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Higher-Order Piezoelectric Plate Theory Derived
from a Three-Dimensional Variational Principle

R. C. Batra* and S. Vidoli'
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061

A three-dimensional mixed variational principle is used to derive a Kth-order two-dimensional linear theory for
an anisotropic homogeneous piezoelectric (PZT) plate. The mechanical displacements, the electric potential, the in-
plane components of the stress tensor, and the in-plane components of the electric displacement are expressed as a
finite series of order K in the thickness coordinate by taking Legendre polynomials as the basis functions. However,
the transverse shear stress, the transverse normal stress, and the transverse electric displacement are expressed as
a finite series of order (K +2) in the thickness coordinate. The formulation accounts for the double forces without
moments that may change the thickness of the plate. Results obtained by using the plate theory are given for the
bending of a cantilever thick plate loaded on the top and the bottom surfaces by uniformly distributed 1) normal
tractions and 2) tangential tractions. Results are also computed for the bending of a cantilever thick PZT beam
loaded by 1) a uniformly distributed charge density on the top and the bottom surfaces and 2) equal and opposite
normal tractions distributed uniformly only on a part of the beam. The seventh-order plate theory captures well
the boundary-layer effects near the clamped and the free edges and adjacent to the top and the bottom surfaces
of a thick orthotropic cantilever beam with the span to the thickness ratio of two. Also, through-the-thickness
variation of the transverse shear and the transverse normal stresses agree well with those computed from the
analytical solution of the three-dimensional elasticity equations. The governing partial differential equations are
second order, so that Lagrange basis functions can be used to solve the problem by the finite element method.

I. Introduction

ECAUSE of the enormous amount of literature on the theory of
plates, itis nearly impossible to cite and review all of the papers.
The literature on higher-order theories of piezoelectric (PZT) plates
has recently been summarized by Wang and Yang.! Various attempts
to systematically derive plate and rod theories have been reviewed
by Koiter and Simmonds,> Naghdi,® Antman,* and Leissa,>® among
others. Naghdi® and Antman* have also discussed Cosserat’s’ direct
theories of plates and rods, wherein the plate is modeled as a two-
dimensional surface with a number of directors attached to each
point; these directors are not tangent to the surface, and their defor-
mation accounts for the transverse deformations of the plate.
Teresi and Tiero® deduced plate theories by finding stationary
points in suitable subspaces of the functional spaces in which the
potential energy, the complementary energy, and the Hellinger-
Prange-Reissner functionals are defined. For an isotropic plate,
these methods were shown to give different values of the flexu-
ral and the shear rigidities. Soldatos and Watson® have proposed an
improved higher-order plate theory that incorporates the through-
the-thickness shape functions obtained from the exact solution of
the corresponding simply supported plate. The boundary conditions
at the edges are applied in an average sense as in other plate theories.
Higher-order plate theories have also been formulated by Mindlin
and Medick,'® Vlasov,'! Lo et al.,'* Kant,'* Reddy,* Hanna and
Leissa,'> Lee and Yu,'® and Lee et al.'’; this list is by no means
complete. Exceptions to the usual expansions of the mechanical dis-
placements and the electric potential as a power series in the thick-
ness coordinate are the works of Soldatos and Watson,” Mindlin
and Medick,'? and Lee et al.!” Soldatos and Watson® use exponen-
tial functions, Mindlin and Medick'® use Legendre polynomials, and
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Lee et al.'7 use trigonometric functions. Higher-order plate theories
derived by employing different basis functions are not necessarily
equivalent because the first-order theory of Lee et al.” involves
cos(/2)(1 —z), where z (—1 <z <1) is the normalized thickness
coordinate, and the first-order theory of Mindlin and Medick'® ex-
presses mechanical displacements and electric potential as an affine
function of z.

Vidoli and Batra'® presumed an affine variation in the thickness
direction of the three components of the mechanical displacement,
the electric potential, the in-plane components of the stress tensor,
and the in-plane components of the electric displacement, cubic
variation in the thickness direction of the transverse shear stresses,
and quadratic variation in the thickness direction of the transverse
normal stress and of the transverse component of the electric dis-
placement. They employed a mixed variational principle of Yang
and Batra" to derive the balance laws, boundary conditions, and
constitutive relations for a PZT plate. The theory accounts for the
normal and the tangential tractions and the surface charge density
prescribed on the top and the bottom surfaces of the plate. The three-
dimensional analytical solutions of Vel and Batra®® for thick lami-
nated structures with PZT patches either embedded in or bonded to
their surfaces reveal that the variation of the mechanical displace-
ments and the electric potential is nonaffine. Here we develop a
K th-order theory for an anisotropic PZT plate in which all three
components of the mechanical displacement and the electric po-
tential are expanded in the transverse coordinate z, and terms up
to zX are kept in these expansions. The plate theory derived by
Vidoli and Batra!® follows from the one presented herein by set-
ting K = 1. Their first-order shear and normal deformable plate
theory cannot predict boundary layers near the clamped and free
edges and adjacent to the top and bottom surfaces of the plate;
however, the present higher-order plate theory can predict these
effects. The present Kth-order plate theory differs from those de-
rived by Mindlin and Medick,'® Lee and Yu,'® and Lee et al.,'”
at least in the following respects. Whereas we express the trans-
verse shear stresses, the transverse normal stress, and the transverse
electric displacement as polynomials of degree (K +2) in z, with
the remaining variables expressed as polynomials of degree K in
z, they use basis functions of the same order to expand all of the
variables. Surface tractions and surface charges prescribed on the
top and the bottom surfaces of the plate also appear explicitly in
the present two-dimensional constitutive relations. Thus, natural
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boundary conditions on these surfaces are exactly satisfied. In other
plate theories, surface tractions and surface charges acting on the
top and the bottom surfaces appear only in the two-dimensional
balance of linear momentum. Lee etal.!” use the principle of virtual
work to derive boundary condtions [Egs. (21), of Ref. 17] on the
top and the bottom surfaces of the plate. We note that in the present
theory the transverse normal and the transverse shear stresses are
computed from the displacement fields obtained by solving the two-
dimensional equations of the plate theory rather than by integrating
a posteriori the three-dimensional equations of elasticity.

It is shown that the results predicted by a seventh-order plate
theory compare very well with the analytical solution for the cylin-
drical bending of a thick cantilever plate with the span to the thick-
ness ratio of two and loaded on its top and bottom surfaces by a
uniformly distributed load. Note that a plate with an aspect ratio
of two is a three-dimensional body. Thus, it is not surprising that a
significantly higher-order plate theory is needed to compute good
results. The proposed plate theory predicts boundary-layer effects
near the top and the bottom surfaces of the plate where loads are
specified. The through-the-thickness distributions of the transverse
shear stress and the transverse normal stress near the clamped and
the free edges compare well with the analytical solution of Vel and
Batra?® for the same problem. We also compute, for different aspect
ratios (span/thickness) of the plate, contributions to the total strain
energy of the plate made by the bending, the transverse shear, and
the transverse extensional modes of deformation. It is found that,
even for an aspect ratio of 20, the strain energy due to the trans-
verse shear deformations equals about 10% of the total energy of
deformation of the plate. For a plate with an aspect ratio of two,
the total strain energies of bending, transverse shear, and transverse
extensional deformations change rapidly when K is increased from
1 to 4, but very slowly for 4 < K <6, and are virtually unchanged
when K is increased from 6 to 7. The theory is also used to study
the cylindrical bending deformations of a PZT thick cantilever plate
loaded on the top and the bottom surfaces by a uniformly distributed
charge and by double forces without moments.

