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We use the Airy stress function to derive exact solutions for plane strain deformations of a functionally
graded (FG) hollow cylinder with the inner and the outer surfaces subjected to different boundary con-
ditions, and the cylinder composed of an isotropic and incompressible linear elastic material. For the
shear modulus given by either a power law or an exponential function of the radius r, we derive explicit
expressions for stresses, the hydrostatic pressure and displacements. Conversely, we find the variation
with r of the shear modulus for a linear combination of the radial and the hoop stresses to have a pre-
assigned variation in the cylinder; this inverse problem is usually called material tailoring. The shear
modulus found while solving the inverse problem must be positive everywhere. Results for a few prob-
lems are computed and presented graphically. It seems that the Airy stress function approach is used here
for the first time to analyze two-dimensional problems for incompressible materials. When studying axi-
symmetric deformations of an FG cylinder, it is found that for the hoop stress to be uniform through the
cylinder thickness the shear modulus must be proportional to the radial coordinate r as found earlier by
Batra [Batra RC. Optimal design of functionally graded incompressible linear elastic cylinders and
spheres. AIAA] 2008;46(8):2005-7.] and for the maximum in-plane shear stress to be constant the shear
modulus must vary as 2. The expression for the maximum in-plane shear stress in terms of pressures and
the radii of the inner and the outer surfaces of the cylinder is a universal result valid for all materials for
which the shear modulus is proportional to r%. For a hollow cylinder fixed on the inner surface and sub-
jected to tangential tractions on the outer surface (or vice versa) the through-the-thickness in-plane
shear stress distribution is also universal and is determined by surface tractions and the outer radius
of the cylinder; it is independent of the spatial variation of the shear modulus.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

corresponding to the incompressibility constraint and three equa-
tions expressing the balance of linear momentum are solved for

With the increase in the use of rubberlike materials in various
engineering and biological applications, and the fact that the re-
sponse of an incompressible material may be different from that
of a compressible material, research on the analysis and design
of components composed of isotropic and incompressible linear
elastic materials is gaining importance. Whereas only isochoric
(volume preserving) deformations are admissible in incompress-
ible materials, a compressible material can undergo both isochoric
and non-isochoric deformations. Rubberlike materials are gener-
ally assumed to be incompressible. Because of the incompressibil-
ity constraint, the constitutive equation involves a hydrostatic
pressure that cannot be determined from the deformation field
but is found by solving the boundary-value problem. The equation
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the three components of displacements and the hydrostatic pres-
sure at a point. However, the pressure field can be determined un-
iquely only if normal tractions are prescribed on a part of the
boundary. In general, the solution of a boundary-value problem
for an incompressible material cannot be obtained from that of
the corresponding problem for a compressible material by setting
Poisson’s ratio equal to 0.5. For isotropic, unconstrained, homoge-
neous and linear elastic materials, the solution for a plane stress
problem can be obtained from that for a plane strain problem by
modifying Young’s modulus and Poisson’s ratio. However, such is
not the case for incompressible materials.

Inhomogeneities may be introduced in rubberlike materials
either during vulcanization or uneven interaction with thermal,
radiative and oxidative environments [1]. Here we consider only
those inhomogeneous rubberlike materials for which material
properties vary continuously in one or more directions, and call
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them Functionally Graded Incompressible Materials (FGIMs). An
advantage of FGIMs is that the material property can be tailored
to optimize the performance of a structure.

For a given spatial variation of material properties, one can ana-
lyze initial-boundary-value problems and delineate points where
maximum stresses and deflections occur, and also find frequencies
of structures. Alternatively, one can find the spatial variation of
material properties so as to optimize a suitable combination of
stresses (or another design variable). We study these two classes
of problems for plane strain deformations of a hollow cylinder. Be-
low we briefly review the literature on FG cylinders.

Horgan and Chan [2] analyzed two-dimensional (2D; plane
stress/strain) deformations by assuming the material to be isotro-
pic, compressible and linear elastic with Young’s modulus varying
only in the radial direction by a power law relation but keeping
Poisson’s ratio constant; Li and Peng [3] have recently extended
this work to include spatial variation of Poisson’s ratio. Jabbari
et al. [4] used the method of separation of variables and the Fourier
series to analyze 2D steady-state thermoelastic deformations of a
hollow thick cylinder with material properties, except Poisson’s
ratio, depending on the radius by a power law function. Shao and
Ma [5] scrutinized thermo-mechanical deformations of FG hollow
circular cylinders subjected to mechanical loads and linearly
increasing temperature on the boundary by employing the Laplace
transform technique, assuming the solution of the resulting ordin-
ary differential equations in the form of a series, and taking the
thermo-mechanical properties to be temperature independent
and varying continuously in the radial direction only.

