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Modified smoothed particle hydrodynamics method and its application

to transient problems

G. M. Zhang, R. C. Batra

Abstract A modification to the smoothed particle hydro-
dynamics method is proposed that improves the accuracy
of the approximation especially at points near the
boundary of the domain. The modified method is used to
study one-dimensional wave propagation and two-
dimensional transient heat conduction problems.

Keywords Meshless method, One-dimensional elastody-
namics, Two-dimensional transient heat conduction
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Introduction

The smoothed particle hydrodynamics (SPH) method is
one of the earliest mesh free methods employing
Lagrangian description of motion. It was proposed by
Lucy (1977) and Gingold and Monaghan (1977) to analyze
astrophysical problems in a three-dimensional space.
Libersky and Petschek (1990) extended it to study the
dynamic response of materials. The method has been
applied to several classes of problems, such as free surface
flows (Monaghan 1994), explosion phenomenon (Liu et al.
2003), impact and penetration (Randles et al. 1995,
Johnson et al. 1996); see Chen et al. (1999) for additional
references. The performance of the method has been
extended by using parallel computing techniques (Medina
and Chen 2000).

As is well known, the SPH method is not even zero-
order consistent near the boundary. Liu et al. (1995a, b)
improved its consistency by introducing a corrective
kernel which is a product of the correction function and
the original kernel; the improved method is called the
reproducing kernel particle method (RKPM). The
correction is a polynomial in the spatial coordinates and
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the RKPM can be nth-order consistent. Chen et al. (1999a,
b) proposed a corrective smoothed-particle method
(CSPM) to address the tensile instability and the incon-
sistency problems in the conventional SPH method. Here
we propose a modification to the CSPM that improves its
accuracy especially at points near the boundary of the
domain.

The paper is organized as follows. Section 2 discusses
the conventional SPH method. The modified SPH
(MSPH) method is given in Sect. 3 where numerical
tests to show its superiority over the CSPM are
reviewed. In Sect. 4, the MSPH method is applied to
study wave propagation in an elastic bar, and
2-dimensional transient heat conduction in a plate.
Section 5 summarizes conclusions.

Conventional SPH method ~
In the SPH method, the approximate value f(x) of a
function f at a point x in domain Q is given by

flx) = / FEW(x - & h)de | 2.1)
Q

where W(x — &) is a kernel or a smoothing function. The
approximate value f of f depends upon two parameters;
the kernel W and the dilation & which determines the
support of W. The kernel function, W, is required to have
the following properties:

() W(x—&h) = 0 for [x— & > 2h,
G [wix— & hdg =1,

Q

(iii) }lln?) W(x — & h) = 6(x — &) where 0 is the Dirac delta
function,

(iv) W(x—¢&,h) >0,

(v) Wx—¢& h)=W(E—xh).

The spatial derivative, Vf, at the point x is approximated
by

Vf(x) = / V(@ W(x— £ h)dE
Q
. / FEVW(x— & R)dE | (22)
Q

where we have integrated by parts and used property (i) of
the kernel function W.
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For numerical work the integral (2.1) is approximated
by imagining that the mass in Q is divided into N particles
of masses m;,m,, ..., my and densities py, p5,..., Py
respectively. The value f; of the integral (2.1) for the ith
particle is approximated by

N

fl - Z m]fWIJ/pjv Wl]

j=1

w(x® — i)y (2.3)

Because of the compact support of the kernel function
W, the number of particles used in the summation
(2.3) is smaller than N. Similarly, Eq. (2.2) is approxi-
mated by

_ o S
B el
- (2.4)
ow
Wijo = —— , 0=1,23".
' 0% |y—xtt g=g0)

The range of index o equals the spatial dimension of
the domain Q. For a constant function f(x) = f; Eq. (2.4)
gives

N
Z mjfiW,'j,“/pj =0. (2'5)
=1
Addition of (2.5) and (2.4), gives
Z mi(f; — ) Wija/ p; - (2.6)

One can similarly deduce the following approximation for
the second-order derivatives:

N
faﬁi = Z mj(f}' _fi)Wij,otﬁ/pj ) (2‘7)
J=1

where

fo«/h — ¢ f

0x,0xp |,
62
0x,0xp

(2.8)
Wijap =

x=x() g=¢0)