II. Formulation of the Problem

We use rectangular Cartesian coordinates to describe infinites-
imal static electromechanical deformations of a linear PZT plate
with the x3 axis perpendicular to the top surface S* and the bottom
surface S~ of the plate and the origin on its midplane S. We assume
that in the reference configuration the length scale has been nor-
malized by thickness/two so that x; =41 and —1 at points on St
and &7, respectively. Thus, in the reference configuration the plate
occupies the region C =8 x I, where [ =[—1, 1], §T =8 x {+1},
and S~ =8 x {—1}. The boundary dC of the plate is given by

IC=0BSxIHUSTUS)=MUUg (D)

where 9§ is the periphery of S, M is the mantle of C or the edges of
the plate, and U is the union of the upper and the lower surfaces of
the plate. In a mechanical problem, surface tractions are generally
prescribed on U and surface tractions and/or mechanical displace-
ments on M. In the electromechanical problem being studied here,
the analogous situation will be the specification of surface tractions
t and the electric charge density x on /3. However, at a point of M,
either ¢, or the mechanical displacement u, or their linearly indepen-
dent combination, and y, or the electric potential ¢, are prescribed.
Problems in which ¢ instead of x is prescribed on Up require a
small modification in the derivation of the equations for the plate.
The equilibrium equations, the boundary conditions, and the con-
stitutive relations for a linear PZT body are obtained by finding a
saddle point of the following mixed functional of Yang and Batra'®:

S)(u,S,w,D):/b-u—i—/ Sn-(u—ﬁ)—i—/ t-u
C 3,C 3,C

—/S-E(u)+/q¢+/ D-n(¢—¢)+/ X¢
C C 3.C asC

B

—/D-W(tp)-i-%/[S-(IE‘S—i—MD)—i—D-(ND—MTS)] )
C C

Here b is the body force per unit volume, S is the stress tensor, n
is an outward unit normal to dC that lies in the surface S, u is the
displacements prescribed on the part d,C of the boundary 9C of C,
E(u) =symgradu = [gradu + (gradu)”]/2 is the strain tensor for
infinitesimal deformations, (gradu);; = du,/dx;, W(p) = grad¢ is
the electric field, ¢ is the electric potential, ¢ is the density of dis-
tributed charges, D is the electric displacement, yx is the density of
surface charges, ¢ is the prescribed electric potential on the part
9, C of the boundary of C, F is the fourth-order compliance tensor,
M is the third-order tensor describing the PZT coupling, N is the
second-order dielectric permittivity tensor, and

E = FS + MD, W=ND-M'S 3)

are the constitutive relations for an anisotropic linear PZT body. Here
E and S are written as six-dimensional vectors and W and D as three-
dimensional vectors. Thus IF, M, and N are 6 x 6,6 x 3, and 3 x 3
matrices, respectively. We note that electric quantities analogous
to mechanical quantities b, S, ¢, u, and E are g, D, x, ¢, and W,
respectively. In Eq. (2), b-u denotes the inner product between
vectors b and u, and the inner product A - B between second-order
tensors A and B is defined as tr(AB”), where tr(A) equals the sum of
the diagonal elements of A. For brevity, the variable of integration
in Eq. (2) has been omitted; however, it should be clear from the
specified domain of integration. Furthermore,

9,C U 9,C = aC, 9,CNJC =0

HQC @] HﬁC = BC, HQC N HﬁC - @ (4)

The variation of the functional §) with respect to the kinematical
fields u and ¢ yields the equations of equilibrium and the natural
boundary conditions. The variation of $) with respect to the kinetic
fields S and D provides the constitutive relations and the essential
boundary conditions.

We decompose as follows the position vector x of a point, its
mechanical displacement u, the electric displacement D, the body

force b, the surface tractions ¢, and the outward unit normal n:

x =r+ze, u=v+ we, n=~n-+ne

D =D + Se, b=>b+Be, t=f+te (5

where e is a unit vector along the positive x3 axis. Thus, r is the
projection of the position vector of a point on the x;-x, plane, and v
and w, respectively, equal its displacements in the x;-x, plane and
along the x3 axis. Note that v, w, 1, n, ﬁ, é, etc., are functions of r
and z. The other field variables can now be written as

E(u)=symgradv+[(v' +gradw)/2] @ e +e ® [(v' + grad w)/2]
+tweRe=E+v7Qe+e®@v+ce®e

W(p) = —gradgp —gp'e=W +we

S=S+s@e+e®@s+oexe (6)

where a prime indicates differentiation with respect to z, grad is
the gradient operator in the x;-x, plane, a ® b denotes the tensor
product between vectors @ and b, (@ ® b)c = (b - ¢)a for every vector
¢, v is the transverse shear strain, € is the transverse normal strain
that describes the change in the thickness of the plate, w is the
electric field in the thickness direction, o is the transverse normal
stress, and s is the transverse shear stress. AFurthermore, S is the
in-plane (in the x;-x, plane) stress tensor, E is the in-plane strain
tensor, sym grad v = [grad v + (gradv)7]/2, e =w', o= —¢’, and
W=— grad ¢. The constitutive relation (3) for the linear anisotropic
PZT body can be written as

E Fes Fpy Feo Mgp Mg S
Y * F,, F, M,p My s
e =1 * * Fo Mop M o (7
14 * * *  Npyp Nys b
w * * * * Nys )
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where an * in row i and column j represents the transpose of the
quantity inrow j and column i of the matrix. Here E and § are three-
dimensional vectors; 4, §, W, and D are two-dimensional vectors;
and €, w, o, and § are scalars. Furthermore, Frg, Fr,, Fr,, Mgp,
Mgs, Fym Fyos Mst Mya, Feo, Mep, Mes, Nwp, Nws, Nys are,
respectively, 3 x3,3x2,3x1,3x2,3x1,2x2,2x1,2x2,
2x1,1x1,1x2,1x1,2x2,2x1, and 1 x 1 matrices. These
submatrices are derived from the matrices IF, M, and N appearing
in the constitutive relation (3). The functional $) now becomes

S)(v,w,ﬁ,s,a,tp,ﬁ,c?)=/(l3-v+ﬁw)+/q<p
c c

+ (f-v-l—tw)-i—/

aC s

x<p+/ [(Sh + sn) - (v — D)
C 3.C

+G-A+on)w—w)]+ | [D-i+n)(p— @)
9,C

- /(S-E+2s-~y+ae)—/(b.W+5w)
C C
1[4 . .
+ 5 / S (FgsS +Fegs +Froo + MgpD + Mgsd)
C
1 . .
+5 /Cs (FL8+F,s +F,y0 + M, pD + M,;5)

+1 FL S+F' F M, pD + M58
5 U( Eo + y(rs—"_ GHU—"_ €D + €8 )
C

1 [ A . .
+3 /CD - (NwpD + Nyysb + Mp,S + M) s +M/,0)