We note that Lechnitskii’s book [6] has solutions for several
problems involving inhomogeneous linear elastic materials. One
could also divide the thickness of an FG cylinder into several layers,
regard material properties in each layer as uniform, and use the ap-
proach outlined in Timoshenko and Goodier’s book [7] for compos-
ite cylinders. With an increase in the number of layers, the solution
for the layered cylinder will approach that for the FG cylinder; Pan
and Roy [8], and Liew et al. [9] followed this approach to analyze
deformations of a cylinder composed of an FG linear elastic com-
pressible material. By assuming that all elastic constants are power
law functions of the radius with the same exponent, Tarn [10], and
Tarn and Chang [11] have provided exact solutions for FG aniso-
tropic cylinders subjected to thermal and mechanical loads. Oral
and Anlas [12] expressed governing equations for an inhomoge-
neous cylindrical anisotropic body in terms of stress potentials,
and provided closed-form expressions for the potentials and stress
distribution when Young’s modulus is a power law function of the
radius and Poisson’s ratio is constant. Obata and Noda [13] found
steady-state thermal stresses in FG hollow cylinders and spheres,
and Kim and Noda [14] used the Green function to solve the corre-
sponding transient problem. Most of these works have considered
a known power law variation of the elastic modulus.

Theliterature on FGIMs is limited. Batra [15] studied numerically,
with the finite element method, axisymmetric deformations of a cyl-
inder made of a Mooney-Rivlin material with two material param-
eters varying smoothly in the radial direction, and compared his
results with the analytical solution of the problem; he did not call
the inhomogeneous material an FGM. Bilgili [16] investigated axial
shearing deformations of a homogeneous and isotropic hollow
rubber tube under isothermal and non-isothermal conditions. Bilgili
[17] presented closed-form analytical solutions to rectilinear
shearing of rubber slabs, and found that the spatial variation of the
shear modulus can induce highly localized stresses in them. Batra
[18] used the principle of virtual work to derive a higher-order shear
and normal deformable theory for a plate comprised of an FGIM.
Batra [19] derived closed-form solutions for axisymmetric plane
strain deformations of a FG hollow circular cylinder and a hollow
sphere loaded on inner and outer surfaces by uniform hydrostatic

pressures with the shear modulus an arbitrary function of the radius.
He found that the optimal hoop or the circumferential stress in a cyl-
inder and a sphere is a constant and occurs for the linear variation in
the radial direction of the shear modulus. Batra and laccarino [20]
obtained exact solutions for axisymmetric plane strain deforma-
tions of a FG circular cylinder composed of an isotropic and incom-
pressible second-order elastic material with the two moduli
varying only in the radial direction. Batra and Bahrami [21] studied
axisymmetric deformations of a circular cylinder composed of an
inhomogeneous Mooney-Rivlin material with the two material
parameters varying continuously through the cylinder thickness
either by a power law or an affine relation. They showed that when
the two material parameters are linear functions of the radius the
hoop stress in an internally pressurized cylinder is uniform.

Whereas the afore-mentioned investigations study boundary-
value problems, the other challenging problem is that of finding
the spatial variation of material properties to achieve a given
objective, i.e., tailoring material properties for producing the de-
sired stress distribution in a given body and under prescribed
boundary conditions. For plane strain axisymmetric deformations
of an FG cylinder composed of an orthotropic compressible mate-
rial, Leissa and Vagins [22] assumed that all material moduli are
proportional to each other and found their spatial variation to
make either the hoop stress or the maximum in-plane shear stress
uniform in the cylinder. We analytically study here, using the Airy
stress function, the two classes of problems for a cylinder made of
an FGIM. We also analyze plane strain/stress axisymmetric and
non-axisymmetric deformations of an FG hollow cylinder with
the shear modulus varying only in the radial direction. It seems
that the Airy stress method has not been used earlier to analyze
2D problems for incompressible linear elastic materials.

2. Problem formulation

A schematic sketch of the problem studied is depicted in Fig. 1.
We consider an infinitely long hollow cylinder of inner radius ry,,
outer radius r,,, assume that a plane strain state of deformation
prevails in the cylinder, and describe its deformations by using
cylindrical coordinates (r, 6, z) with the origin at the center of the
cross-section and the z-axis along cylinder’s centroidal axis.

In the absence of body forces equilibrium equations are

% 160'r0 O-rr_o-()l)io
o r 90 ro
(1a,b)
00, 100y 2 B
ar 70 t7o=0

Fig. 1. Schematic sketch of the problem studied.
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where o, and o0y are the stress components. The pertinent
boundary conditions on the inner and the outer surfaces are

atr=ri, O-TT(rim 0) = 7pin(9) O'r(;(T,'n, 6) = qin(g)v (za7b)

atr = Tou, O-rr(rouz 0) = 7pou(9)a O-rﬂ(rom 9) = quu(g)' (2C7 d)

That is, pressures p;,(6) and p,, (0) and tangential tractions g;,(6) and
q,,(0) act on cylinder’s inner and outer surfaces, respectively. The
prescribed surface tractions (2) must have null resultant force and
moment in order for the problem to have a solution. For the trac-
tion-value problem displacements can only be determined within
a rigid body motion.

