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Due to their flexibility, large surface area and high specific mechanical properties, single layer graphene
sheets (SLGSs) are potential candidates as filler materials for improving mechanical properties of
polymers. Their effective utilization as reinforcements requires strong interfacial binding with the matrix
surrounding them. The covalent functionalization of SLGSs is an effective technique to enhance this
binding. However, covalent bonds introduced by a functional group usually alter the pristine structure
of the SLGS that may affect its mechanical properties. Thus it is important to delineate effects of covalent
functionalization on elastic moduli of an SLGS. We consider five groups of different polarities, namely,
hydrogen (AH), hydroxyl (AOH), carboxyl (ACOOH), amine (ANH2), and fluorine (AF) as model
functional groups and investigate their effects on values of Young’s modulus and the shear modulus of
the SLGS. We use molecular mechanics (MM) simulations with the MM3 potential and the software
TINKER to conduct the study. The pristine and the functionalized SLGSs are deformed in simple tension
and simple shear, and from curves of the strain energy density of deformation vs. the axial strain and the
shear strain, values of Young’s modulus and the shear modulus, respectively, are derived. These values
are based on the hypothesis that the response of an SLGS is the same as that of an energetically and geo-
metrically equivalent continuum structure of wall thickness 3.4 Å. It is found that functionalization
reduces the elastic moduli of the SLGSs which could be due to nearly 120% local strains induced at the
functionalized sites of relaxed but unloaded SLGS, and the change in hybridization from sp2 to sp3. The
decrease in the value of the modulus increases with an increase in the amount of functionalization but
is essentially independent of the functionalizing agent. For 10% functionalization, Young’s modulus and
the shear modulus of the SLGS are found to decrease by about 73% and 42%, respectively. However,
the moduli of a fully functionalized SLGS are about the same as those of a 4% functionalized sheet. Even
though the moduli of the pristine armchair and zigzag SLGSs are the same, the moduli of functionalized
armchair SLGSs are about 20% less than those of the corresponding zigzag SLGSs. The work will help
material scientists interested in designing graphene sheet reinforced polymeric composites.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

A great deal of research has been devoted to investigating
mechanical properties of a single layer graphene sheet (SLGS) in
the last two decades. Methods used to find values of elastic moduli
include ab initio calculations, density functional theory (DFT),
molecular mechanics (MM) and molecular dynamics (MD) simula-
tions, continuum theories, and experimental techniques. Many of
these approaches hypothesize that the response of an SLGS to an
applied load is the same as that of an energetically and geometri-
cally equivalent continuum structure (ECS). Since an SLGS is only
an atom thick, it is a challenging task to find the wall thickness
of the ECS. In Table 1 we have summarized values of Young’s
modulus, E, basal plane stiffness, K, Poisson’s ratio, m, and wall
thickness, t, obtained by various investigators using different
techniques. Here, K, E and t are related by K = Et. We note that of
the results reported in Table 1, Kudin et al. [3] and Gupta and Batra
[12] have found values of the wall thickness to be 0.893 and 1 Å,
respectively. Neek-Amal and Peeters [13] assumed it to be 1 Å
and other researchers have taken it to equal 3.4 Å, which is the
interlayer separation distance in bulk graphite.

Due to their high elastic moduli and large surface area (theoret-
ical limit = 2630 m2/g) [16], SLGSs are desirable reinforcing materi-
als for improving mechanical properties of polymer based
composites. However, in order to effectively utilize SLGSs as
reinforcements, it is necessary to achieve their strong interfacial
binding with the surrounding matrix. Chemical functionalization
involving covalent bonding of functional groups to carbon atoms
of the SLGS is an effective method to enhance this binding.
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Table 1
Values of E, K, m and t for an SLGS reported in the literature.