1 . .
+5 /C 8(NyysD + Nys6 + Mp,S +M)s + M/j0) ®)

III. Derivation of a Higher-Order Plate Theory

Let PX be the space of the K th-order polynomials defined on the
interval [—1, 1]. We choose Legendre polynomials, Ly(z), L(z),
..., Lk (z), normalized according to relation (9), as the basis func-
tions in PX:

i,j=0,1,2,....K
)

1
(Li. Lj) :=/ Li(x)L;(z)dz = &y,

1

where §;; is the Kronecker delta. We note that
Li@=v32, L&@=y332-1)

Ly(2) = VI(=32/2+52/2), ... (10)

Ly(z) = %,

The displacement fields v and w and the electric potential ¢ are
approximated by the following series:

v(r,z) = L (2)v; (r) (11a)
w(r, z) = Li(Qw;(r) (11b)
o(r,z) = Li(2)gi(r) (11c)

Here and hereafter, a repeated index implies summation over the
range of the index. Indicesi and j range over O, 1, 2, ..., K. Mindlin
and Medick!® derived a plate theory by using expansions (11a)
and (11b) with K = oo for the mechanical displacements and em-
ployed the principle of virtual work. For the mechanical problem,
they substituted expressions (13) for strains in the constitutive rela-
tion (3), writtenas S =F~ IE, and obtained expressions for stresses
80,851,982, ..., for plate theories of different order. They vividly
show the displacements and stresses of order 0, 1, and 2. Lee and
Yu!® expanded the three components of the mechanical displace-
ment, the electric potential, and the material parameters as power

series in z and used a variational principle to derive the equations
of motion for a functionally graded PZT plate. Two-dimensional
constitutive relations of order n for a homogeneous plate involve
displacements and the electric potential of all orders up to co. They
deduce a first-order theory by retaining terms vy, vy, wo, Wi, W2, ¢o,
and ¢, in Eqgs. (11), stresses and strains up to order one, electric
displacements and electric fields up to order three, and introduce
correction factors to match the frequencies of the simple thick-
ness vibrations computed from the first-order theory with those
from the three-dimensional equations. Their approach is similar
to that of Mindlin and Medick.'” Even though the basis functions
(1,z,72,...)and [Lo(2), L1(z), L»(z), .. .] are equivalent, the latter
set results in simpler equations because the Legendre polynomials
are mutually orthogonal. Lee et al.'” used trigonometric basis func-
tion [cos(Km/2)(1 — z)] to expand the three components of the
mechanical displacement and the electric potential. Because of the
orthogonal properties of the trigonometric functions, the algebraic
work is simplified. Whereas in the present Kth-order plate theory
the kinematic variables are expressed as a polynomial in z of degree
K, in the Lee et al.'” work even a first-order plate theory involves
termsin zX with K > 1 because of the trigonometric basis functions
used. The present work differs from that of Mindlin and Medick'®
and Lee and Yu'® in the derivation of the constitutive relations. Be-
cause of the finite series considered in Eq. (11), there is no truncation
to be done. In the first- and the third-order shear deformation the-
ories, the transverse component w of the mechanical displacement
is usually assumed to be independent of z and the two in-plane
components, respectively, polynomials of degree one and three in z.
Three-dimensional analytical solutions?® show that for thick lami-
nates the plate thickness changes, and the variation of the transverse
shear stress through the thickness of the plate cannot be described
by a polynomial of degree two in z.

Recalling that L} (z) is a polynomial of degree (i — 1), we write
itas

Li(z) = D;;L;(2) (12)

where D;; are constants. Note that the last column of the (K + 1) x
(K + 1) matrix D;; is identically zero. Substitution for v, w, and ¢
from Egs. (11) into Egs. (6) yields

E=1L,2) sym grad v; =: L (2)E; (13a)

v = L;(2)[(Dj;v; + grad w;)/2] =: L;(2)7; (13b)

€ = Li(z)Dj,-wj = Ll‘(Z)Gl‘ (136)
W=—L;(z)gradg; =: L; ()W, (13d)
w = _Li(Z)Dji(ﬂj = Li(z)wi (136)

We now substitute for E, v, €, W, and w from Egs. (13) into the
right-hand side of Eq. (8) and integrate with respect to z to arrive at
the following expression for the functional $):

(F; -v; + ®;w;)

9= /(Bi v+ Biw; + Qi) +
S »S

+/ Xip) + /[(diVNi_DjiTj)'vi+(djVTi_Djizj)wi
apS S

+(divA; — Djidj)ei] + [(V;n) -v; + (T; - A)w;]

3/,8
- / (A )] + RS, s.0.D,8) (14)
S
Here,
B, = (L;,b)+ L,(Dft + L, (=D (152)
B = (L;,B)+ L,(Dt" + Li(=)t™ (15b)
O =(Li,q)+Li(x"+Li(-Dx~ (15¢)
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F; = (L;.{) (15d)
&, = (L;, 1) (15e)
Xi = (Li, x) (15f)
N; = (L;,§) (15g)
T, = (L;,s) (15h)
s = (L;, o) (151)
A, = (L;,D) (15§)
d; = (L;,8) (15k)

and 9‘((5', s, a,ﬁ, 8) is the part of ) that does not depend on the
mechanical displacements and the electric potential. Superscripts
+ and — on a quantity signify its values on surfaces S* and S~
respectively. Furthermore, V; is a2 x 2 symmetric matrix; IV, gives
the in-plane (within the plane S) forces (sometimes also called the
membranal stress tensor); N, is the matrix of bending moments
(also called the moment tensor); the matrix N; (i =2, 3, ..., K)
comprises a linear combination of matrices of bending moments of
order zero through i; Ty is the resultant shear force or the shear
stress vector; T, is the moment of the internal double forces (i.e.,
forces acting along the normal e to the midsurface of the plate);
T; (i=2,3,..., K) equals the linear combination of the moments
up to ith order of the internal double forces; X, is the resultant
transverse normal stress; and X; (i =1,2, 3, ..., K) is the linear
combination of the moments up to the ith order of the transverse
normal stress. A, is the resultant in-plane electric displacement,
A represents the moment of order one of the in-plane electric dis-
placement, and A,; equals the linear combination of the moments
up to order i of the in-plane electric displacement. Similar interpre-
tations hold for the other quantities. Note that the surface tractions
and the normal component of the electric displacement prescribed
on the top and the bottom surfaces of the plate appear in the defini-
tions of B;, E;, and Q; [cf. Egs. (15a-15c)]. Because of the relation
Li(=1)=(=1)'L;(1) in which the index i is not summed, the con-
tributions of the normal surface tractions on the upper and the lower
surfaces can be written as

L)@ +17), i=0,2,...