The cylinder is assumed to be composed of an FGIM. Thus only
isochoric (volume preserving) deformations satisfying

Err + Egp = 07 (3)

are admissible. Here &, & and &, are components of the infinites-
imal strain tensor. Assuming that the shear modulus, G(r), varies
only in the radial direction, constitutive equations are

O = —P(T-, 0) + ZG(r)Srh
O = —p(r,0) + 2G(r)&p, (4)
Org = G(T')Sr(),

where the hydrostatic pressure p(r,0) is not determined from the
deformation field, but from Eqgs. (1)-(4).

Stresses satisfying Eqs. (1)-(4) must also satisfy the following
compatibility condition written in terms of strain components.

5*egp 1 er 2 08 1 0en 1 e

1 %e s
o2 "2 g2 "ror ot 290’ (3)

ror r ar roroo
which can be simplified by using Eq. (3).

3. A general solution

We introduce the Airy stress function, ¢(r, ), and observe that
stresses computed from
1lop 1 ) d (1 6q0>

O o=~

Tror TR T T o rao
(6a,b,c)

identically satisfy equilibrium Eq. (1). Substituting for stresses from
Eq. (6) into Eq. (4) and using Eq. (3) we get the following expression
for the hydrostatic pressure.

pr0) =550 S0 . (6)

Substitution for the hydrostatic pressure from Eq. (6d) and for stres-
ses from Eq. (6a,b,c) into Eq. (4), solving the resulting equations for
strains, and then using the compatibility Eq. (5) we obtain the fol-
lowing partial differential equation for the Airy stress function

Q(r,0):

o'¢ 19% 2 8¢ ’o Po oat)
ot Tt r—z8r2602+}’1(T)W—YZ(”)W—Y3(”)W
>’ ¢
+J’4(")W+3’5(r)§ =0, (7)
where
2 2 dG(r)

"= 1 dG(r) 2 (dG(\* 1 clzc;(r)+ 1
3 S rG(r) dr G\ dr G(r) gr* ' r¥’
3 dG(n) 2 (dG(r)\* 1 d’G@r) 4
Yall) = 560 ~dr _rz(;z(r)< ) TEGm g T
1 1 dG(r) 2 [dG(r)\*> 1 d’G(r)
0=t ge e ) e ae
We assume that the stress function can be written as
@1, 0) = ()@, (0). (8)

Substitution from Eq. (8) into Eq. (7) gives the following differential
equation for the unknown functions ¢, and ¢,:

d*o d* o
d940+f1(<0r) dgz()+f2((pr)(p():07 (9)
where
22 ([, 1de,
fl(q)r)_4+?r<dr2 T
1 dG(r) (5 2 dp, 2 dGr)) P d*G(r)
Gn dr "' dr G dr )G aP
(10a)
S rdle, 2r' 1 1 dG(r)>d3(p,
B =6 o, (r Gr) dr ) ar
r 2 (dG(r)\*> d’G(r) 1dG(r) G(r)\ d’o,
Tocm\em\ar) e rdr P ) e
P (Gr) 1dGr) 2 (dGr)\* d°G(r))de,
Tocm\ 7 Trar om\dr ) T a2 ) ar
(10b)

and we have tacitly assumed that ¢, # 0 and G(r) # 0. It is realistic
to assume that the shear modulus everywhere is positive. Assuming
that % # 0 and ¢, # 0, the result of differentiation of both sides
of Eq. (9) with respect to r can be written as

mlo dd(;p _ dfzé;Pr) /dﬁ (0) __p, (112)
where 1 is a constant. Thus for 4 # 0,

@, = C1 cos(20) + C, sin(10), (11b)
where C; and C, are constants. For 1 =0

Py =010+ G (11¢)

The constant . can be associated with the circumferential wave
number. Substitution for ¢, from Eq. (11) into Eq. (9) gives the fol-
lowing fourth-order ordinary differential equation with variable
coefficients for determining the function ¢,:

= 2Fi(9) + fa(,) = 0. (12)

Having found ¢, and ¢, for different values of 2 we get the follow-
ing expression for the stress function ¢(r, ) from Eq. (8):

P(r.0) = (i, 1)py(,0). (13)

The corresponding stresses and the hydrostatic pressure are
computed from Egs. (6a,b,c) and (6d). Strains are then found from
Eq. (4) and displacements by integrating the following strain-dis-
placement relations:

_lou ouy uy
G=F a0 o (14
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where u, and u, are displacements in the radial and the circumfer-
ential directions respectively.

A boundary-value problem for a linear elastic material has a un-
ique solution, within a superimposed rigid body motion, provided
that the shear modulus is everywhere positive. For some bound-
ary-value problems it may suffice to consider only one value of 4
in (11a,b) while for other problems, one may need to express the
Airy stress function in terms of a series with terms corresponding
to different values of / in Eq. (11b). When the boundary conditions
vary as sin(m@) or cos(mo0) then it suffices to consider only one va-
lue of 2 = m in Eq. (11b).