Author(s) Method/potential K (N/m) E (TPa) m t (Å)

van Lier et al. [1] Ab initio �377 1.1 3.4
Liu et al. [2] Ab initio �357 1.05 0.186 3.4
Kudin et al. [3] Ab initio 345 3.86 0.149 0.894
Arroyo and Belytschko [4] Brenner’s 1st generation 236 0.412

Brenner’s 2nd generation 243 0.397
Konstantinova et al. [5] DFT �420 1.24 3.4
Faccio et al. [6] DFT 323 0.18
Klintenberg et al. [7] DFT 358
Lee et al. [8] Nano-indentation (experimental) 340 ± 50
Reddy et al. [9] Tersoff–Brenner

-Along zigzag �227 0.669 0.416 3.4
-Along armchair �276 0.812 0.465 3.4

Cadelano et al. [10] Tight binding atomistic simulations 312 0.31
Jiang et al. [11] MD with Brenner’s 2nd generation potential 318–369 0.95–1.1 0.17 3.35
Gupta and Batra [12] MM with MM3 potential 340 3.4 0.21 1
Neek-Amal and Peeters [13] MD with Brenner’s bond-order potential 1.3 ± 0.07 1
Neek-Amal and Peeters [14] MD with Brenner’s bond-order potential 164–211 0.49–0.63 3.35
Lajevardipour et al. [15] Monte Carlo with the valence force field model of Perebeinos and Tersoff 350.42 ± 3.15
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However, the introduction of covalent bonds by functional groups
alters the pristine structure of the SLGS that may degrade its
mechanical properties. Hence, it is important to determine the
effect of covalent functionalization on elastic moduli of SLGSs.

Pei et al. [17,18] investigated mechanical properties of
hydrogen (AH) and methyl (ACH3) functionalized SLGSs using
MD simulations with the adaptive intermolecular reactive bond
order (AIREBO) potential. They found that Young’s modulus of
the SLGS decreased by 30% and the tensile strength and the
fracture strain dropped by 65% when all atoms of the SLGS were
functionalized with hydrogen. For 30% atoms of the SLGS function-
alized with the methyl group, the elastic modulus, the tensile
strength and the fracture strain were found to decrease by 18%,
43% and 47%, respectively. Zheng et al. [19] used MM and MD
simulations and the condensed phase optimized molecular poten-
tial for atomistic simulation studies (COMPASS) force field to
investigate the effect of chemical functionalization on mechanical
properties of an SLGS at 1 K. They found 42.2% reduction in Young’s
modulus with 16% functionalization with the carboxyl (ACOOH)
group, and �41.5% drop in the shear modulus with 7.5% function-
alization with the hydroxyl group. Kheirkhah et al. [20] used MD
simulations with the AIREBO potential to study shear deformations
of AH functionalized SLGSs at 300 K, and found that the shear
modulus of the SLGS gradually decreased with an increase in the
functionalization to 50% with hydrogen.

The polarity of a functional group covalently bonded to carbon
atoms of the SLGS is an important factor in determining binding
between the two, and with a matrix material. Here we consider
five groups of different polarities, namely, hydrogen (AH),
hydroxyl (AOH), carboxyl (ACOOH), amine (ANH2), and fluorine
(AF) as model functional groups and determine their effects on
elastic moduli of SLGSs for varying percentage of functionalization.
We employ MM simulations with the MM3 potential and the freely
available software TINKER [21] to perform the study.
2. Molecular mechanics simulations

2.1. Force-field

As in our previous work on single wall carbon nanotubes
(SWCNTs) [22] and on SLGSs by Gupta and Batra [12], we use
the MM3 potential [23] with higher order expansions and
cross-terms to model interatomic interactions. We note that
the basal plane stiffness of 340 N/m found using the MM3 poten-
tial agrees with that found experimentally [24]. This potential,
given by Eq. (1), is suitable for studying deformations of an SLGS
because of similarities between sp2 bonds in the hexagonal
structure of graphene and the hexagonal structure of aromatic
proteins for which the potential was originally developed. For
this potential the energy of the system equals the sum of ener-
gies due to bonded and non-bonded interactions. The contribu-
tions for bonded interactions come from bond stretching (Us),
in-plane angle bending (Uh), out-of-plane bending (Uc), torsion
(U/), and cross-interactions including stretch–bend (Ush), angle–
angle ðUhh0 Þ and stretch–torsion (Us/). The non-bonded interac-
tions are van der Waals (UvdW) and dipole–dipole electrostatic
ðUll0 Þ.