. + A — I—
L(Dr" + L=y _{L,.(1)(t+—t—), i=1.3... (16)

and analogous expressions hold for £ and .
The variation of §) with respect to v;, w;, and ¢; gives

divN;, — D;T; +B; =0 (17a)
divl; —D;Z;+ 8 =0 (17b)
divA;, —Djd;+ Q=0 (17¢)
on S,
N =F;, T, - = @, (18a)
on 9,8,
A -f=X;, i=012,...,K (18b)

on dsS. These are the balance equations and the natural boundary
conditions for the plate theory. Equations (17a) and (17b) are clearly
coupled because of the presence of the moments 7; of the internal
double force in both equations. Because the matrix D;; is nondiag-
onal, Ty, Ty, ..., Tk, %0, 21, ..., Xk, dp, d, ..., dg will appear
in Egs. (17a-17¢), respectively. Thus, to solve the problem for the
K th-order theory, the 3(K + 1) equations (17) need to be solved si-
multaneously. The electromechanical coupling effects are exhibited
through the dependence of the kinetic fields N;, T;, X;, A;, and d;
on the kinematic variables E‘i, Yi» €is Wi, and w; in the constitutive
relations derived hereafter.

For i=0,1,2,...,K, we have 3(K +1) equilibrium equa-
tions (17) defined on the midsurface S of the plate and the cor-
responding natural boundary conditions (18) on dS. From the pre-
scribed fields of the body force b, surface tractions ¢, and the charge
density x, we can compute the fields B;, E;, Q;, F;, ®;, and X;
defined on S. To complete the plate theory, we need to derive consti-
tutive relations for N;, T;, A;, X;, and d; and the essential boundary
conditions on 9S.

For the kinetic fields S and D, we choose an expansion that
satisfies Egs. (15g-15k) and the boundary conditions

s(r, £1) = £,

o(r,£1) =£1*, 8@, £1) = £x*

(19)

on the upper and the lower surfaces of the plate; an entry in Eq. (19)

should be read as s (r, +1) = +#*. Among various ways of achieving
this goal, we consider two alternatives.

As the first choice, we set

8, 2) = LiNi(r) (20a)

s(r,2) = Li@Ti() + Ly 1) + L-()F (1) (20b)

o(r2) = L@@ + Li@r" () + L@t () (20c)

D@r.2) = L) A® (20d)

8(r.2)=Li(@d;r) + Ly (@x () +L_(2)x (r) (20e)

where
<Zi»Lj) =6 (21a)
L:(£1) =0, i,j=0,1,2,....K (21b)
(Ly, L)y =0 (21c)
L) = {1 (21d)
0
L (1) = {_01 (21e)

Note that L, (z), L_(z), and L;(z),i =0,1,2, ..., K, defined on
[—1, 1], form basis functions for the space of polynomials of degree
K +2, that is, they are linearly independent.

Substitution from Egs. (20) into Eq. (8) and the variation of $)
with respecttoN;, T;, ¥;, A;, and d; give the following constitutive
relations and the essential boundary conditions:

E; =FpsN, + Fp, T, + Fg, ; + Mgp A, + Mgsd,

Yi = FpNi + Fy PyT; +Fyo PyE; + M, p A + M, Pjd,
+ Pi:t (IFI)/X[:\:E + Fyati + Mydxi)

& =F, N+ FLPUT,' +Feo Pij2; + Mep Ay + Mes Pjd;
+ Pix (FLF +Feot*™ + MeaXi)

Wl‘ = NWDAi + Nwadl' + M;DNi + MIDTI‘ + M:DEI'

w; = N;;/(;Ai + Nwépijdj -‘rM—EraNl -‘rM;raPl‘jTj + M;PijEj

+ Py (Nos ™ + M,7* + Mr%) (22)

v = 'Ei» w; = lf)i (23a)
on 9,S

9 = ¢ (23b)
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on 9,S where

P = (L L;) (24a)

Py = (L; L), i,j=0,1,2,....,K  (24b)
o; = (L;, D) (24c)

w; = (L;, W) (24d)

¢i =(Li, §) (24e)

It is clear from Eqs. (22) that components of the ith-order in-plane
strain tensor and components of the ith-order in-plane electric dis-
placement depend on components of the ith-order kinetic variables
N, T, ¥, A, and d. However, components of the ith-order trans-
verse shear strain -y, the ith-order transverse normal strain €, and
the ith-order transverse electric displacement @ depend in general
on the components of N, T, ¥, A, and d up to the Kth order. This
is because P;; is a nondiagonal matrix.

Balance laws (17), constitutive relations (22), boundary condi-
tions (18) and (23), and strain-displacement relations (13) form a
complete set of equations for a plate problem. Because of the prop-
erty P,_=(—1)'*1P,,, the contributions to the constitutive rela-
tions of the normal surface tractions on the upper and the lower
surfaces can be written as

P (T —1), i=0,2 ...,

P, (T +1), i=1,3,...,
(25)

Put™ = Pytt + Pt = {

and analogous expressions hold for £ and .
For a PZT plate, the principle of virtual work can be stated as

/(Bi <dv; + Eidw; + Q:d¢i) + (F; - 0v; + ®:6w;)
S

3/,8
+/ (Xia¢i>=/[Ni-aEi+Ti-6wi
S S
+ 3,86 + A - SWi + d;dw; ] (26)

must hold for all virtual fields {8E;, 8v,, 8¢, W;, Sw;} with fields
{6v;, Sw;, d¢;} vanishing on those parts of the boundary where
essential boundary conditions (23) are specified.

The polynomial functions L. (z) of degree K 42 in z exhibit
oscillatory behavior for large values of K. Accordingly, we modify
the expressions (20b), (20c), and (20e) for s(r, z), o (r, ) and 8 (r, z)
to those given hereafter, and this is our second choice of constitutive
relations:

s(r, z) = Li(DTi(r) + aoLo (o (r) + a1 Ly ()1 (r)
o(r,2) = Li(@)E(r) + agLo(2)to(r) + Ly ()1, ()
8(r,2) = Li(@d; () + ay Lo@) o (r) + an Li@) xa (r) (27
where
bhr):= @ —1)/2, L) = +5))2
to(r) == T —17)/2, Hr) =@t +17)/2
X = (x" = x7)/2, 0@ =" +x)/2 28

For Egs. (27) to satisfy the natural boundary conditions (19), we
have
ag = 1/Lo(1), a; = 1/L(1) (29)

Note that I:i(z), i=0,1,2,...,K,Ly(z), and L,(z) form basis
functions in the space of polynomials of degree K + 2.

Equations (15h), (15i), (15k), and (27) imply that

b

T, = Ty + aoly, T, =T +af, T, =T,
%o = o + ol T =35 i, =%
do = do + oo X0, di=d, +ax, di =d;

i=23,....,K (30)

The variation of §) with respect to N, Ti, f)i, A, and d~i gives

boundary conditions (23) and the following constitutive relations:

Ei Fesdi; Feedij Fpediy Mgepd; Mgsdi;\ | N,
Yi * F, P F,oP; M,pd; M,P;||T,
€; = * * Feo P MeD5ij Medpij X
W, * * * Nwpdi;  Nysdij || A
w; k k * * Nw(;Pl‘j dj
0
6ij — Pij)(aijxii +oa;F, ot +a;M,sx:)
+ 9 6 — Pij)(ajFLtAi +a;Ft + O!jMeaXi) €1))
0
8 — Pij)(aijSXi +0!ij5£‘ +ajM:5ti)
where a; =0, fori =2, ..., K. Note that in the second term on the

right-hand side of Eq. (31) the index i is not summed but that the
summation convention applies to the repeated index j. By using
relations (30), Egs. (27) can be written as

s(r,2) = LT, (r) + ao[Lo(z) — Lo(2) )y (r)
+ai[Li(z) — Li@) ()
o(r,2) = Li@)Bi(r) + ao[Lo(2) — Lo(2)to(r)
+ai[Li(z) — Li()]n (r)
8(r.2) = L;i(2)d; (r) + o[Lo(z) — Lo(2)1x0(r)
+ai[Li(z) = Li@)]x (@) (32)