3
Modified SPH (MSPH) method

3.1
Discretization
Usmg Taylor series expansion of f(x) about the pomt

x = x' and retaining only three terms in the series, we
obtain
i 9 i
718 = ) + L (¢, - x0)
Ox,,
1 of

= (&, — )& — )

—_— (3.1)
2 ang)ax;;)

where summation is implied on repeated indices  and f.
Multiplication of both sides of (3.1) with the kernel
function W(x — &, h) and integration of the resulting
equation over the domain Q yield

fEOWAE=fi [ WAE+fu [ (&, — ) WdE

[roma=i [ waen |

2o / (& — x0) (& — <y wg . (3.2)
Q

Repeatlng the above procedure with W replaced by
=0W/0¢, and W5 = E‘JZW/@é ,0&5, we obtain

/ FEW,dé =, / W,dE + fu / (& — 20y W,de
Q Q Q
2 / (&, — x0)(&y — ) w,de | (3.3)

W,dE = f/Wadf [ (&)

[re |

+§fo([3i/(5oc —x0) (& —x;;))wvédf .

Q

W/& df

(3.4)

Equations (3.2), (3.3) and (3.4) for o, f = 1,2, 3 constitute
ten equations for the ten unknowns ﬁ, fxi and f,p; at the
point x = x(), We write these equations as

T:BFOI'BUF]:TI, 121,2,...,10 s (35)
where
By = [ OmOU)E =D OmOUIm/e i (36)
Q =1
O(1) = Wy, ©(2) = Wi, O(3) = Wy, D(4) = Wy, ,
D(5) = Wix, D(6) = Wiy, O(7) = Wyzo ,  (3.7)
(D(S) = le,xyv (I)(9) = l]y27 (D(l()) - l]xz ;
®(1) =1, ®(2) = — Xi, ( ) —Ji,
O4) =z — zi, O(5) == (] x,-)2 ,
0(6) =5 0~ 1), ©07) =3 (5 - %) (38)
O(8) = (x' —x)(yj— i), ©09) = —yi)z—z) ,
©(10) = ( l)(zj zi) ;
F = {fi, fuis fyis fois faxis fopis fozis fayis Fyais foxi -
(3.9)

N

T =Y fiO(I)m;j/p; .
=1

Equation (3.5) is solved for Fy, F,, ..., Fjo and the result is

substituted in equation (3.1). Retention of third-order

derivatives in the expansion (3.1) will result in a system of



20 simultaneous equatlons like (3.5). W1th (3.1), the error
in the value of (&) is of the order |& — x()|?

In order for the matrix B defined by (3.6) to be
nonsingular, N must be at least 3, 6 and 10 for one-,
two- and three-dimensional problems respectively.

3.2

Consistency

For the MSPH method proposed in Sect. 3.1, the kernel
estimate of a function is clearly mth order consistent if
(m + 1) terms are retained in the Taylor series expansion
(3.1) since the function and its first m derivatives are
exactly reproduced by the approximation scheme. How-
ever, the kernel estimates of the first- and the second-order
derivatives have consistencies of orders (m — 1) and

(m — 2) respectively. The number of simultaneous alge-
braic equations (3.5) to be solved increases rapidly with an
increase in the value of m.
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Comparison with the corrective SPH method

If the first-order and the second-order derivative terms in
Eq. (3.1) are neglected, then the kernel estimate of f(x) is

given by

fz:/f(f)W dé//w £dé |, (3.10)
ormimﬂkksumHMUmlbnnby

f#=§§ fmﬁy/E: imi/ p;) (3.11)

Because of the property ( ) of the kernel,

Jo(x—EW(x — &)dE = 0. Thus the error in (3.10) is of
the order [x — x(|* for interior particles, and of order

|x — x()| for particles on or near the boundaries. The
property (ii) of the kernel implies that for particles away
from the boundaries, Eqgs. (3.10) and (3.11) reduce to (2.1)
and (2.3) respectively. However, for particles near the
boundary, Eq. (3.11) gives better results than those
obtained from (2.3).

