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Abstract

We use the global collocation method, the first and the third-order shear deformation plate theories, the Mori-Tanaka technique to
homogenize material properties, and approximate the trial solution with multiquadric radial basis functions to analyze free vibrations of
functionally graded plates. Frequencies computed by the present method are found to agree well with those from the analytical solution
of Vel and Batra, and the numerical solution of Qian et al. based on the meshless local Petrov—Galerkin formulation.
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1. Introduction

Qian et al. [1,2] recently employed the meshless local
Petrov—Galerkin method (MLPG) to analyze free and
forced vibrations of both homogeneous and functionally
graded (FG) thick plates with the higher-order shear and
normal deformable plate theory (HOSNDPT) of Batra
and Vidoli [3]. Computed frequencies for a simply sup-
ported FG plate were found to match well with those
obtained from the analytical solution of the three-dimen-
sional (3D) elasticity equations of Vel and Batra [4]. For
a simply supported plate, Vel and Batra [4] used the classi-
cal plate theory, the first-order shear deformation (FSDT),
and the third-order shear deformation (TSDT) approxima-
tions [5] for the displacement fields, assumed each displace-
ment component to vary sinusoidally in the x- and the
y-directions, and derived an algebraic equation for the fre-
quencies. The assumed forms of displacements satisfy
boundary conditions at the plate edges only when they
are simply supported.
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Here we use the asymmetric collocation method with
multiquadrics basis functions, and the FSDT and the
TSDT to find natural frequencies of square FG plates of
various aspect ratios, and under different boundary condi-
tions at the edges. This method has been employed earlier
by Ferreira et al. [6] to study static deformations of FG
plates. An advantage of this method over the finite element
method (FEM) is that the discretization of the domain into
2D or 3D elements, and the element connectivity are not
needed. The present method, like the MLPG method
employed by Qian et al. [1,2], requires only coordinates
of nodes on the midsurface of the plate. Thus the input
required for the present meshless method, and the effort
required to prepare the input are considerably less than
that needed for the FEM.

Details of the collocation method with multiquadrics
and its application to the analysis of plate problems are
given in Refs. [6-13].

2. The finite point multiquadric method

Consider the following linear elliptic boundary-value
problem defined on a smooth domain Q:
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Lu(x) = s(x),
Bu(x) = f(x),

where 0Q2 is the boundary of Q, L and B are linear differen-
tial operators, and s and f are smooth functions defined
on Q and dQ respectively. We select Ny points (x,
j=1,...,Ng) on dQ and (N — Np) points (x”, j= Ng+ 1,
Np+2,...,N) in the interior of Q. Let

X € Q,

1
X € 042, (1)

N N
u'(x) =D _ag(llx = xV|.c) = ae;(x). )
= =
be an approximate solution of the boundary-value problem
where aj,as,...,ay are constants to be determined,

|x — xY|| is the Euclidean distance between points x and
xY, ¢ is a constant, and g is a function of |x — x?|| and
¢. Different forms of functions g and names associated with
them are

Multiquadrics: gj(x) =(||x - x(">||2 + 02)1/2,
g,(x) = (|lx = x|+ )72,

— X0
)

Inverse multiquadrics:

Gaussian:  g;(x) =e

Thin plate splines:  g;(x) = [|x — xY || log [|x — x7].

(3)
Substitution from (2) into (1) and evaluating equations
resulting from (1), at the Ny points x| j=1,2,...,Npg,
and from (1); at (N — Ng) points x, j=Ng+1,
Np+2,...,N give the following N algebraic equations

for the determination of a,as,. . .,ay.
N

> aiLg(llx = x|, ¢) iy = s(x),
=1

i:NB+17NB+2,...,N7

N
> aBg(llx — x| )l o = f(xD), i=1,2,....N,
J=1
(4)
Depending upon the value of the parameter ¢ and the form
of function g, the set of Eq. (4) that determines

ai,a,...,ay may become ill-conditioned; e.g. see [14].
Also, the computational effort involved in solving (4) for
a,as,. ..,ay varies with the choice of the function g. Once

Eqgs. (4) have been solved for «’s, then the approximate
solution of the problem is given by (2).

