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Helical Spring

We consider a linear elastic helical spring of arbitrary length and of uniform cross section
loaded by a self-equilibrated force system at one end only. We show that the elastic ener-
8y, stored in the portion of the spring beyond a certain distance from the loaded end, de-
creases exponentially with the distance. We thus establish an analog of Toupin’s version
of the Saint-Venant principle for a helical spring.

Introduction

In 1965 Toupin [1]! gave a precise mathematical formulation of
Saint-Venant’s principle. He showed that for a linear elastic homo-
geneous cylindrical body of arbitrary length and cross section loaded
on one end only with an arbitrary system of self-equilibrated forces,
the elastic energy U(s) stored in that part of the body which is beyond
a distance s from the loaded end satisfies the inequality

U(s) = U(0) exp (—(s — I)/s.(D)). 1)

The characteristic decay length s. (1) depends upon the maximum and
the minimum elastic moduli for the material and the smallest nonzero
characteristic frequency of free vibration of a slice of the cylinder of
length . For isotropic materials he showed that the inequality (1)
implies the exponential decay of the stresses with the distance from
the loaded end. An inequality of the type (1) for a homogeneous iso-
tropic micropolar linear elastic cylindrical body has recently been
obtained by Berglund [2]. By using an estimate, due to Ericksen (1,
p- 88], for the norm of the stress-tensor in terms of the strain-energy
density, Berglund showed that s.(I) depends on the maximum elastic
modulus.

Other mathematical versions of Saint-Venant’s principle are due
to Sternberg [3], Knowles [4], Zanaboni [5], and Robinson [6]. The
statements and proofs of these and of Toupin’s version of the Saint-
Venant principle are also given by Gurtin [7].

In this paper, we prove an inequality similar to (1) for a linear elastic
anisotropic helical spring of arbitrary but constant cross section. We

1 Numbers in brackets designate References at end of paper.
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assume that the cross sections are materially uniform in the sense that
one cross section can be obtained from the other by a rigid body mo-
tion. Thus the material properties do not depend upon the axial
coordinate of the point. This idea of material uniformity is due to
Ericksen [8] who has discussed this concept in more general terms.

Whereas, previous discussions (e.g., Love [9], Shahinpoor [10]) of
the deformation of helical bodies use rod-theories, we use the three-
dimensional theory. By describing the deformation of the helical body
with respect to suitably selected coordinate axes, we keep the analysis
close to that of Toupin.

Formulation of the Problem

Consider a linear elastic body B of arbitrary but constant cross
section which in the unstressed state is a clockwise helix. Introduce
a fixed rectangular Cartesian coordinate system X with X3-axis
coinciding with the axis of the helix, the plane X3 = 0 containing one
end cross section of the helix and X > 0 for points in the body. In-
troduce a curvilinear coordinate system Y by the transformation

[ Y1 cos bX3 —ginbX3 0J[x1]
Y2 =]sinbX3 cosbX3® 0]} x2]
| Y3 0 0 111 Xx3
or
(X1l "coshY? sinbY3 07[Y']
X? —sin bY® coshY? 0] Y2| (2a)
X3 0 0 1 Y3

Thus, for each point of the body, Y3 = X3 and the Y?!, Y2-coordinate
curves are obtained by rotating clockwise the X1, X 2-coordinate axes
through an angle bX3, the axis of rotation being parallel to the X3-
axis. b equals the angle of twist of the helix. Using the index notation
we write (2a) as

Xe=Re Y (2b)
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Fig. 1

Throughout this paper we use a mixture of direct and indirect
notation. Repeated indices imply summation over the range of indices.
8;j = 8% = 8} is the Kronecker delta. The Greek indices refer to com-
ponents with respect to X-axes and both the lower case and upper case
Latin indices refer to components with respect to Y-axes. The upper
case Latin indices assume values 1, 2; other indices take values 1, 2,
3. We note that b = 0 corresponds to a straight prismatic body. If

C,={Y.YEB, Y3=X3=3g]

= Values of (Y1, Y2, s) for points of the body which
lie in the plane X3 =5, (3)

then Co = C,. That is, the cross section of the helical body is constant.
Thus, in the Y-coordinate system, the helical body of axial length L
occupies the cylindrical region Co X [0,L]. Said differently, the helical
body is being considered as generated by translating along and uni-
formly rotating about the X3-axis a material cross section Cg con-
tained in the plane X2 = 0.
The covariant base vectors g; directed tangentially along the Y-
coordinate curves are given by
ox . .