The present method differs from the CSPM of Chen
et al. (1999a, b) in the following two respects. Chen et
al. (1999a, b) solve the system of Eq. (3.5) by splitting it
into three sets of equations: Ty = By Fy; T; = ByFj,

I,] =2,3,4 T; = ByFy; 1,] =5,6,...,10. However, we
solve (3.5) simultaneously for the ten variables

F\,F,, ..., Fy. Since values of F,,F;,F, depend upon
that of Fy, and of Fs through Fj, upon the values of
F,, F,, F; and F4, an error in finding F, through F, at
particles near the boundary will adversely affect values
of Fs through F;o. Whereas we use the kernel estimate
value of f; in Eq. (3.5), in the CSPM f; equals the value
of f at the particle i. The CSPM requires less CPU time
than the present method since it solves three smaller
sets of equations than the present method in which ten
equations are solved simultaneously for the ten
unknowns.

In the following discussion, we designate the present
method as the modified SPH (MSPH) method. The kernel
is taken to be the Gauss function, i.e.,

_A (xR _ 4 _
0, |x — & > 2h |
(3.12)

where n equals the dimensionality of the space, and the
normalization parameter A equals 1.04823, 1.10081 and
1.18516 for n = 1,2 and 3 respectively.

34
Numerical tests

3.4.1
One-dimensional domain
Consider the function

f(x) = (x—05)* xelo0,1] .

The domain is discretized into 21 equally spaced particles
with one particle at each end point, and h is set equal to
0.1. Figure la-c compares the kernel estimate of the
function and of its first and the second derivatives as
computed by the SPH, the CSPM and the MSPH methods
with the exact solution. It is clear that the MSPH gives
better results than the other two methods. Henceforth, we
do not give results for the SPH method since the

CSPM gives superior results than the SPH method.

The effect of increasing the number of particles from

21 to 51 is exhibited in Fig. 2a-c. As expected, the
accuracy of the CSPM and the MSPH method is enhanced
with the increase in the number of particles. However,
the difference in the values of 2nd order derivatives
computed by the CSPM and the exact solution is still large
at particles near the boundaries. When third-order
derivatives are retained in the expansion (3.1), the

MSPH reproduces second-order derivatives of f at the end
points but the CSPM does not; see Fig. 3a-c. For non-
uniformly spaced 21 particles, Fig. 4a-c depicts a com-
parison of the kernel estimates of the function and its first
two derivatives with their exact values. Particles are sym-
metrically located about x = 0.5 with Ax; = 1.2Ax;_,,
i=11,12,...,21. The smoothing length h is set equal to
1.5Ax;. The errors in the kernel estimates of the first and
the second derivatives near the end points of the domain
are a little higher than those for the uniformly distributed
particles. These errors can be reduced by increasing the
number of particles.

3.4.2
Two-dimensional domain
For the function

f(x,y) =sinnxsinzmy, x € [0,1], y € [0,1] ,

we have plotted in Fig. 5a-f the exact solution and the
kernel estimates of the function and its first-order deriv-
ative, f, computed with the CSPM and the MSPH method
employing 21 equally spaced particles in each direction
and h = 0.1. It is evident that the MSPH method yields a
better estimate of the function f and of f, than the CSPM.
In each case, 2nd-order derivatives were retained in the
expansion (3.1).
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4
Application of the MSPH to two transient problems

4.1
Wave propagation in an elastic bar

We use the MSPH method to study wave propagation in an

elastic bar. The governing equations are

<

Fig. 1. Kernel estimates of a the function (x — 0.5)%, b its first
derivative, and c its second derivative with 21 equally spaced
particles on [0, 1]
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Fig. 2. Kernel estimates of a the function (x — 0.5)*, b its first
derivative and c its second derivative with 51 equally spaced
particles on [0, 1]
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_1 where v is the velocity of a material particle, ¢ the
V="0yx, axial stress, o , = 00/0x, E Young’s modulus, ¢ time,
6 = Ev,, and H the Heaviside step function. A rectangular

compressive pulse of 5 us duration and 1 GPa amplitude is
1,1) = —[H(t — 5us) — H(t = 0)]GPa,  applied at the end x = 0.1 m of the bar while the left end
v(x,0) =0, o(x,0) =0 , (4.1) x =0 of the bar is kept traction free. An artificial viscosity
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Fig. 6. Distribution of axial stress in the bar computed with
h = 1.0A, 1.5A, 2.0A and 5.0A; a, b the MSPH method,
¢, d computed with the CSPM

is introduced in order to diminish oscillations. Accord-
ingly, Eq. (4.1); is modified to

1

V= ; (o — ”),x , (4.2)
where
n=—02pchv, + 4ph*(v,)*, v. <0 , (4.3)

where ¢ = \/E/p is the wave speed.