4. Solutions for specified variations of the shear modulus
4.1. Power law variation

We first consider the case when the shear modulus is given by
G(r) = Go(r/ron)" (15)
where G, equals the shear modulus at a point of the outer surface,
and the index n is a real number. For n = 0, the shear modulus is

constant, and the cylinder material is homogeneous. Substitution
from Eq. (15) into Eq. (10) and the result into Eq. (12) yields

d', 20-ndg, n-27-1d,
dr? r dr3 2 dr
n+1)QR2-n+1)de, 2n*-2n—4+,°
-‘r( X 3 ) j; ( o )QDrZO. (16)

For n =1 and n = —1, some terms in Eq. (16) vanish. Solutions
of Eq. (16) for vanishing and non-vanishing A are given below.
Case1: =0

For n = 0, Eq. (16) has the solution

@, =CiInr+ Cor? + G3r? Inr + Cy, (17a)

where constants C;, C,, C3, C4 are to be determined from the
boundary conditions. Note that constants C;, C,, C3, C4 appearing
in different expressions below and also in Eq. (11) need not have the
same values. The stress function in Eq. (17a) is the same as that for a
compressible material.

For n = -2, and n = 2, solutions of Eq. (16), respectively, are

@, =Cir 2+ Cylnr + C3r? + Cy, (17b)
@, = Cir? + Cor*Inr 4 C3r* + Cy, (17¢)
Forn# —2,2 and 0, we get
) rn+2 m
=G’ +Cops + G+ Ca (17d)

Case 2: 1 #0.
For n=0, and A =1 and A # 1, solutions of Eq. (16), respec-
tively, are

@, =Cir ' 4+ Cor + GarInr + Car?, (18a)
F e Cor¥* 4 Car + Car* ., (18b)

For n # 0, Eq. (16) has the solution

Q. =0r"

4
@, =Y Crm, (18c)
i=1
where
1 1 1
m §(2+n 1), nz=§(2+n+ne), n3=§(2+n7n7),
1 ,
Y 7 = 2 A — )
a=52+n+m), ns=\/n +42% —n2)?

=\/4+n2+4)>—4ns, n;=+\/4+n?+4)%+4ns.

4.1.1. Axisymmetric deformations of a homogeneous hollow cylinder

As noted above, for a cylinder composed of a homogeneous
material, n = 0. For axisymmetric deformations it suffices to set
2 =0 in Eq. (12). Thus the Airy stress function is given by Eq.
(17a), and substitution from Eq. (17a) into Eq. (6) gives

O = C]Tﬁz +2C, +2CInr+ C3,
09 = —C1124+2C, 4+ 2C3Int + 3C3,

g =0,p(r,0) = =2(C2 + C3 In1 + C3). (19a,b, c,d)

Substitution into Eq. (4) for stresses and the hydrostatic pres-
sure from Eq. (19) and for the shear modulus from Eq. (15), we ob-
tain expressions for the strain components which when integrated
give

C] +C3T2 C30r

A Tov

——+f(r), (20a,b)

where f(r) is an arbitrary function of r and represents circumferen-
tial displacements due to rigid body rotation about the z-axis.
Henceforth, we eliminate this rigid body motion by setting
f(r) = 0.In order for the displacements to be single-valued, the con-
stant C; in Eq. (20b) must be zero. Substitution for stresses from Eq.
(19) into the boundary conditions (2a, c), constants C; and C, can be
determined. We thus get the following expressions for stresses, the
hydrostatic pressure and displacements:

—Pou (r r2) pm( rk— rgu)rizn
O = r2(r2 ) ’
P —Din (rz + rgu) + Pou (rz + rizn)rtz)u
00 = (T'2 . rz ) ’
2
0w =0, p(r.0)=Pulp—Pole (21a,b,c,d)
mn ou
and
_ 2.2
— Pou = Pi)liTou ) (22a,b)

Y26 (2 - 12,)

These expressions for stresses and displacements agree with
those derived in [20] where equilibrium equations are expressed
in terms of displacements.

4.1.2. Axisymmetric deformations of a pressurized FG cylinder

Recall that for axisymmetric deformations 4 = 0 in Eq. (12). For
nonzero values of n the Airy stress function is given by Eq.
(17b,c,d). Following the procedure outlined in Subsection 4.1.1,
we give below the stress and the displacement fields for n= -2,
2 and for values other than these two.

For n = -2, stresses, the hydrostatic pressure and displace-
ments are given by

G — _pou (rﬁn - r4)r:)1u _pin (r4 - rgu) in
n r4 (i — 1) ’
Gon = _pin(r4 + 31’3“)7'?" +p0u(r4 +3 in)rgu
" (s = 16) ’
_ _pin(r4+rgu)r?n_p0u(r4+r?n)rﬁu
0 =0, p(r,0) = ST, ,  (23a,b,c,d)
(pou pm)r:lnrau =0 (24&1, b)

=G ) T

For n =2, we get the following expressions for stresses, the
hydrostatic pressure and displacements:
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O — (pou — pin) Inr - Dou In Tin + Din In Tou

In(rin/Tou)
G = (pou - pin)(l +In T) + Din In Tou — Pou In Tin
In(rin/Tou) ’
(pin - pou)(l +2In r) + zpou In Tin — 2pin In Tou
g =0, r,0) = ,
i p(r.0) 210 (Fin/Tou)
(25a,b,c,d)
_ Pmrgu — pourgu —
W = A Corn(reu/rm) W= % (263,b)
which agree with those derived in [20]. Note that
Op — O = M (27)

Inry, —Inry,’

is constant throughout the cylinder thickness. One can derive Eq.
(27) simply by integrating with respect to the radius r the equilib-
rium Eq. (1a). Note that Eq. (27) does not involve material proper-
ties and hence is a universal relation in the sense that it is valid
for all hollow cylinders irrespective of their materials and the mag-
nitude of deformations.