Balance laws (17), constitutive relations (22) or (31), boundary
conditions (18) and (23), and strain-displacement relations (13) form
a complete set of equations for a plate problem. For a transversely
isotropic or an orthotropic piezoceramic plate, Egs. (22) or (31)
can be readily inverted to solve for N;, T;, ¥;, A, and d; in terms
of E‘i, 0;, €, Wi, and w;; however, these inversions can always be
performed numerically. These relations, when substituted into the
balance laws (17), will give 4(K + 1) coupled second-order par-
tial differential equations for the 4(K + 1) unknowns v;, w;, and
¢;,i=0,1,2,..., K.Hence, Lagrange basis functions can be used
to solve the resulting boundary-value problems by the finite ele-
ment method. For K =1, the present plate theory differs from the
first-order shear deformation theory (FSDT) in the following two
respects. Whereas we account for the transverse normal strains, the
FSDT does not. Also, in the FSDT the transverse shear stresses are
taken to be polynomials of first degree in z, and the transverse nor-
mal stresses are omitted and subsequently computed by integrating
the three-dimensional elasticity equations. Here, these stress com-
ponents are expressed as polynomials of degree three in z and the
stress components are computed from Egs. (20) or (27).

With the appropriate definitions of the gradient and the divergence
operators in cylindrical and elliptic coordinates, Eqs. (17) and (22)
or (31), (18), (23), and (13) can be written for circular and elliptic
plates. Governing equations for the transient electromechanical de-
formations of a plate are obtained when the body force b is replaced
by b — pii, where b is the density of the external body force, p is the
mass density, and a superimposed dot indicates the time derivative;
see Batra et al.?!
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IV. Results for Example Problems

In the four example problems studied hereafter, a plane state of
stress is assumed to prevail in the x;-x; plane. Thus, the dimension
of the plate in the x, direction is much smaller than its dimensions
in the x| and x3 directions. It is usual to call such a plate a beam. The
2 x 2 in-plane stress tensor S has only one nonvanishing component
S 11, and the nonzero component of the transverse shear stress s is s, .
The other nonzero component of the stress tensor is the transverse
normal stress o.

A. Mechanical Problem
1. Thick Cantilever Beam Loaded by Uniformly Distributed
Normal Tractions on Its Top and Bottom Surfaces

We analyze mechanical deformations of a homogeneous, or-
thotropic graphite-epoxy cantilever thick beam of length equal to
twice its thickness. There is no body force, and the beam is loaded
by a uniformly distributed normal traction, go/2, on its upper and
lower surfaces St and S—, respectively. The edge x; = 0 of the beam
is clamped, and the other edge x; = L is traction free. This example
problem provides a good test of the plate theory for thick laminates.
Vel and Batra®? have found an analytical solution of the problem
based on the assumption of a generalized plane strain state of de-
formation. For an elastic problem, the compliance matrices for the
two states of deformation are related to each other.

The boundary conditions for the problem are

tt=qo/2, f=0onS™, " =qo/2, f=0onS~
v=0, w =0 on the edge x; =0
=0, t=0, on the edge x; = L (33)

Thus, the uniformly distributed load on the upper and the lower
surfaces of the beam points in the positive x; direction. We give
hereafter the balance laws (17), constitutive relations (31), strain-
displacement relations (13), and boundary conditions (18) and (23)
for K =3 even though results have also been computed for K vary-
ing up to 7. Expressions for Ly, Ly, L,, and L; are given in Egs. (8).
The solution of Egs. (21a) and (21b) is

Lo(2) = 2(5+ 3022 — 357
Li(2) = £/3(~21z2 + 210> — 1892°)
L) = £/Z(=35+2102% — 1752%)

L3(2) = £/2(—1892 4 6302° — 4412%)

The matrices D;; and P;; defined, respectively, in Eqs. (12) and
(24a) are

NG

O 0 0 0 7050

S_|vE oo 0 o O w0 =
Vi 0 V35 0 ’ . ’

0o X 9 18

(34)

Expressions for Ly, Ls, Lg, L7, I:i, D;;j, and P;; for K <7 are given
in the Appendix.

Because of the assumption of the plane state of stress in the
x1-x3 plane, tensors N;, T;, and v;, i =0, 1,2, ..., K, reduce to
scalars, and their values vary only in the x; direction. Henceforth,
we denote their derivatives with respect to x; by a prime, that is,
N!=dN;/dx,.Our goal is to find v; and w;, i =0, 1, 2, 3, asa func-
tion of x,. The balance laws (17) take the form

Ny=0, Tj+q/~¥2=0, N -3T,=0
T/ —V3%,=0, N,—VI5T, =0

T, - V155 +/300=0, N, —VTT)— V35T, =0

T, V7% —v/355,=0, O0<ux <L (35)

Boundary conditions (23) and (18) reduce to
v0=v1=v2=v3=w0=w1=w2=w3=0 at X]ZO

No=N =N,=N3=Typ=T1 =T, =T3=0 at x; =1L
(36)

For mechanical deformations in the x; -x; plane, only the 11th com-
ponent of E; and the first component of «, need to be computed;
these are denoted as scalars hereafter, and the suffixes 11 and 1 are
dropped. The constitutive relation (31) simplifies to

E, Frs  Fey Fe, N,
10 10

Y0 = ]FIES ?Fyx ?Fya Ty

€0 ]FIE(T I_Q()Fya 1_90 Fea EO

5
+§ 0 Fyx Fya T2
0 Fya Fea E2
E, Frs  Fpy Fe, N,
1 1
Y1 = FE,&' ﬁFyx ﬁFya Tl
z
€1 ]FIE(T I_A:Fya I_AI‘FGH !
0 O 0 N; 0
NG \/? 4
*lorF, Fr,|[int-/zL]F,
T vy ’ 211 ] 7
0 Fy(}' ]Fea E3 ]Fea
E, N 0 0 07 (N
=510 B BT
€y 0 Fy(, Fﬂ, EO
Fes  Fg Feo N,
+ IE‘IES %Fyx I_;Fya Tz
]FIE(T 1_94Fy(7 1_94Fy(7 22
E, N 0 0 0 N,
V3 :1_ 0 Fyy Fy T,
€3 0 Fya Fes 3

1

oo

F 18

+
=
ol
w“

|

=]
o]
Q
Iz =

Fyo Ts (37)
Ff”

ys 1
8
FV” 11

1

The strain-displacement relations (13a-13c) become

EA‘I'IUI./, }/i:(Djin-i-wl{)/z, €i=Djiwj (38)
Substitution from Eq. (38) into Eq. (37); solving the resulting equa-
tions for N;, T;, and X;; and substitution for N;, T;, and ¥; into
Eq. (35) gives a set of coupled linear second-order ordinary differ-
ential equations in v; and w; that can be solved under the boundary
conditions (36).

