do not depend upon the uniform normal
electric displacement D; prescribed on the top and bottom surfaces
of the laminate. For D = D; theratio of the in-plane to the out-of-
plane electric field components is of the order of &€ = h/2a, where
h is the thickness of the laminate. However, if D; - D5 £ 0, then
the in-plane electric field is much higher than the out-of-plane elec-
tric field and cannot be neglected as is often done in some plate
theories. Guidelines for making proper approximations for the me-
chanical and electric quantities in two-dimensional plate theories are
provided in Table 1. In particular, the assumption of the through-
thickness cubic variation of the in-plane mechanical displacements
agrees with the closed-form solution derived here for the cylindrical
bending deformations of a piezoelectric laminate.

Numerical results are presented for a piezoelectric laminated strip
subjected to either mechanical or electric loads on the top and bottom
surfaces.

The present solution could serve for checking the validity of other
approximate two-dimensional theories and numerical methods.
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