3. Review of the third-order shear deformation
plate theory

A schematic sketch of the problem studied, dimensions
of the FG plate, and the location of the rectangular Carte-
sian coordinate axes used to describe deformations of the
plate are given in Fig. 1. The displacement field in the
TSDT is given by

0
u(x,y7z) = u(](x,y) +Z¢)x - CIZ3 <¢x + 6_:)7

/y

.
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Fig. 1. Plate geometry.

0
U(x7yaz) = Uo(x,y) +Z¢y - ClZ3 (d)y +%>7

w(x,y,z) :WO(xvy)a (5)

where ¢; = 4/(3h2), h is the plate thickness, z is the coordi-
nate in the thickness direction, the xy-plane of the rectan-
gular Cartesian coordinate system is located in the
midplane of the plate. Functions ¢, and ¢, describe,
respectively, rotations about the y- and the x-axes of a line
that is along the normal to the midsurface of the plate; uy,
vo and wy give, respectively, displacements of a point on the
midsurface of the plate along the x-, y- and z-axes. The
constant ¢; is determined by requiring that the transverse
shear strain vanishes on the top and the bottom surfaces
of the plate. Note that the transverse normal strain identi-
cally vanishes in the TSDT. Batra and Vidoli [3] have pro-
posed a mixed HOSNDPT in which natural boundary
conditions prescribed on the top and the bottom surfaces
of the plate are exactly satisfied. The displacement field
for the FSDT can be obtained from (5) by setting ¢; = 0.

From the strain—displacement relations appropriate for
infinitesimal deformations, we obtain

Cu ely ely ely
0 1 2
€y ey(vy) e,g'y) eéy)
2e,, ¢ = Zef(g) +z 2e§}1,) +2 2eg> , (6)
2e,; 2e[ 2e(l) 2el?
) o) L) Lo
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au()
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6w0
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Equations for the plate theory, derived by using the princi-
ple of virtual work, are

0N, ON, Quy o, > [owy
x Ty “lor tie b (ax> ®)
Wy Wy Ty Ty O (O 9)
ox | oy o e e \oy
00, 00 o*P o, P

2 Y LA} Y W
Ox * dy +Cl( Ox? + 6x6y+ 0y? +a

*wy * [w, wy
—1 I
"o " eae (6x2+6y2>

* [Ouy v & (0
vl (G )+

)] o

aMn aM _ 62 ow
=0 =75 | J1to + Koy — —ods—=2), (11

Ox Ox

oM., aM — 62 ow
ox -0, = <J1170 +K2¢ ClJ4a—yO>, (12)

where ¢ is the sum of the distributed normal tractions ap-
plied on the top and the bottom surfaces of the plate, and

M, =M, —c1Py; 0,=0,— R, (13)

N k+1
[zkzl:/k p(k) (i:0a1a25"'76)a

Ji=1 (i=1,4), (14)

—cilip

Kz 112—20114+C%]6, Cl = —> Cy :f:301,

(15)

where o, f§ take the values x, y. Furthermore (N, N}, Ny;)
denote the in-plane force resultants, (M, M,,, M,,) the
moment resultants, (Q,,0,) the shear resultants, and
(Pyx, P, Py,) and (R,,R)) the higher-order stress resul-
tants. These are defined by

N

h/2
Mx/g = / Tup z dZ7 (16)
Pa'g /2 23

{at= /i oof & e (17)

The FSDT equations are readily obtained from those of the
TSDT equations by setting ¢; = 0.

Expressions for M,g, N,g, P,p, O, and R, in terms of
strains can be derived by substituting into (16) and (17)
from the following stress—strain relation for an isotropic
material:

Oxx On 9n 0 0 0 Exx

Oyy On O 0 0 0 Gy

6w p=1 0 0 O O 0 2ey, 2,

0y 0 0 0 kO3 O 2e,.