The aforestated boundary-value problem for a graphite-epoxy
beam with Fgg=55.25, Fg, =0, Fg, =—15.47, F,, =3484.3,
F,, =0, and F., =970.92(1/10" Pa) is analyzed by the finite ele-
ment method by using piecewise linear basis functions. The domain
[0, L] is divided into 50 uniform elements, the element matrices
and the load vector are evaluated exactly by integrating their ex-
pressions with Mathematica, and the essential boundary conditions
are applied by the penalty method. There are 2(K + 1) unknowns,
vg, Vg, ..., Vg and wy, wy, ..., Wk, at each node; thus, the number



BATRA AND VIDOLI 97

6 /do

b) b4

Xl/L= 0.05‘
2.5
2 Pt N U A
=
R %
o'1.5
~
—
n — 1M
1
_7
0.5 m-== M
——V&B
0
-0.5 0.5 1
c) z
k./L = 0.95
0.2
0.1
(=3
ol
>
w
0
-0.1
-1 -0.5 0 0.5 1
d) z

Fig. 1 Through-the-thickness variation on sections of a thick cantilevered beam: a) and b) transverse normal stress and c) and d) transverse shear

stress.

of degrees of freedom equals 102(K + 1). On the Pentium II lap-
top computer, it took approximately 2 min to solve the problem for
K =7 and 3 s for K = 1. Results computed with 100 elements were
virtually indistinguishable from those for 50 elements.

Figures 1a-1d depict through-the-thickness variation of the trans-
verse normal stress, o, on the sections x; /L =0.02 and 0.85 and of
the transverse shear stress s; on the sections x; /L =0.05 and 0.95
computed with the present plate theory by setting K = 1 and 7; an-
alytical results (identified as V&B in Fig. 1) of Vel and Batra?* are
also plotted for comparison purposes. Results were also computed
for K=0,1,2,...,7, but only those for K =1 and 7 are shown
so as not to clutter the plots. Results obtained with the modified
constitutive relation (31) for K = 7 are identified by 7M, and those
computed with the constitutive relation (22) are signified without
the M. It is clear that the seventh-order plate theory gives results
that agree well with the analytical solution, and the amplitude of
oscillations for the results computed with the constitutive relation
(31)is smaller than that obtained with the constitutive relation (22).
Stresses computed from the first-order, that is, for K =1, theory
do not agree even qualitatively with the analytical solution. A good
agreement with the analytical results at sections close to the clamped
edge and the free edge indicates that the seventh-order plate theory
captures well the through-the-thickness distribution of the transverse
normal and the transverse shear stresses near the clamped and the
free edges. InFig. 1b, results computed with the plate theories 7 and
7M essentially coincide with each other. However, in Figs. 1c and
1d, these two sets of results overlap each other because s; vanishes
on the top and the bottom surfaces of the plate. The distribution of the
longitudinal stress S;; on horizontal planes z =0.9, 0.75, 0.5, and

0.25 plotted in Fig. 2a depicts the boundary-layer effect near the
clamped edge. On all four horizontal planes, S;; nearly vanishes at
x;/L =1, signifying that the natural boundary conditions at the
free edge are well satisfied. In the Euler beam theory S); is inde-
pendent of x;, and the boundary condition of zero tractions at the
edge x; =L is satisfied in the mean. Here we require that the mo-
ments of S;; up to order 7 vanish on the surface x; = L. Figures 2b
and 2c exhibit through-the-thickness distribution of the normal-
ized longitudinal stress, S;;/q, on the sections x,/L =0.4 and
0.85, respectively. Whereas on the section x;/L = 0.4 the varia-
tion of 8y may be approximated as affine, on the plane x; /L = 0.85
it exhibits boundary layers near the top and the bottom surfaces.
The through-the-thickness variation of Sj;/qo near the free edge
x1/L =0.85 computed with the plate theory 7M is in good agree-
ment with the analytical solution of Vel and Batra.?? The deflected
shapes of the top surface plotted in Fig. 2d suggest that the first-
order theory gives acceptable values of the deformed shape. In
Figs. 2b and 2c, the two plate theories 7 and 7M give identical
results because the expansions for § are the same in the two theo-
ries. The variation with K of the total strain energies of bending,
transverse shear, and transverse extensional deformations normal-
ized with respect to their respective values for K =7 is plotted in
Fig. 3; these are denoted by E,, E,, and Ej, respectively. It is clear
that the fourth-order plate theory gives acceptable values of the three
energies. However, for K =4, the through-the-thickness variation
of the transverse shear and the transverse normal stresses did not
match well with the analytical results. Thus, the total strain energy
of the beam is not a good indicator of the quality of the solution
within the beam. The first-order plate theory overestimates the total
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Fig.2 Normalized longitudinal stress: a) distribution on horizontal planes of a thick cantilever beam and b) and c) through-the-thickness distribution.
Panel d shows the deflected shape of the top surface of a thick cantilever beam.
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Fig.3 Dependence of the normalized total strain energies of bending, transverse shear, and transverse extensional deformations of a thick cantilever

beam on the order of the plate theory.

strain energy of the transverse shear deformations and underesti-
mates the total strain energy of bending and transverse extensional
deformations.

For the cantilever beam loaded with a uniformly distributed pres-
sure load applied to the top surface only, Fig. 4 exhibits the varia-
tion of Wy, W,, and W; with the span to thickness ratio L/ H. Here
Wi, W,, and W; equal, respectively, the total strain energy

1 ol
E/Ctr(SE )

of bending, transverse shear

o
C
3!
- g€
2 C

deformations of the beam. These have been normalized with respect
to the total energy, W, + W, 4+ W3, of the beam and have been com-
puted for K =7 with the constitutive relation (31). For the beam
loaded by a uniformly distributed pressure on the top surface, W;
is small and has noticeable values only for L/H < 5. However, the

and transverse extensional
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Fig. 4 Variation with the span to the thickness ratio of the total strain energy due to bending, transverse shearing, and transverse extensional
deformations of a cantilever beam loaded by a uniformly distributed pressure on the top surface.

strain energy of transverse shear deformations equals 15% of the
total strain energy of the beam even when L/H =20. Recall that
the beam is orthotropic.

Numerical results for the following three example problems have
been computed with the seventh-order plate theory by using the
constitutive relation (31).

2. Cantilever Thick Beam Loaded by Equal and Opposite Uniformly
Distributed Tangential Tractions on Its Top and Bottom Surfaces

We now consider the case when the top and the bottom surfaces
of the cantilever beam are loaded by uniformly distributed equal and
opposite tangential tractions (po/2)8;; and (— py/2)8;1, respectively.
For the third-order beam theory, the balance laws (17) simplify to

Ny=0, Tj=0, N, —3Ty+3p,=0
T —3% =0, N,—V15T,=0, T,—-+15%, =0

N =TTy = /35T +/Zpy =0
T — V7%, — V355, =0,

Boundary conditions (36), and the strain-displacement relations
(38) are still valid. However, constitutive relations (37) are replaced
by

O0<x <L 39)

E; IFES(Sz‘j Frs FEa5ij Nj
Yi( — * F,sPij F,P; T;
€; * * Feo Pi; X;
0
V2
+ 8| — =< Po Fyx (40)
18
yo
Note that y3 depends on 77, T3, X, and X3 provided that ¥, and
[, , are nonzero.