Us ¼ 71:94Ksðr � r0Þ2 1� 2:55ðr � r0Þ þ
7

12
ð2:55ðr � r0Þ2Þ

� �

Uh ¼0:0219Khðh� h0Þ2 1� 0:014ðh� h0Þ þ 5:6ð10�5Þðh� h0Þ2
h

� 7:0ð10�7Þðh� h0Þ3 þ 2:2ð10�8Þðh� h0Þ4

Uc ¼ 0:0219Kcc2 1� 0:014cþ 5:6ð10�5Þc2 � 7:0ð10�7Þc3
h

þ 2:2ð10�8Þc4

U/ ¼ ðV1=2Þð1þ cos /Þ þ ðV2=2Þð1� cos 2/Þ þ ðV3=2Þð1þ cos 3/Þ

Ush ¼ 2:511Ksh ðr � r0Þ þ ðr0 � r00Þ
� �

ðh� h0Þ

Uhh0 ¼ �0:021914Khh0 ðh� h0Þðh0 � h00Þ

Us/ ¼ �5:9975Ks/ðr � r0Þð1þ cos 3/Þ

UvdW ¼ e �2:25ðrv=rÞ6 þ 1:84ð105Þ expf�12:00ðr=rvÞg
h i

Ull0 ¼
14:3928 ll0ðcosv� 3 cos a cos a0Þ½ �

R3D
ð1Þ

Parameters r, h, h
0

and / in Eq. (1) are shown in Fig. 1(a).
Variables h and h

0
appearing in Uhh0 are two bond angles centered

at the same atom. If an atom is bonded to three other atoms, the
angle between one of the bonds and the plane defined by the three
adjacent atoms is represented by c. Variables r and r

0
in the

expression for Ush equal lengths of the two bonds which make
angle h between them. A subscript, 0, on a variable represents its
value in the configuration of the minimum potential energy with



Fig. 1. Definitions of some variables in the MM3 potential. (a) Parameters r, h, h
0

and / [12]; (b) parameters in dipole–dipole interaction [22].
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no external loads applied to the SLGS. Material parameters e and rv

represent an energy scale factor and the van der Waals distance,
respectively. As depicted in Fig. 1(b), variables l and l

0
are bond

centered dipole moments, v is the angle between two dipoles, a
and a

0
are angles made by two dipoles with the line connecting

their centers, and R is the distance between their centers. Values
of constants Ks, Kh, Kc, V1, V2, V3, e, rv, Ksh, Ks/, Khh0 ; and D given by
Ponder [21] are used in this work.

2.2. Modeling of functionalized SLGSs

Functionalization of a finite zigzag SLGS of size 50 Å � 50 Å is
considered as a model problem. The molecular structure of a
functionalized SLGS is obtained from topologies of the pristine
SLGS and the functional group. All simulations are done with a
cut-off distance of 9.5 Å and at zero Kelvin. First, the potential
energy of the SLGS is minimized by using the steepest decent
algorithm with the root mean square (rms) gradient of
0.001 kcal/mol/Å to obtain its relaxed configuration. The size of
the relaxed sheet is found to be 47.10 Å � 47.75 Å. The functional
group is then positioned adjacent to a carbon atom of the relaxed
SLGS and the potential energy of the structure is minimized to
obtain the relaxed configuration of the functionalized SLGS. We
note that the introduction of covalent bonds at the functionalized
sites alters the hybridization of the affected carbon atoms from
sp2 to sp3.

Five functional groups, namely, hydrogen, hydroxyl, carboxyl,
amine, and fluorine are considered. We analyze deformations of
SLGSs functionalized with each of these functional groups with
the amount of functionalization varied from 0% to 10%. The per-
centage of functionalization is defined as the ratio of the number
of carbon atoms to which atoms of a functional group are attached
to the total number of carbon atoms in the SLGS. Thus zero per-
centage of functionalization represents the pristine SLGS. We also
study hybrid functionalized SLGSs in which equal number of car-
bon atoms are functionalized with hydrogen and carboxyl groups.