Five hundred and one equally spaced particles are
located on the 0.1 m long bar, and h is set equal to 0.3 mm
or 1.5times the distance, A, between two adjacent parti-
cles. In the MSPH method, the left-hand sides of eqns.
(4.2); and (4.1), are evaluated at a particle and kernel
estimates of (¢ — 7) , and v are substituted on the right-
hand sides. The value of v, at time (n — 1/2) is used to
compute 7. Recall that p and E are constants. The field
variables in the MSPH equations are updated in time by
using the leap-frog time integration scheme. That is,

o
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Location(m)
d t=10pus
1
Prt/2) _ (n1/2) 4 5 (A" 4 A" )" (4.4)

where v"™1/2 is the value of v at time tni1/2> and

At" = t, — t,_;. The time step At is determined from

At = 0.3A\ﬁ )
E

For E = 227 GPa and p = 7800kg/m?, ¢ = 5.393 mm/ys is
the speed of the elastic wave in the bar. It takes 18.5 s for
the wave to traverse the bar. The problem is analyzed by
using the CSPM and the MSPH method. Figure 6a-d
exhibits the distribution of the axial stress in the bar at t = 4
and 16 us for the MSPH method, and at ¢t = 4 us and 10 us
for the CSPM. In both cases, results have been computed for
h = 1.0A, 1.5A, 2.0A and 5.0A. With h = 1.0A and

t = 30 ps, the CPU time for the CSPM and the MSPH
methods equalled 7.2 and 11.2 seconds respectively. Results
plotted in Fig. 6 reveal that the amplitude of oscillations in

(4.5)
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Fig. 8. Comparison of the axial stress distribution in the bar
computed with the MSPH method using 501 and 1001 equally
spaced particles with the analytical solution of the problem

the shock wave increases with an increase in the value of h.
The speed of the shock wave computed with the two tech-
niques is close to the analytical value of 5.395 mm/ps. For
the CSPM and h = 0.4 mm, the solution exhibits oscilla-
tions at the right end x = 0.1 m where tractions are
prescribed but no such oscillations are seen in the solution
computed with the MSPH method. For the CSPM, the stress
profile at the right end x = 0.1 m begins to become unstable
at t ~ 3.2 us for h = 1.8A but the computation is stable at
t =4psfor h < 1.7A.For h = 1.7A, the instability occurs at
t ~ 10.0 ps. The time history of the speed of the particle at
x = 0.1 m computed with the CSPM and h = 1.7A and 1.8A
is plotted in Fig. 7. We note that for & = 1.5A, computa-
tions stay stable till # = 30 ps and possibly for longer times.
However, the MSPH stays stable even when h = 5A as seen
from the plots of Fig. 6a, b. Figure 8 compares stress dis-
tribution in the bar at t = 30 us computed with the MSPH
method and A = 0.2 mm and 0.1 mm with the analytical
solution of the problem. The compressive wave is reflected
from the left free end as a tensile wave of amplitude 1 GPa.
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Fig. 9. Distribution of the axial stress in the bar at t = 4 s
computed with the MSPH method, and 501 and 1001 equally
spaced particles; a h = 1.5A, b h = 5.0A

The rectangular shape of the wave is distorted because of
numerical dissipation and the introduction of artificial
viscosity. Results computed with 1001 equally spaced
particles show improvement in the profile of the wave over
that computed with 501 equally spaced particles. Figure 9
evinces that oscillations in the wave profile are diminished
when third-order derivatives are retained in Eq. (3.1) and
the solution computed with h = 5A is also quite smooth.
We note that a larger value of 4 may be necessary in theories
involving strain gradient as an independent variable, e.g.
see Batra (1987) and Batra and Kim (1990).