O 0 0 0 0 kO 2e,,

(18)

where
On =E/(1=V), Op=VE/(1-V),

053 = E/2(1 +), (19)

E is the effective Young’s modulus, and v the effective Pois-
son’s ratio at a point in a FG plate. The shear correction
factor, k, is taken as 5/6 for the FSDT and 1.0 for the
TSDT.

Substitution for strains in terms of displacements from
(5) into (6), for stresses from (18) into (16), for Mz, N,p,
etc. from (16) into (8)—(12) yield equations of motion in
terms of the generalized displacements u, vy, wo,p, and
¢,; these are summarized in Appendix I. An approximate
solution of these equations and the pertinent boundary
conditions is found by using the meshless method described
in Section 2. That is, we assume that

N

di(x) = > alg(|x = xV].c). ete. (20)

Jj=1

These expressions are substituted in equations of motion listed
in Appendix I, and also in relevant boundary conditions.

Boundary conditions at a simply supported edge, x = a,
are

wo(a,y) =0, wo(a,y) =0, qby(a,y) =0,
Nu(a,y) =0, Mn(aay) =0. (21)

Boundary conditions imposed at a rigidly clamped edge,
y=>b, are

up(x,b) =0, wvo(x,0) =0, wy(x,b) =0,

¢.(x,b) =0, ¢,(x,b) =0. (22)
Boundary conditions imposed at a free edge, x = a, are
@x(a,y) =0, Nxx(a,y) =0, ny(a,y) =0,

M, (a,y) =0, M(a,y)=0. (23)
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K1+35Gy (24) Mlocococooocooaoo
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= Glz L Sledagrssags
2= G 1+ (1=V2)G5R I SRESSAERER
10K 458G _ ZlocsSoosssssS S
where f] = GOKIH8G) - The effective values of Young’s
ol 2 ola2gesR8ESs
modulus, E, and Poisson’s ratio, v, are found from ISR eeagEE®
OKG 3K 26 ZlocscsoosSss s
E=3xv6 "Ta3Kk+0) (25) sl-lezzeszazys
+ (3K +G) HUEEEEE LR
Flz|lcsscsscsssss
5. Results Slzxzzgezgens
ZlaeassadEes
We compute results for a FG plate comprised of alumi- cessss=eeS
num and zirconia mainly. because apalytical results fgr a = LONTSRRYES
plate made of these materials are available for comparison g 2! § i I35 E EE&
[4]. Material properties of the aluminum (Al) and zirconia
(ZrO,) are ST RERIS
AR LIIRERE
Al: E,=70GPa, v,=03, p,=2702kg/m’ ZleecsssssSs
ZrO,: E.=200GPa, v.=03, p, =5700kg/m’. ol negxsTiIcan
I NN ANFIF RN~ o0
ScSSsosssso
We assume that the volume fraction of the ceramic phase - _
is given by (24) and henceforth replace subscripts 1 and 2 ﬁ % a § § § & 2= § 8 g
by ¢ and m respectiYely. . . ‘ s glazIzToszee2
Natural frequencies are non-dimensionalized by —

I Slezdggagzse
~ P To IHESaRISRS
@ = why[T" ~ |=|822833222EE

m (=)
. . Il PN R v R R I S = S lse)
We consider simply supported (SSSS), clamped (CCCC), Le AEEEEEREREY
simply supported/clamped (SCSC) and clamped/free o Rlocccossssss
(CFCF) boundary conditions. Notation SCSC, for exam- 2 oo mtmms=w
ple, indicates that edges x =0 and x = a are simply sup- NIRRT R
ported (S), and edges y =0 and y = b are clamped (C). % ceeeeeeeeee
When possible, we compare present results with exist- o Flas o e e o
. . . . . 8 Tl —~=v0vodq—o —~ <
ing ones. We use multiquadric functions (3); with S F|SIITTRIZI
¢=06d, d being the distance between two consecutive g Hlecsssssssss
nodes. For a square plate, we use nodes equally spaced ? e N
. . . Ao O A0 WnWn T
in the x- and the y-directions. % g ASS%EERTxn N
In Tables 1 and 2 the fundamental frequency from the = ceeeeeeees