Figure 5a exhibits the deformed shape of the graphite-epoxy can-
tilever beam with the span to thickness ratio of two. It is clear that a
normal to the midsurface is severely deformed, especially at points
close to the top and the bottom surfaces of the beam, signifying
large shear deformations there. The variation of the normalized to-
tal strain energies associated with the bending, transverse shear, and
transverse extensional deformations with the span to the thickness
ratio L/H is depicted in Fig. 5b. Unlike the case of the cantilever
beam loaded by a uniformly distributed pressure on the top surface,
the fraction of the strain energy due to transverse shearing defor-
mation is negligible for L/H > 10. Recall that in the earlier case
it equaled 15% of the total strain energy even when L/H =20. In
Figs. 5c and 5d, we have plotted through-the-thickness variation of
the transverse shear stress and the transverse normal stress on the
four cross sections, x;/L =0.05, 0.6, 0.8, and 0.95. The transverse

shear stress has sharp gradients and, hence, exhibits boundary layers
near the top and the bottom surfaces of the beam where tangential
tractions are applied. Except for points near the free edge of the
cantilever beam, the transverse normal stresses are quite small and
usually less than 7% of the applied tangential tractions. However,
the magnitude of the maximum transverse shear stress occurs at
points on the top and the bottom surfaces of the beam. In the Euler
beam theory the loading considered herein will be replaced by uni-
formly distributed moments along the span of the beam. In some of
the higher-order plate theories'*!> the transverse shear strain and,
hence, the transverse shear stress is required to vanish on the top and
the bottom surfaces of the plate. Such theories are tacitly meant to
analyze plates subjected to pressure loads on the top and the bottom
surfaces and will need to be modified to get very good answers for
the present problem.

B. Deformations of a PZT Plate
1. Cantilever Thick Beam Loaded by Uniformly Distributed
Charge Density on Its Top and Bottom Surfaces

The electromechanical deformations of a cantilever beam made of
a PZT5A ceramic and the span to thickness ratio of two are studied.
The axis of polarization and, hence, of transverse isotropy is along
the thickness direction. The load consists of auniform charge density
of ¢y /2 on the top surface and (—cy/2) on the bottom surface of the
plate. The balance laws (17a) and (17b) reduce to Egs. (39) with
po =0, and the balance law (17c) takes the form

Ay =B+ /2o =0, A, —T5d, =0
Ay —Tdy = V35dy + /2o =0,  O<xi <L (4)

The boundary conditions (36) are supplemented by

Ay =0,

¢0:¢1:¢2:¢3:0 at x; =0
A0=A1=A2=A3=0 at )C1=L (42)

and the constitutive relations (31) become

E; Fesdij  Fridiy  Feedi; Mepdi;  Mesdi;

Vi Fes Py FoysPy Foo Py Mypdi; M,s P

€ ¢ = | Feodij FyoPji Feo Py Mepdi; Mes P

vf/l. Mgpdi; M,péi; Mecpdi; Nwpdij Nwsdi;

w; Mgsdij MysPij MesPij  Nwsdiy  Nos Py
N; 0
T; 5 M, s

X 3% ¢+ (—1—8C0> 8i0 1 Mes (43)

A; 0
d; Nws
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Fig.5a Deformed shape of a thick cantilever beam loaded by uniformly
distributed tangential tractions on its top and bottom surfaces.
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Fig. 5Sb  Variation with the span to thickness ratio of the normalized
total strain energies due to the bending, transverse shear, and transverse
extensional deformations of a beam loaded by equal and opposite uni-
formly distributed tangential tractions on its top and bottom surfaces.
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Fig. 5¢ Through-the-thickness variation of the transverse shear
stresses on four cross sections.
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Fig. 5d Through-the-thickness variation of the transverse normal
stresses on four cross sections.

In addition to the strain-displacement relations (38), we have

Wi = —¢j, wi = —Djip; (44)
Substitution from Egs. (43), (38), and (44) into the balance laws (39)
with py =0 and Egs. (41) yields a set of coupled linear second-order
ordinary differential equations in v;, w;, and ¢;. These are solved
by the finite element method as described earlier. In the solution of
the problem, the material parameters were assigned the following
values:

Fps = 127.92, Fg, =0, Fpy = 16.47
F,, = 191.92, F,, =0, F., = 399.53(1/10" Pa)
Mgp =0, Mgs = —210.6, M, =0, M,; =0
M, = 460.61, M, = 0(m?/10° C), Nyp =—13.9
Ny, =0, N,s = —12.32(m*/10*VC)

From the deformed shape of the beam plotted in Fig. 6a, it is clear
that its deformations are symmetric about the midsurface z = 0. The
thickness of the beam, except at sections near the clamped edge,
increases, and its length decreases. The variation of Ny, N, N4,
and Ny (N;,i=1, 3,5, 7 identically vanish) along the span of the
beam exhibited in Fig. 6b suggests that boundary condition S11=0
at the free edge is well satisfied. Also, there is a boundary-layer
effect near the clamped edge. Recall that N, is the membranal stress
tensor, and N; (i > 0) equals the linear combination of the moments
of § 11 of order 0-i. The through-the-thickness distributions of the
transverse normal stress at four sections, x; /L =0.05, 0.1, 0.5, and
0.75 and of the electric potential on sections x; /L = 0.05, 0.1, 0.15,
and 0.5 are exhibited in Figs. 6¢c and 6d, respectively. The through-
the-thickness variation of the transverse normal stress at sections for
which x; /L > 0.75 is essentially the same. Note that on the section
x1/L=0.05 (i.e., near the clamped edge), the curvature near the
top and the bottom surfaces of the curve giving the through-the-
thickness distribution of the transverse normal stress is opposite to
that at the midspan of the beam. However, the through-the-thickness
variation of the electric potential at each section is similar, suggest-
ing that the electric potential does not exhibit any boundary-layer
effect near the clamped and the free edges of the thick beam.

2. Cantilever Thick Beam Loaded by Equal and Opposite
Normal Tractions on a Part of the Beam

The final example problem involves the investigation of the elec-
tromechanical deformations of a cantilever thick beam with the span
to thickness ratio of two and loaded by uniformly distributed equal
and opposite compressive normal tractions ¢o/2 applied only to a
quarter of the beam ending at its free edge. For this case, the balance
laws (17) simplify to

N,=0, T;=0, A,=0, N —+3T,=0
T =38+ /2qH(x —3L/4) =0, A} —~/3dy=0

N,—VI5T, =0, T,—VI5%, =0,
N, =Ty — V35T, =0
T, =75 = /355, + /ZqoH(x —=3L/4) =0

Ay —VT7dy — V/35d, = 0 (45)

Ay —V15d, =0

where H(-) is the Heaviside step function. Boundary conditions
are given by Egs. (36) and (42), and the constitutive relations are
Eqgs. (43) with the second term on the right-hand side replaced by
(=v/240/18)8,0[0 F; Fey 0 Ms1"H(x —3L/4).