4.2
Two-dimensional transient heat conduction
We use the MSPH method to solve

S = e T+ ), (59
€1[0,0.1m] x [0,0.1m] , (4.6)
T(x,y,0) =0, (4.7)
T(0,y,t) =T(0.1,y,t) = T(x,0,t) = T(x,0.1,¢)
=1. (4.8)
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Here T is the temperature, ¢t the time, k the thermal con-
ductivity, p the mass density, c the specific heat, and x and
y are the spatial coordinates that vary between 0 and 0.1.
The initial temperature of the plate is zero, and all edges
are kept at a uniform temperature of 1 K. Because of the
symmetry of the problem about the lines x = 0.05m and
y = 0.05m, temperature distribution in the region
[0.05,0.1] x [0.05,0.1] is computed with boundary condi-
tions T, =0 on x =0.05m and T, = 0 on y = 0.05m.
These boundary conditions are satisfied by including ghost
particles in the region x < 0.05m and y < 0.05m. The
temperature at a ghost particle is set equal to that of its
mirror image about the lines x = 0.05m and y = 0.05m.
Values of material parameters chosen are such that
k/(pc) = 1.

The solution of the problem by the finite difference
method (FDM) with 201 x 201 nodes is taken as the
reference solution. For the CSPM and the MSPH method,
21 x 21 uniformly distributed particles and & = 1.0A are
employed; A equals the distance between two neighboring
particles. In each case (FDM, CSPM and the MSPH) the
solution is marched forward in time by the conditionally
stable forward-difference scheme. For the MSPH method,
Eq. (4.6) is written at particle i and values of Tyy; and Ty,
are determined by solving linear simultaneous equations

(3.5). The time increment employed is 1 us. The temper-
ature distribution along the line x = 0.5m at three times,
t =150, 300 and 450 ms, computed with the three meth-
ods is depicted in Fig. 10a. The temperature found with
the CSPM and the MSPH methods is a little higher than
that with the FDM; this difference is due to the coarse
distribution of particles. For h = 1.2A, the CSPM solution
exhibits oscillations near y = 0.1 m but the MSPH solution
does not; cf. Fig. 10b. This may explain why h = A was
used by Chen et al. (1999c¢). Figure 10c evinces MSPH
results computed by taking h = 2A and 3A. The solution
stays stable and agrees with that obtained by the FDM; the
deviation between the two solutions can be diminished by
employing more particles as shown in Fig. 10d where the
MSPH solution computed with 51 x 51 uniformly spaced
particles and h = 1.5A is exhibited. The temperature dis-
tribution computed with the MSPH method agrees well
with the FDM solution.

In Fig. 11a-c, we present the locations of 21 x 21
unevenly spaced particles, and the spatial distribution of
temperature on lines x = 0.05m and y = 0.05m. The
distances between adjacent particles along the x-and
y-axes are given by

AXI = Ax1_1/1.05, Ay[ = Ay1_1/103 .

145




146

a s
104 FDM
' e MSPH, 51x51 irregular spaced particles
1 t=0.00015s 2
08 2 t=0.00030s
®1 3 t=0.00045s
&)
T 064
3
©
g
£ 044
2
0.2
0.0 .
0. 10
10 FDM
' e MSPH, 51x51 irregular spaced particles
1 t=0.00015s
2 t=0.00030s
3 t=0.00045s
o
o
2
©
8
5
|_
C
0.10

x(m)

Fig. 11. a Distribution of irregularly spaced 21 x 21 particles in
the North-East quarter of the plate, b and ¢ Variation of
temperature on lines x = 0.05m and y = 0.05m

Thus particles are closely packed near the boundaries
x =0.1m and y = 0.1 m. The smoothing length # is taken
to equal 1.5max(Axy, Ayr). Because of unequal values of

Ax; and Ay, different number of particles in the x- and the
y-directions lie in the support of the kernel function. For
the particle located at the top left corner, as many as four
particles in the y-direction may lie in the support of its
kernel. The temperature variations along the lines

x = 0.05m and y = 0.05m plotted in Fig. 11b, c reveal that
the nonuniform distribution of particles gives good
results. The differences between the MSPH and the FDM
results are a little higher for unequally spaced particles
than those with equally spaced particles.

5

Conclusions

A modification to the CSPM method is proposed that
improves the accuracy of the approximation at points near
the boundaries of the domain. The superiority of the
method has been established by approximating analytical
functions defined on one- and two-dimensional domains.
The method has been successfully applied to study wave
propagation in an elastic bar and transient heat conduc-
tion in a plate.
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