. . 8
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Table 4 5 ~locoastr —aocoo
First 10 natural frequencies of a simply supported square thick FG plate, W I NELREEARS I =
TSDT, V, =0,V =1,p=1.0 2|~ coocScoc oSS
II/KIZO.OS /’l/a:().l E E QNN — — 00 — \O \O <t

_ _ _ _ _ _ z <|FC8IIFTRS A
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0.0147 0.0148 0.0147 0.0149 0.0594 0.0592 0.0592 0.0584 -
0.0394 0.0381 0.0375 0.0377 0.1450 0.1433 0.1428 0.1410 '§ “llessregsx
0.0404 0.0382 0.0375 0.0377 0.1450 0.1433 0.1428 0.1410 5 HI3IIZE32225
0.0679 0.0594 0.0592 0.0593 0.2024 0.2031 0.2035 0.2058 g “lessSscscssSsss
0.0679 0.0754 0.0749 0.0747 02025 0.2031 0.2035 0.2058 = et omwa = mon
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0.0884 0.0940 0.0952 0.0769 0.2690 0.2682 0.2678 0.2646 § Z|locdcoccssS3I
0.0919 0.0991 0.0952 0.0912 0.2794 0.2685 0.2679 0.2677 wol.2
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First 10 natural frequencies of a simply supported square thick Al/ZrO,
FG plate, FSDT, V, =0,V =1,p=1.0

collocation points (or nodes), is compared with that from
the exact solution of Vel and Batra [4], and the meshless
Petrov—Galerkin solution of Qian et al. [2]. It is clear that

hla = 0.05 hla=0.1 the presently computed first frequency is in excellent agree-
N=7 N=9 N=11 Ref2] N=7 N=9 N=11 Ref[2]  ment with the exact one, particularly for a thick plate. The
0.0146 0.0148 0.0149 0.0149  0.0594 0.0593 0.0593 0.0584 present method gives closer-to-exact values than Qian
0.0393 0.0381 0.0378 0.0377 0.1460 0.1437 0.1431 0.1410 et al.’s [2] solution. However in [2] an 8 x 8 nodal arrange-
DOGI3 0O 00595 00593 0204 02031 02035 oopsg  (nont was used.

0.0786 0.0758 0.0749 0.0747 02025 0.2031 0.2035 0.2058 In Tables 3-9 we have listed the first ten frequencies
0.0789 0.0760 0.0750 0.0747  0.2232  0.2204 0.2196 0.2164 computed with the present method by using 7Xx7, 9x9
0.1002  0.0967 0.0957 0.0769  0.2696 0.2689 0.2684  0.2646 and 11 x 11 collocation points distributed uniformly on
0.1002 0.0967 0.0957 0.0912 0.2700 0.2691 0.2686 0.2677 the plate’s 1 x 1 midsurface. Whenever possible, we com-
01012 01015 01017 0.0913 02996 02954 02936 02913 pare results with those of Qian et al. [2].

0.1013 0.1016 0.1017 0.1029  0.3444 0.3390 0.3373 0.3264

Table 7

First 10 natural frequencies of a clamped square thick Al/ZrO, FG plate, TSDT, V. =0, V} =1, hfa=0.2