For n# —2, n# 2, n## 0, stresses, the hydrostatic pressure
and displacements are given by

2 2\ 12 2 2 2
_ Dou (T r?n - rnrin)rau — Din (T rgu B rnrou)rin

O = n )
r (riznrgu - rinrtzm)
G = —Diy — (pou - pin)((n - ])rn—Z _ r?niz)
" - |
n(pin - pou)rnriznrgu + 2r (pour?nrgu - pinriznrgu)
p(r,0) = — " " , 0rn =0,
2r2(r2rm, —rir2)
(28a,b, c,d)
N _ 2 2+
U = (pm pou)(n 2)rmrou Uy = 0. (29ab)

n 2 2
4G0r(rinr0u - rinrgu>

4.1.3. FG cylinder deformed by tangential tractions on the outer
surface

For a FG cylinder subjected to tangential tractions q,, on the
outer surface with the inner surface rigidly clamped (i.e.,
u, = Uy = 0 on r =r;;) we use the Airy stress function correspond-
ing to 4 =0, and set C; = 0 in Eq. (11c). For different values of the
exponent n, the Airy stress function is given below.

Forn=0, ¢ = (CiInr+Cyr? + Csr?lnr 4 C4)0, (30a)
Forn=-2, ¢=(Cir?+GClnr+Cr? +Cy)o, (30b)
Forn=2, ¢=(Cir*+GCr2inr+Csr* +C,)0, (30¢)
rn+2 m
Forn#0n# —-2n#2, ¢= (C1r2+C2n+2+C35+C4)0‘

(30d)

We provide details of the solution procedure only for n = 0. Sub-
stitution for the stress function from Eq. (30a) into Egs. (6a,b,c,d)
gives

O = <%+2C2+C3+2C31nr)9,

Opp = (—%-F 2C;, +3C5 + 2G5 lnr> 0,

Ci(1=Inr) 4+ Cor? + C3r?(1 +1Inr) — Cy
Org = — 2 ’

p(r,0) = =2(C; + C5(1 +1In1))6.

(31a,b,c,d)

Substitution for stresses from Eq. (31) and for G(r) from Eq. (15)
into Eq. (4), solving them for strains, substituting from strains into
Eq. (14), and integrating the resulting equations we arrive at

C 2C 2 .
w=-"EE) 0, w05 [f0whio), 32a0)

where

fir) = _C1 lnr_ Czrlnr_ Csrinr(1 +1Inr) B Cy4
T T 2Gr Go 2G, 2Gor
f(0) = Cg sin(0) + C7 cos(0). (33a,b)

Using boundary conditions on the inner and the outer surfaces
of the hollow cylinder and requiring the displacements to be sin-
gle-valued functions of 0, we get

2

oul
0o =0, 0 :$7

‘FT'C57

o =0, (34a,b,c,d)

_ qou(r2 — rizn)rgu
T 2Gerr

Following the same procedure for other values of n, we find the
corresponding stress and displacement fields. Note that Eq. (34c)
follows from the overall equilibrium of a hollow cylinder of inner
radius r and outer radius r,,, and is a universal result since it does
not depend upon the shear modulus. Moreover, it is applicable for
both large and small deformations. Since u, = 0 for all values of n,
we list below only expressions for u,.

_ qgr(IntT —Inr;)

u- =0, u (35a,b)

Forn=-2, u c (36)
_ _ qou(r4 — r;ln)rgu
Forn=2, u,= —4GOr;}7r3 . (37)
24—2-N __ —N\p24N
Forn#0, n# —2n#2, uy= Gou (" Tiy L (38)

Go(2+n)r

Thus circumferential displacements depend upon the inhomo-
geneity of the material but the in-plane shear stress is independent
of the shear modulus.