9= v voeve e

—_— e

Iwoy

in which a comma followed by an index j indicates partial derivative
with respect to Y7 and e, are base vectors for the Cartesian coordinate
axes X. The base vectors g; at a typical point are shown in Fig. 1. We
note that these do not form an orthogonal set. This fact is also brought
out by the explicit expression, given below, for the metric tensor G
defined as

X2 dX« ;o oY oy
ey ayi’ 20X dX«
1 0 —bY?
(Gl =0 1 bY!
=bY?2 bY! 14 b2((YV)2+ (Y2)?2)
1+ b6%2(Y?%)?  _p2yly2 bY?
(G =| —bY'Y?  14b2Y)?2 —bY!
bY? —pY! 1

One can raise or lower Latin indices by using G. Since Greek indices
refer to components with respect to rectangular Cartesian X-axes,
these can be used as subscripts or superscripts. Since det [G;;] = 1,
the volume element dV given by dX1dX2d X3 equals dY1dY2d Y3,

Due to the application of loads to the body, let the points of the
body undergo a displacement 4. Then

2% = X+ e “)
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gives the present position of material particles with respect to the fixed
rectangular Cartesian X-axes. However, in the following, we will work
with the ordered triplet u1, u2, u3 denoted by u and defined as

te=R¢ut or ul=Rige (5)

In terms of u, (4) becomes
xo = R{(Y: + ui).

We note that u® equals the displacement of a point along the axis of
the helix and, u! and u? equal components of & along Y! and Y2
coordinate curves. Thus u? is not a component of u along the Y3-
coordinate curve. Note that (5) is a linear relationship between u and
1 and also it is a one to one correspondence between u and the dis-
placement vector d. The use of u rather than of & simplifies consider-
ably the algebraic work involved. Calculating

2E;; = gi; — Gij,
where
gij=x3x],

and retaining terms linear in u, we obtain for the infinitesimal strain
tensor e the following;

2ekr1 = 6Kju{L + BLju{K,
2ek3 = 6Kjuf3 + 63ju{K + bexajuj + bu{K €j3NyN, (6)
€33 = d3; uf';; - bu{a €j3NYN + bzuMYNéMN.

In (6) € is the permutation symbol assuming values 1 or ~1 ac-
cording as i, j, k form an even or an odd permutation of 1, 2, 8 and zero
otherwise. e;; are components of the infinitesimal strain tensor with
respect to Y-coordinate axes. That their expressions in terms of u and
its gradients involve u and Y should not be surprising since such is also
the case in cylindrical coordinates (r, 6, z).

Since in the unstressed reference configuration, various cross sec-
tions are assumed to be materially uniform, the strain energy density
W per unit volume (dV = dY'dY2dY?) is a function of g;; and at most
of YK That is

W= Wi(g;, YK),
= W(Ey;, Gyj, YK).
In the linear theory, W is approximated by

W =~ W(o, 6, YX) + 2x(e;), ¢)]
where
Py = - eny = Aiikl o
X 0E;0EN aneu ekl €;j el
= 2x(u’; uk, YK), (8)
Aijkl = Ajikl = Aijlk = Akl 9)

In (7) the term linear in e;j vanishes because the reference configu-
ration is unstressed. x is assumed to be positive-definite. The elasticity
A s a function of YX. Note that even when the body is homogeneous
in the reference configuration in the sense that W does not depend
upon X explicitly, the elasticity A will still depend upon YX because
of the dependence of G;; upon YX. The strain energy density x is in-
variant with respect to the superimposed infinitesimal rigid body
motion. An infinitesimal rigid body motion in rectangular Cartesian
coordinates is given by

w* =c*+ Qf XA, Q5 = —Qf,

where ¢~ and Qf are constants. By using the coordinate transformation
(2), we obtain the following:

wi = Ri(c™ + QgREYY),
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“ ¢t cos ¢ + c2sin ¢ + d1Y2 + Y3(d2 cos ¢ + d3 sin ¢)
w =1 ~clsing +c2cos ¢ —d1Y1 + Y3(—d2sin ¢ + d3cos ¢ |,
s ¢3 — d2(Y! cos ¢ — Y2sin ¢) — d3(Y sin ¢ + Y2 cos ¢)