The carbon atoms to which a functional group is attached are
randomly selected. However, the same set of atoms, except for
the fluorine group, is used for different functional groups to main-
tain consistency in numerical experiments. For an SLGS functional-
ized with fluorine, we could not bond fluorine atoms to two carbon
atoms which are either bonded together (which makes distance
between two F atoms, dF–F = 1.34 Å) or are bonded to a common
carbon atom (which corresponds to dF–F = 2.33 Å). However, we
could functionalize all carbon atoms of the SLGS with fluorine by
having covalently bonds pointing upwards and downwards on
alternate carbon atoms (see Fig. 4). Lee et al. [25], using DFT, found
that when two fluorine atoms in a functionalized SLGS come closer
than 2.892 Å, the relative energy of graphene-F2 becomes very high
that makes CAF bonding less favorable. However, they could
obtain stable configuration of 100% fluorinated graphene which
is consistent with the work of Johns and Hersam [26]. We also
study SLGSs fully (100%) functionalized with hydrogen and
hydroxyl groups. We could not fully functionalize SLGSs with
either carboxyl or amine groups since the distance between two
farthest atoms in these groups is larger than the CAC bond length
in the SLGS.

Fig. 2 depicts schematics of the functional groups covalently
bonded to a carbon atom of the SLGS. Unless otherwise mentioned,
atoms in green, navy, olive, blue, and pink color represent carbon,
hydrogen, oxygen, nitrogen, and fluorine, respectively. These con-
figurations reveal that the covalent bond between the carbon atom
and a functional group pulls the carbon atom out of the plane of
the SLGS resulting in the distortion at the functionalized site.
Fig. 3(a)–(f) exhibits schematics of SLGSs 2% functionalized with
hydrogen, hydroxyl, carboxyl, amine, fluorine, and hybrid (hydro-
gen and carboxyl), respectively. In Fig. 4 we have depiced schemat-
ics of an SLGS 100% functionalized with the fluorine group; similar
sketches for the SLGSs 100% functionalized with AH and AOH
groups are not shown. In the 100% functionalized SLGSs alternate
carbon atoms have a functional group covalently bonded to them
pointing upwards and downwards. We note that the relaxed (or
equilibrated) SLGSs partially functionalized with any of these five
groups are not flat. However, the mid-surface of the 100% function-
alized SLGS is indeed flat.

2.3. Virtual tension/compression and shear tests

Boundary conditions on SLGSs are applied on carbon atoms one
row away from the ends in order to mitigate effects of unsaturated
ends. In Fig. 5(a) and (b) we have shown displacements applied on
carbon atoms at the right edge of the SLGS for simulating virtual
tension and shear tests, respectively. The X- and the Y-coordinate
axes are oriented along the zigzag and the armchair directions,
respectively. In numerical tension/compression tests, carbon
atoms on a row near one end of the SLGS are fixed and incremental
axial displacements are applied to carbon atoms on the corre-
sponding row near the other end as depicted in Fig. 5(a). After each
displacement increment, the potential energy of the sheet is min-
imized and the strain energy of the deformed sheet is computed by
subtracting from it the potential energy of the unstrained sheet.
The strain energy density is computed by dividing the strain
energy by the volume of the SLGS which is taken equal to that of
the ECS of in-plane area equal to the undeformed but relaxed SLGS
and thickness equal to 3.4 Å which is the interlayer separation in
bulk graphite. We note that when the SLGS is functionalized, its
in-plane area changes and the functionalized SLGS is not a perfect
rectangle. In Table 2, we have listed the average length, a, and the



Fig. 2. Schematics of a carbon atom of the graphene attached with (a) hydrogen (AH), (b) hydroxyl (AOH), (c) carboxyl (ACOOH), (d) amine (ANH2), and (e) fluorine (AF)
groups.

Fig. 3. Schematic sketches of SLGSs with 2% atoms functionalized with (a) AH, (b) AOH, (c) ACOOH (d) ANH2, (e) AF, and (f) hybrid groups.