4.2. Exponential variation

We now assume that
G(r) = Goexp[m(r/rou)], (39)
where Go and m are real numbers, and for a homogeneous material

m = 0. Substitution from Eq. (39) into Eq. (12) yields the following
4th order ordinary differential equation for ¢,:

d*o, N <2 2m> o, N (—212 -1 m* m > d*o,

dr4 T To dr3 r E N rr_ou dr2
N 2/12+1+2m22+m_ m?\ do,
r3 1o 2, ) dr
A -4 3mi m2)?
+ ( " Pry + 2, ¢;=0. (40)

Since m =0 for a homogeneous material, it suffices to consider
m # 0. For 1 =0 we get

@, = C11 + Cofo (1) + Caf3(r) + Ca, (41)
where

fo(r) = exp(mr/roy) (—mroyr — 12,) /12, — 2Ei(mr/1o,)
+ m*r2Ei(mr/ry,) /72

ou?

f3(r) = exp(mr/roy) (—Tour/m + 12, /m?) + r2Ei(Mr /Tou),

00 e—t
and Ei(z) = —/ Tdt’

z

is the exponential integration function.
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For / # 0, Eq. (40) is solved by using the Frobenius series meth-
od, i.e., we assume a solution of the form

0= art, (42)
k=0

substitute it into Eq. (40), equate terms of like powers of r on both
sides of the resulting equation, and obtain the following recursive
formula for ay:

m(2s — 55% + 25> + 31> — 25)%)ag

a TTw— D) —A+ D) +i-1)(s+it1) (43a)
a, = biay_2 + byar 4

TR kts—i-2)kts—k+st+i-2)(k+s+4)’
k=23, (43b)

P ok = )P 4 (B4 2 Pt — pariy (k= Dr T+ (B+ 2)ri )

for k = —1 and g = O the in-plane shear stress is uniform through
the cylinder thickness. Note that, except for the trivial case of null
stresses everywhere, the radial stress cannot be uniform through
the cylinder thickness.

For axisymmetric deformations, the stress function depends
only on the radial coordinate of a point, and the compatibility
equation in terms of strains is

d
E(rg(-)(-)) —&r=0. (48)

Substituting for stresses from Eq. (6) into Eq. (47) and assum-
ing that cylinder’s inner and outer surfaces are loaded by pres-
sures only, we obtain the following expression for the stress
function.

o (k= 1)(p+2)(r 7"~

k+p+1
rOll )

where by = —m2(8 + I + 2k(s — 3) — 65 + 52 + 12), by = —mry,(9—
28+ k(11 —65) + 1152 — 253 — 5% + 252 — 9) + 2k(—9 + 11s5—

352 4+ 72)).
Equating the coefficient of a, to zero gives the indicial equation
(S=2=-2)S+A=-2)(s=A)(s+ 1) =0, (44)

for determining s in terms of A. It is evident that roots of Eq. (44) are
distinct. According to the Frobenius method, the solution corre-
sponding to the maximum root Sp,x = max(sy,, S2,S3,54) is

Pr =D @t (45a)
k=0
and the solution for the other roots of Eq. (44) is
oo oo d
¢ = Z {(s - s,-)ak}szsir"“i Inr+ Z {d— (s — si)a,<]} rkesi,
k=0 im0 \dS s=5;
i=23,4, (45b)

where we have assumed that s; is the maximum root of Eq. (44).
Thus

4
@.(r) =>_cipy, (46)
i=1

where ¢;, ¢;, ¢;3 and ¢, are constants. Substitution from Eqgs. (46)
and (11) into Eq. (8) gives the stress function.

5. Material tailoring

We now study the inverse problem of finding the variation with
the radius of the shear modulus for a pre-specified variation of the
stress distribution.

5.1. Axisymmetric deformations of pressurized hollow cylinders

We require that the radial and the hoop stresses at a point sat-
isfy the constraint

Oe = ko + 09 = Cy 1P, (47)

where Cy, k and g are known constants, and find the corresponding
variation of the shear modulus. For k = 0 and 8 = 0, Eq. (47) implies
that the hoop stress is constant through the cylinder thickness, and

, whenk#1lorp# —2ork+p# —1,

(49a)

(P(T') = i (_pf"rizn +pourgu) - (ﬁ + z)riznrgu( Our{; — pinrgu) Inr
(B+2)(rh* —rhi?)

when k=1 and g # — 2,

)

(49b)

rik (rﬁfnrl(;ur(pinrizn - paurgu) + (k - 1)rinrourk(pinr§(n+l - pourgﬁ) In T)
(k= 1) (=% Tou + TinT%,)

when k# 1 and g = -2, (49¢)

o) =

1) = Inr((=pir?, + Pout?) INT = 2py, 12, InTin + 2p;,r2 InToy)
- 21n(rin/Tou) ’

when k=1 and = -2, (49d)

QD(I’) _ r(pinrin — Poulou + (pnurou - pinriﬂ) Inr - DouTou In Tin + DinTin In rou)

In(rin/Tou) ’
when k=0 and g = -1, (49e)
(p(r) _ rz((pin - pou)(‘1 —21In T) - 2pou In T'in + 2pin In rOU)
41In(rin/Tou) ’
when k= -1 and g =0. (49f)

Substitution from Eq. (49) into Eqgs. (6) and (4) and then into Eq.
(48) gives

—k—p— i
G(r> = Gm‘rﬁﬂ ro:j‘ ! 2(7ﬁrk+ﬁ+1 (pinrli{r:rl — pourgf) + (k + l)r:{y:rlr‘;# (pour{n — pinrgu))