(10)
h = bY3,

Here «! and «? are measured along Y and Y2 coordinate curves and
w3 is measured along the axis of the helix. The expressions for the
components of the infinitesimal rigid body motion involve six arbi-
trary constants ¢!, 2, ¢3, d, d2, d3, corresponding to the six degrees
of freedom. These are not linear in Y because R in (2) depends upon
Y3, The situation here is somewhat similar to that in cylindrical (r,
6, z) coordinates in which an infinitesimal rigid body motion is given
by

u, clcosfl + ¢2sin 0 + (d'sin 0 + d? cos f)z

ug | =| —clsinf+ c2cosf + d3 + (d! cos 0§ — d? sin 0)z

u, ¢ — (dlsin 8 + d2 cos )r
cl, ¢? ¢3, d1, d? d? being constants. (10) can also be obtained by
solving the system of differential equations e ij = 0. Thus, for any given

u, if

=u+w, (11)y
then
eij (v) = e;; (u),
X, vi, YK) = 1 (u¥, ui, YK), (11)23

Equilibrium equations governing the static deformations of a helical
body B in the absence of body forces obtained by taking the extremum
of

Jw\@ j‘ fiui dUAU?
B « 0B

(E) ~%X_4 in B
J ' ’

oul; ou’
o7
X ; (n OB B (12)
(et X 1
AVi AVE Lt el wE
=4 13
Ut U a3

Here 0B, the boundary of the body B, is assumed to be given para---

metrically by Y = Y(U1, U?) and the sign is selected so that n points
out of B. tis the applied force per unit coordinate area dUdUZ2. We
are interested in the case when the loads are applied at the end X3 =
0 and the remainder of the boundary is traction free. In order that
there exist a solution of (12); 2 under these conditions, the applied
loads must be self-equilibrated and hence should satisfy

f —ledY2- f fidY1dy? =0
Cobua Co 14)

f sk ¢, YifdYIdY? = 0.
Here moments are taken about the origin and Cy is defined by (3).

With the definitions
a=bsup (|YY, |Y?),

YeC, (15)
Coi={V:YEBs<Y3<s+1 '
= portion of the body between the planes (16)
Y3=sand Y3=c+1
Us)= | 1Y1dY?dX?
J y XAV AYTXS, an
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we state the theorem which we prove below.
Theorem: If for a linear elastic body which in the unstressed state
is helical, the loads applied at the end X3 = 0 satisfy (14) and

X nj=00ndB —-Cy
a l
then
U(s) < U(0) exp (—(s — 1)/s.()) (18)
where
= L
se(l) /} D) (1 + 2a), (19)

# = the supremum of the eigenvalues of A regarded as a linear

transformation on the space of symmetric tensors, (20)
A(l) = the smallest nonzero characteristic value of free
vibration of a slice of the helical spring of axial
length ! and mass density per unit volume equal to one. (21)

Proof of the Theorem. Since X is a homogeneous quadratic form
in u!; and v, by Euler’s theorem, we have

U(s)=f s de“fyan(au fj+::lu')dV
2> J

=4 —u'dA

(22
C.bua ( )

To obtain (22)3 from (22),, we used the divergence theorem, equilib-
rium equations (12),, and ds, = —~dY1dY 283, = ~dA b3, on C,. Be-
cause of (11) we can replace u in (22) by

(23)
where @ is an infinitesimal rigid body motion given by (10). Thus

X .
==JF =2 ,i
Ul(s) J; — vt dA.

v=u+tow

(29

Physically this expresses the fact that any self-equilibrated force
system does no work during a rigid motion of the body. From (6) and
(8) we obtain

ox 1o )
_X____X. X pegan Y™,
oK 2ems es3
- Ox
vy ez T

The Schwarz and geometric-arithmetic mean mequallty give (e.g.,
see Toupin [1, p. 93])

1
2ffhdvsuff2dv+—fh2dv
B B v JB
for all » > 0 and all scalar fields f and k defined on B. Thus
X 1
S oxoaas | 22 s -b ——Y“’vldA
Ce al),a C: 2 dey3 dess
1
< f —a—v‘dA+a f
C: 2 de;y3 C, | dess
1 o
5_[,,f l_xb_di+lf (v)2dA
2’ C: 4 dej3 deq3 v JC,

ox Ox +_11:j;‘ (vl)sz]]“

rafy f 22,
C, Oe33 deas

Bounding the other two terms in a similar way, we obtain

.b_xvl dA

3

U(s)SEBij[vf _bl_b_di+lf viufdA]- (25)
2 C, 0¢;3 Oej3 v JC,
with T’ =.i(1 + 2a). Now
dv Ov v v
ij;istja Se—lk;ﬂ = 8;j Ops APRPY epq Ajlmng (26)

in which we have used (8). A regarded as a linear transformation on
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the space of symmetric tensors has six positive eigenvalues i’s given
by