From the deformed shape of the beam shown in Fig. 7a, one can
conclude that the free edge of the beam is severely deformed, and
the deformations of the beam are essentially concentrated in the
loaded region. As plotted in Fig. 7b, for gy = 107 N/m?, the max-
imum electric potential induced equals £2 mV with the negative
value occurring at a point on the bottom surface. The electric po-
tential essentially vanishes for x; /L < 0.5. The fringe plots of the
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Fig. 6a Deformed shape of a cantilever thick PZT beam subjected to
equal and opposite uniformly distributed charge density on the top and
bottom surfaces.
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Fig. 6¢c Through-the-thickness variations of the transverse normal
stress at four sections.
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Fig. 6d Through-the-thickness variations of the electric potential at
four sections.

transverse shear stress, depicted in Fig. 7c, reveal that the magnitude
of the transverse shear stress is maximum at points on the bounding
surfaces of the beam just where the applied distributed load ends. On
the front face of the beam, regions of large transverse shear stress
are centered around the extremity of the applied load. Figure 7d
exhibits the distribution of the transverse normal stress on four hor-
izontal planes, namely, z=0.75, 0.9, 0.95, and 1. The distribution
of the transverse normal stress on the top surface exactly matches

0 1 2 3 4

Fig. 7a Deformed shape of a thick cantilever PZT beam loaded on a
quarter of its length starting from the free edge by equal and opposite
uniformly distributed normal tractions.

0.002

0.001

-0.001

Electric potential o (v)
o

-0.002

Fig. 7b Distribution of the electric potential on four sections of the
thick cantilever PZT beam.
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Fig.7c Fringe plots of the transverse shear stress in the thick cantilever
PZT beam.
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Fig.7d Distribution of the transverse normal stress on four horizontal
planes of the thick cantilever PZT beam.

with that of the applied normal traction, signifying that the bound-
ary conditions are well satisfied. The discontinuity in the applied
normal traction propagates through the thickness of the beam up
to a distance of about a quarter of the beam’s thickness. Also, the
magnitude of the maximum transverse normal stress at points near
the free edge and lying on the surface z =0.75 exceeds that of the
normal tractions applied on the surface z = 1.

V. Conclusions

By using the three-dimensional mixed variational principle of
Yang and Batra,'” we have derived a higher-order PZT plate theory.
The electric potential and the three components of the mechanical
displacement are expanded in the thickness coordinate z up to terms
of order K by taking normalized Legendre polynomials L;(z) as
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the basis functions. The normal and the tangential tractions and the
charge density applied to the top and the bottom surfaces of the plate
are incorporated in the theory. The in-plane components of the stress
tensor and the electric field are also expressed as a finite series in z
upto terms involving zX. However, the series expansions of the trans-
verse shear stress, the transverse normal stress, and the transverse
electric displacement contain terms of order K + 2. The boundary
conditions on the top and the bottom surfaces of the plate are exactly
satisfied. The distributions of the transverse shear and the transverse
normal stresses in a cantilever thick beam with the span to thickness
ratio of two and computed with K =7 match well with the analytical
solutions of Vel and Batra.?? This seventh-order theory also captures
well the boundary-layer effects near the clamped and the free edges
of the beam, and also adjacent to its top and the bottom surfaces.

The equilibrium equations involve second-order derivatives of
the in-plane, v;, and transverse, w;, mechanical displacements and
the electric potential ¢,;. The index i signifies the order of the plate
theory, or, equivalently, the term multiplying L,(z) in the series
expansion. Thus, lower-order finite elements can be used to solve
the problem numerically. We note that equilibrium equations for
Vg, Wk, and ¢ may involve all terms of order less than K; thus,
equations are strongly coupled.

The plate theory has been used to numerically solve four prob-
lems for an orthotropic cantilever thick beam of span to thickness
ratio of two. The two mechanical problems involve either uniformly
distributed normal or tangential tractions on the top and the bottom
surfaces of the beam. In each case the total strain energy density
converges for K =4, and the computed deflected shape is reason-
ably good for K = 1. However, the boundary-layer effects near the
loaded surfaces are captured well for K = 7. For the cantilever beam
loaded by uniformly distributed normal tractions on the top surface,
the total strain energy due to transverse extensional deformations is
a significant part of the total strain energy for the span to thickness
ratio (L/H) <4. For L/H > 10, the strain energy due to bending
deformations predominates that due to transverse extensional and
transverse shearing deformations. For L/H = 20, the strain energy
due to transverse shearing deformations equals approximately 15%
of the total strain energy.

Results have also been computed for a cantilever thick PZT beam
loaded on a quarter of its length, starting with the free edge, by equal
and opposite normal tractions. It is found that the induced electric
potential is nonzero in only one-half of the beam, and the maximum
transverse shear stress occurs at points of the beam underneath the
extremities of the applied load. For the PZT beam loaded by equal
and opposite uniformly distributed charge density on the top and the
bottom surfaces, the through-the-thickness distribution of the trans-
verse normal stress on the section close to the clamped edge exhibits
boundary-layer effects near the loaded surfaces. Its curvature near
the top and the bottom surfaces of the beam is opposite to that at the
midplane.

The CPU time required to compute results for the seventh-order
beam theory is negligible (less than 0.1%) as compared to that for
the analytical series solution of Vel and Batra.?> Also, the total
effort required to analyze a thick beam problem is considerably less
than that needed to solve the same problem by the finite element
method.

Batraetal.?! have analyzed plane traveling waves and frequencies
of free vibrations of a simply supported plate. Frequencies com-
puted with the fifth-order plate theory are found to match extremely
well with those computed from the three-dimensional elasticity
theory.

Appendix: Expressions for Variables Appearing
in the Seventh-Order Plate Theory

Legendre polynomials, normalized according to Eq. (9), of degree

4-7, are
-3 (3 15z2+35z4
T /2\8 4 8

11 (152 35z3+63z5
2\ 8 4 8

o
Il

e 5+105z2 315z4+231z6
TV 2\ 16 16 16 16

15 ( =35z 3157 6937 42977
b 7( 6 "6 16 16 ) (4D
For K =7, the matrix D;; introduced in Eq. (12) is given by
0 0 0 0 0 0 0 0
V3 0 0 o0 0 0 0 0
0 V15 0 0 0 0 0 0
D_ Vi0 V350 0 0 0 0
0 3/3 0 3/7 0 0 0 0
VJIT. 0 V355 0 3/13 o0 0 0
0 V39 0 Vo1 0o Vi3 0 o0
VIS5 0 53 0 3/15 0 V195 0
(A2)

We denote by B the set of (K +1) functions Z()(Z), I:l(z),
Ly(2), ..., Lx(z), defined by Egs. (21a) and (21b). Recalling that
P;; is defined by Eq. (24a), we list hereafter the functions in B and
the matrices P;; for different values of K, except for K =3, for
which these are given in the text.

For K =1,
- 3 3722 215z 157
B={v2(2-=), /5= - = A
VG-F)EE-F) @
6
- 0
p=|3 0 (Ad)
0 —
7
For K =2,
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2 = - ===
f(16 + 8 16 ) 3( 4 4
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B =
\/5 % 10522 175z
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9 9
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NG 14
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For K =4,
21 105z 3157 231z°
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‘/—(32 2 TTx 32
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=1 [2( 15 4052 1575z% 11552° (A7)
s\ 32 32 32 32
2 ( —189z N 31573 4417
7\ 16 8 16
V2[99 148572 N 3465z4 207978
3\ 32 32 32 32
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For K =6
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