—(k+ B+ 1)ty + Pou (K + D)rPt o+ préf™hy

whenk#1orf# —2ork+p= —1, (50a)
G(T) _ GOU(_ﬁrtHZ (pinrizn - pourgu) + 2ri2nrgu (pourg1 - pinrgu))
rgu(_(ﬁ + 2)pinri2nrgu + puu (2",(?2 + ﬁrg:trz)) '
when k=1 and g # -2, (50Db)

Gourik(pou(fzrkriﬂ + <k + l)r:'(nr)rlafliz — pinrﬁ'{n‘ 2(72"0””[( + (k + 1)1";“‘))
Tou(PinTfy 2 (1 = k) + Pou (Tl 2, (1 + k) = 2rinrki 1))
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G(r) =

)
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Pint% — Doul2,(1+ 2115 — 21In7,,) ’

when k=1and = -2,

(50d)
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GouT ((PouTou — PinTin) (1 = INT) + PoyTou IN Tin — PiTin INTu)

G(r) = ,
™ Tou(PouTou — PinTin + PouTou IN(Tin /Tou))
when k=0and = -1, (50e)
Goul?
G(r)= = when k=-1and =0, (50f)

ou

where G,, is the values of G(r) on the outer surface.

Setting k = 0 and B = 0 in Eq. (50a), we get G(r) = GouT'/T,y. That
is for the hoop stress to be constant in the cylinder the shear mod-
ulus must be proportional to r which agrees with the result given
by Batra [19]. For k = —1 and B = 0, the in-plane shear stress is
constant through the cylinder thickness and Eq. (50f) implies that
the shear modulus must be proportional to 2. It follows from Eq.
(27) that the value of the constant shear stress depends upon the
pressures applied on the inner and the outer surfaces and their ra-
dii. For other pre-assigned variation of the linear combination of
the radial and the hoop stresses, we can find the corresponding
variation of the shear modulus from Eq. (50). For n=1 and 2, the
corresponding displacement and stress fields can be obtained from
results given in Section 4.1.

5.2. FG cylinder deformed by tangential tractions on the outer surface

For the boundary conditions considered in Subsection 4.1.3
stresses are determined by the boundary conditions and the cylin-
der geometry. Thus they cannot be controlled by tailoring the
material properties.

6. Numerical examples
6.1. Analysis of FG cylinders

Example 1: For a cylinder with ry; =0.1 cm, r,,=1.0cm, Gy =
1MPa in Eq. (15), pin=0, poy=0.1 MPa and 0.1 x cos(20) MPa,
and different values of the index n in Eq. (15) we have plotted in
Figs. 2 and 3 the through-the-thickness variation of the stresses.

For uniform distribution of pressure on the cylinder outer sur-
face the hoop stress in the cylinder with n = 1 is a constant, but that
is not the case for a non-uniform distribution of the pressure. For
n < 0 the maximum magnitude of the hoop stress occurs at points
on the inner surface of the cylinder, and large values of the hoop
stress occur at points near the inner surface. It is clear that the
through-the-thickness distribution of stresses can be controlled
by selecting an appropriate value of n. Even though results have
been plotted for integer values of n, the analysis presented above
is valid for all real values of n.

—&—n=-2 n=-1

37 #—n=0 ----n=1

——n=2

G, (x0.1MPa)

L L

4.5 : ; .
0.1 0.25 0.4 0.55 0.7 0.85 1
rir,

(a) hoop stress

Example 2: For a cylinder with r; =0.2 cm, 1o, =1.0cm, Gy =
1 MPa in Eq. (39), pin = 0, poy = 0.1 x cos(60) MPa, and different val-
ues of m in Eq. (39) we have plotted in Fig. 4 the through-the-thick-
ness variation of stresses.

For m=5 and -5, the maximum value of the hoop stress oc-
curs at a point on the outer surface of the cylinder, and its mag-
nitude for m=5 is nearly five times that of the hoop stress for
m=—-5.

6.2. Material tailoring

Example 3: For a cylinder with rj;;=0.2cm, r,,=1.0cm,
Pin=0, pou =1.0 MPa, we find the through-the-thickness variation
of the shear modulus to attain a pre-specified through-the-thick-
ness variation of a linear combination of the radial and the hoop
stresses. For =0, 1 and k=-1, 0 and 1, we have exhibited in
Fig. 5 the computed variation of the shear modulus. The value
of the constant C; in Eq. (47) depends upon the pressures pre-
scribed on cylinder’s inner and outer surfaces and the cylinder
geometry. Results exhibited in Fig. 5a reveal that in a homoge-
neous cylinder o, + 0y is a constant. For the hoop stress gy
to be constant the shear modulus must vary linearly with the ra-
dius. The in-plane shear stress, (o, — G4)/2, is constant when
the shear modulus varies as 2. It is found from results plotted
in Fig. 5b that the shear modulus needs to increase gradually
from the inner surface to the outer surface in order to achieve
either linearly varying hoop stress or linearly varying in-plane
shear stress in the cylinder with pressure applied only on the
outer surface. Furthermore, essentially the same through-the-
thickness variation of the shear modulus makes the in-plane
shear stress and the sum of the hoop and the radial stress vary
linearly through the cylinder thickness. Note that the shear mod-
ulus on the inner surface is nearly 0.3% of that on the outer sur-
face implying that the material on the inner surface is very soft
relative to that on the outer surface. For pressure applied on the
inner surface or on both surfaces of the cylinder the through-
the-thickness variation of the shear modulus will be quantita-
tively different from that given in Fig. 5.