Aiikl gy, = i €pq 8ip §ia,

Here €;; are components in the six dimensional space of symmetric
tensors of an eigenvector corresponding to the eigenvalue 7. Since A
is a function of YX, & will also be a function of YX. Denoting by u the
supremum taken for all Y € Cy of the eigenvalues of A, we conclude

that
0 Ot emn Atkpg Ajlmn epg < 2px. 27

Details of obtaining Ericksen’s estimate (27) are given by Berglund
[2]. Substituting from (27) and (26) into (25) we arrive at

r & . .
<-]2 +- il ]
Us) 2[ yuj;_di - f‘vvdA

Integrating both sides of this inequality with respect to Y3 from Y3
=sto Y3 =5+ [ for some ! > 0 and setting

(28)

1 l+s , ,
1 f UGs")ds’ = Q(s,1), (29)

we obtain

r ~ bii .
Qs,l) = [Zm J xdV + 24 J u‘vv*dl"]
20 L Cy v Cst

We now proceed to bound the second integral on the right-hand
side of (30) by an integral of x. Consider free-vibration problem of the
helical spring and define a characteristic solution (e.g., see Gurtin 7,
Section 75]) as the ordered pair [A, u] such that A is a scalar and u is
a smooth field on B, and

(30)

ox ox .

(_X) ——X,+)\u‘=0 in B,
oul/ &k out

X

U

»

8 JuiuidV =1, ut dS,=0 on 0B.

By proceeding in the same way as that given in [7] we can show
that

o f=av
A= 8 Juiuidv’
and that if [\, u] and {X, @] are two characteristic solutions, then
(A =N)5; S uimidV = 0. (31)

Hence u’s corresponding to different A’s are orthogonal in the sense
made precise by (31). If A(!) denotes the lowest nonzero characteristic
value corresponding to the free vibration of C,;, then

X (Wi, v}, YE)IV
2l

Al =<2

(32)
5,'j v"ude
Cat

for every smooth displacement field v on C;; that satisfies

f vidV = f ajx Yivk dV = 0.
(o] Cs,l

(33)

bij f vividV = 0,
(Y]

Following Toupin [1], the rigid displacement & in (23) can be chosen
so as to satisfy (33). Substituting from (32) into (30) and using (11)3
we get

1 -
e ll)— dV
b! E_\,E‘

SO

1
sAh=T [m' + *]
Al

(39)

in which
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The minimum value
B
l)=2T —_
sc(l) D)

occurs for v = 1/v/u)\ . Henceforth, we assume that » has this value.
Differentiation of (29) with respect to s yields

(35)

dQ _ _ _ 71_
=+ -UEI= fc

8,

xdV,
X
and this together with (34) and (35) results in
se(l) aQ +Q=<0.
ds

Integrating this and using
U(s +1) < Q(s,l) < U(s)

which follows from the fact that U(s) is a nonincreasing function of
s, we obtain
LA PS 1

< - -(1)).
Utsy) exp ((s2 — s1)/s: ()
The choice s; = 0 and sg + | = s gives the desired inequality (18).

Remarks

When b = 0 the helical spring becomes a straight prismatic body
and the Y-coordinate curves coincide with the X-coordinate curves.
From (6) one sees that the expressions for strains reduce to the fa-
miliar ones. Also from (15) one gets a = 0 and the value of T given
immediately after equation (25) becomes 1. Thus the characteristic
decay length s.(l) reduces to essentially that given by Toupin, the
remaining difference being due to the sharper estimate (27) used in
our work.

If one had worked with the displacement vector 4, then calculations
,similar to that carried out in the foregoing would show that the elas-
ticity A and the strain energy density X depend upon X3 also. This
would require taking supremum of the eigenvalues of A over the entire
body. Also the choice of the length [ and the lowest characteristic
frequency of the free vibration A(!) in (32) would be more involved.

It does not seem obvious that the present analysis will apply,
without any major modification, to other theories in which the gov-
erning differential equations are similar to (12) with X a homogeneous
positive-definite quadratic function of the ux and u. This is because
we make explicit use of the strain-displacement relations (6) and the
alternate form (8); of the strain-energy density.
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