Ceramic p=1 p=2 p=250 Metal

N=7 N=9 N=11 N=7 N=9 ~N=I1l N=7 N=9 N=11 N=7 N=9 ~N=I11 N=7 N=9 N=11
0.3596  0.3596 0.3598  0.3202 0.3202 0.3204 0.3160 0.3162 0.3165 03148 0.3151 0.3154  0.3090 0.3090  0.3092
0.6205 0.6263  0.6282 0.5535 0.5588  0.5605 0.5436  0.5490 0.5507 0.5387 0.5441  0.5458 0.5332  0.5382  0.5398
0.6205  0.6263 0.6282  0.5535 0.5588  0.5605  0.5436 0.5490  0.5507  0.5387 0.5441 0.5458  0.5332  0.5382  0.5398
0.8395 0.8462 0.8486 0.7497  0.7558  0.7579 0.7355 0.7415 0.7435 0.7279  0.7338  0.7358 0.7214  0.7272  0.7291
0.8718 0.8696 0.8687  0.7895 0.7875 0.7867  0.7747 0.7727 0.7719  0.7617 0.7597  0.759 0.7491  0.7472  0.7464
0.8718 0.8696  0.8687 0.7895 0.7875  0.7867 0.7747  0.7727  0.7719 0.7617  0.7597  0.759 0.7491 0.7472  0.7464
0.9441 09639 0.9685 0.8427 0.8610 0.8653  0.8257 0.8437 0.8480 0.8163 0.8340 0.8384  0.8112 0.8282 0.8322
0.9543 09739 09784  0.8519 0.8700 0.8742 0.8341 0.8519 0.8562  0.8239 0.8415 0.8458 0.8200 0.8369  0.8407
1.0293  1.0325 1.0331 09334 0.9363 09369 09158 09186 0.9192  0.9000 0.9029 0.9034 0.8844 0.8872 0.8877
1.1313  1.1489 1.1542 1.0113  1.0271 1.0320 0.9898 1.0057 1.0106  0.9771  0.9931 0.9980 0.9721  0.9872  0.9918
Table 8

First 10 natural frequencies of a SCSC thick Al/ZrO, FG plate, TSDT, V, =0, V} =1, h/la=0.2

Ceramic p=1 p=2 p=50 Metal

N=7 N=9 N=11 N=7 N=9 ~N=I11 N=7 N=9 N=11 N=7 N=9 N=11 N=7 N=9 N=11
0.3070  0.3066  0.3066 0.2732  0.2729  0.2729 0.2708 0.2706  0.2706  0.2709 0.2708  0.2709 0.2638  0.2635  0.2635
0.4495 04504 0.4509 04079 0.4088 0.4093  0.4001 04010 0.4014 03931 0.3940 0.3944  0.3862 0.3871 0.3875
0.5581 0.5579  0.5578 0.4973  0.4971 0.4970 0.4928 0.4929 0.4928 0.4927 0.4930 0.4930 0.4796  0.4794 0.4793
0.6004 0.6064 0.6082  0.5355 0.5409 0.5426  0.5269 0.5323 0.5340  0.5231 0.5285 0.5302  0.5159 0.5211  0.5226
0.8023  0.8004 0.7997 0.7221  0.7246  0.7250 0.7113  0.7119  0.7113 0.7013  0.6997  0.6991 0.6894  0.6878  0.6871
0.8090 0.8118 0.8126  0.7273  0.7256 0.7254  0.7136 0.7139  0.7147  0.7067 0.7094 0.7101  0.6951 0.6975  0.6982
0.8627  0.8579  0.8558 0.7811  0.7768  0.7750 0.7665 0.7622  0.7604  0.7537 0.7495 0.7477 0.7413  0.7371  0.7354
0.8946  0.9007 0.9025 0.8115 0.8171 0.8187  0.7961 0.8015 0.8032  0.7824 0.7877 0.7893  0.7687 0.7739  0.7755
0.9133  0.9237 0.9258 0.8151 0.8246  0.8266 0.8045 0.8138 0.8158 0.8005 0.8097 0.8116 0.7848  0.7937  0.7955
0.9410  0.9610 0.9656  0.8402 0.8586 0.8629  0.8236 0.8416 0.8460 0.8144 0.8322 0.8366  0.8085 0.8257  0.8297
Table 9

First 10 natural frequencies of a CFCF thick Al/ZrO, FG plate, TSDT, V, =0, V) =1, h/la=0.2