7. Remarks

The requirement that the shear modulus must be positive
everywhere in the cylinder may rule out tailoring the shear modu-
lus so as to attain a desired through-the-thickness variation of a
linear combination of the radial and the hoop stresses.

We have not addressed how to fabricate a cylinder with the
shear modulus varying by a factor of 300 over the cylinder thick-
ness; this exercise is left for material scientists.

G, (x0.1MPa)

2 L 1 L
0.1 025 04 055 07 08 1
rir,

(b) radial stress

Fig. 2. Through-the-thickness variation of stresses in a cylinder for different values of n.
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A material scientist can vary elastic moduli of a fiber-reinforced layer to the top layer (e.g., see [23]), and changing the spacing be-
composite by changing the materials of the fibers and the matrix, tween adjacent fibers in a single-layer plate (e.g., see [24,25]). For
varying continuously the fiber layout in going from the bottom the problem studied in [23] through-the-thickness material prop-

14 0.6
1 —&—n=-2 - ~n=-1 —®—n=0
s =
E % 08
s g 06
-1.2 o
0.1 025 04 055 07 085 1 0.1 025 04 055 07 085 1
rir,, rir,,
(a) hoop stress (b) radial stress
3
—A—n=-2 - n=-1
= f —®—n=() ----n=1
E 204 —e—n=2
S
X
®1
<)

0 1 1 1 =
01 025 04 055 07 085 1
rir,

(c) shear stress

Fig. 3. Through-the-thickness variation of stresses in a cylinder for different values of n.
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(c) shear stress

Fig. 4. Through-the-thickness variation of stresses in a cylinder for different values of m.
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Fig. 5. Through-the-thickness variation of the shear modulus for k= -1, 0 and 1; (a) =0, (b) =1.

erties depend continuously upon the fiber orientation angle and for
problems analyzed in [24,25] material properties vary continu-
ously in one of the in-plane directions. A problem in which mate-
rial properties vary continuously in both in-plane directions has
been analyzed in [26]. Materials studied in [23-26] are not incom-
pressible but present interesting possibilities that can be extended
to incompressible materials especially for scaffolds used in biolog-
ical applications.

For the material tailoring problem, we have found through-the-
thickness variation of the shear modulus to achieve a desired var-
iation of a linear combination of the radial and the hoop stresses. If
one were to optimize more than one variable, e.g., a stress compo-
nent and the first frequency of free vibrations of the structure, then
one could write an objective function with appropriate weights for
the stress component and the frequency to be optimized. One can
then find through-the-thickness variation of the shear modulus to
find an optimum value of the objective function. However, this dis-
tribution of the shear modulus will not, in general, simultaneously
optimize the stress component and the frequency included in the
objective function because for incompressible isotropic linear elas-
tic materials there is only material parameter to be varied. Optimi-
zation problems involving more than one variable to be optimized
have been studied, for example, in [27,28].

Batra [29] has studied the torsion of a cylinder composed of an
FGIM, and shown that the axial variation of the shear modulus can
be adjusted to control the angle of twist of a cross-section.

The paper [30] should have been cited earlier in the text along
with others dealing with the analysis of a thermoelastic deforma-
tions of an FG cylinder. The just accepted paper [31] deals with
infinitesimal deformations of a FG cylinder composed of an elas-
tic-plastic material. Finite thermo-elasto-visco-plastic deforma-
tions of FG structures have been studied in [32-34].

8. Conclusions

We have studied the problem of material tailoring to achieve
the desired stress distribution in a hollow cylinder composed of a
linear elastic incompressible material with the shear modulus
varying only in the radial direction. The Airy stress function ap-
proach employed herein enables one to analyze both axisymmetric
and non-axisymmetric problems, and seems to be the first use of
this technique for incompressible materials. It also enables one
to find deformations of the cylinder with known variations of the
shear modulus and prescribed displacements and tractions on
the inner and the outer surfaces. Analytical solutions for displace-
ments and stresses with the shear modulus given by either a power
law or an exponential function are derived and numerical results
for a few example problems are presented. One can, of course, con-

trol the through-the-thickness distribution of stresses by tailoring
the through-the-thickness variation of the shear modulus; how-
ever, not all conceivable stress states can be controlled since the
shear modulus must be positive everywhere in the cylinder.

Results presented here will be useful to both material scientists
in designing new materials, stress analysts, and designers. Also,
analytical solutions presented herein can serve as benchmarks
for comparison with the approximate solutions obtained
numerically.
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