Ceramic p=1 p=2 p=50 Metal

N=7 N=9 N=11 N=7 N=9 ~N=I1l N=7 N=9 N=11 N=7 N=9 N=I11 N=7 N=9 N=11
0.2434 0.2383  0.2362 0.2162 0.2120 0.2117 0.2140  0.2095 0.2089 0.2130  0.2085 0.2103 0.2083  0.2055 0.2044
02738 02611 02614 02438 02325 0.2324 02381 0.2307 02298 0.2362 02300 0.2306 0.2345 0.2233  0.2250
0.4197 0.4231 0.4227 0.3802 0.3778  0.3769 0.3734  0.3757 0.3755 0.3669 0.3699  0.3696 0.3606  0.3636  0.3632
0.4275 04246 0.4248 0.3806 0.3838 0.3834  0.3776 0.3765 0.3761 03782 0.3772 0.3764  0.3667 0.3649  0.3657
0.5183 0.5278  0.5310 0.4618 0.4704 0.4734 0.4541 0.4626 0.4654  0.4508 0.4592 0.4617 0.4453  0.4536 0.4563
0.5448  0.5603  0.5669  0.4855 0.4995 0.5056  0.4786 0.4924 04981  0.4763 04900 04952 04682 04813 0.4871
0.7306  0.7309  0.7298 0.6513  0.6515 0.6507 0.6437 0.6436  0.6425 0.6415 0.6414  0.6398 0.6279  0.6280  0.6270
0.7340  0.7400  0.7417  0.6624 0.6602 0.6612  0.6526 0.6554 0.6566  0.6420 0.6525 0.6527  0.6307 0.6358  0.6374
0.7428  0.7465 0.7469 0.6652  0.6765 0.6766 0.6573  0.6638  0.6639 0.6575 0.6548  0.6570 0.6383  0.6415 0.6418
0.7525 0.7494 0.7521  0.6814 0.6788 0.6816  0.6687 0.6661 0.6687  0.6575 0.6557 0.6574  0.6466 0.6439  0.6463




A.J.M. Ferreira et al. | Composite Structures 75 (2006) 593-600 599

are found to be close to those given by Qian et al. [2]. ayax+¥ 6y6;+ )
Whereas integrals over subdomains of € appearing in the

MLPG weak formulation need to be evaluated numeri- 4 3 a2¢y *wo
cally, that is not the case here. Thus the present meshless 3 ayox + o2 + yor
method is computationally more efficient than the MLPG

For all cases studied, the computed frequencies Quy Do g, O
TSI

method. o u Puy |, O, . O
tApaatAn—— +B + By ——
128 A a ox 22 A5 a B 128 A a ox 22 ayz
6. Conclusions 4 <62¢ 63w0> 4 o b, Swo
— SR\ A AL — S22
The collocation method with multiquadric radial basis 30 dydx  Oydx 30 o
functions to approximate the trial solution and the third-

2 2
order shear deformation theory are found to give frequen- =Jp— v +J,—=2 e, —ols— o’ (6w0>
cies of functionally graded plates that agree very well with or or or* \ 0y
those found by Vel and Batra by solving analytically the o, *wo I op, wy
three-dimensional elasticity equations. The present method ~ 4ss < o + 2 ) - ﬁ 55 < . + a2 >
is very efficient since it neither requires nodal connectivity

. . . , o
nor evaluation of any integral over a subdomam. of plate s L2 16 S Fss (a¢ n ) T Ay < i I >
midsurface. The accuracy of computed frequencies is con- ht Ox ay 0’
trolled by the number of collocation points or nodes, their 8 3p,  wp 16 3p,  Pwy
locations, and the parameter, ¢, in the multiquadric basis — 5Dy —+ 5|+ Fa — 4+ 5
) h o Oy h o Oy
functions.
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62 62 62 ] 62
+B33<ﬂ+ UO) + D3 b 79,

0  Jydx 0y Oyox
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4 o’ ) g, O
——|B _u20+ Vo + F33 qzx ¢y
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where
(4yj, Bij, Dyj, Eyj, Fij, Hy)
/ ((P Py) (h ;) (1,z,2,2,2%,2%
+0, (1,2,22,23724,26)>dz (A.6)

where P, and P, correspond to generic property at top and
bottom surfaces and Q, correspond to the elasticity matrix
at the bottom surface.
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