Fig. 4. Schematic sketch of an SLGS having all atoms functionalized with the AF group.
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Fig. 5. For a zigzag SLGS, depiction of boundary conditions for (a) virtual tension test and (b) virtual shear test. Shapes of the SLGS deformed in tension and shear are shown in
Figs. (a0) and (b0) respectively. The black line near the left edge shows the row of fixed atoms and the red line near the right edge shows the row of atoms to which
displacements are applied. Structures in green and blue colors correspond to unstrained and strained SLGSs, respectively. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Table 2
Average length and average width of functionalized SLGS in their relaxed configurations.

% Functionalization Hydrogen Hydroxyl Carboxyl Amine Fluorine Hybrid

a (Å) b (Å) a (Å) b (Å) a (Å) b (Å) a (Å) b (Å) a (Å) b (Å) a (Å) b (Å)

2 45.89 45.56 45.88 45.55 45.86 45.54 45.86 45.53 45.86 45.54 45.88 45.55
4 46.00 45.71 45.98 45.70 45.95 45.68 45.95 45.66 45.96 45.65 45.98 45.69
6 46.08 45.82 46.05 45.80 45.99 45.73 45.99 45.73 45.99 45.79 46.04 45.79
8 46.15 45.78 46.12 45.76 46.01 45.63 46.03 45.65 46.09 45.73 46.11 45.75

10 46.12 45.65 46.04 45.59 45.93 45.37 45.95 45.43 46.06 45.69 46.08 45.72
100 49.66 48.02 51.84 50.88 – – – – 49.62 49.29 – –
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average width, b, of each functionalized sheet which are used to
calculate the in-plane area of the sheet.

A polynomial is fitted by the least squares method to the data
points (strain energy density, axial strain). The first and the second
derivatives of the strain energy density with respect to the axial
strain yield the corresponding average axial stress and the average
Young’s modulus, respectively. This procedure is the same as that
used by Gupta and Batra [12] and by Sears and Batra [27] to find
Young’s modulus of an SGLS and an SWCNT, respectively. Further-
more, when axial tensile/compressive strain is applied to the SLGS,
transverse strain is developed in the sheet due to Poisson’s effect.
For infinitesimal deformations, the negative of the ratio of the
transverse strain (away from the fixed left edge) to the axial strain
equals Poisson’s ratio. Similarly, the SLGSs are deformed in simple
shear by applying tangential displacements rather than axial dis-
placements as shown in Fig. 5(b) and the average shear modulus
is computed as the second derivative of the strain energy of shear
deformation with respect to the shear strain. The shapes of the
pristine SLGS deformed in tension and shear are displayed in
Fig. 5(a’) and (b’), respectively.

3. Results

3.1. Validation of functionalization

In the relaxed configuration of the functionalized SLGS, the
equilibrium bond length between carbon atoms of the graphene
and the adjoining atoms of the functional group, if present, is com-
puted. In Fig. 6 we have displayed a typical portion of the SLGS.
When a hydrogen atom is attached to atom 1 in the Fig., the result-
ing bond lengths and bond angles are summarized in Table 3. We
note that the torsion angle between atoms a–c–d and b–c–d is the
angle between the planes defined by atoms {a, c, d} and {b, c, d}
and the HACAC is the angle H-1–3.



Fig. 6. A portion of the pristine SLGS.

Table 3
Values of various parameters for the pristine SLGS and a functionalized SLGS.

Pristine SLGS AH functionalized SLGS

Bond lengths (Å)
1–2 Length 1.34 1.49
1–3 Length 1.35 1.49
2–3 Length 1.35 1.49
CAH Length – 1.12

Bond angles (�)
4–1–3 Angle 119.91 112.35
4–1–2 Angle 120 112.21
3–1–2 Angle 120 112.22
HACAC Angle – 106.67

Torsion angles (�)
Angle between 4–1–3 and 2–1–3 �180 �127.42
Angle between 4–1–2 and 3–1–2 �180 127.39
Angle between 3–1–4 and 2–1–4 �180 127.37

Fig. 7. Structures of (a) methanol, (b) acetic acid, and (c) amino methane generated
using SMILES.

Table 4
Values of geometric parameters in the hydroxyl group.

Methanol AOH functionalized SLGS

RAOAH angle (�) 108.13 109.42
RAO length (Å) 1.43 1.43
OAH length (Å) 0.95 0.95

R denotes sp3 hybridized carbon atom.

Table 5
Values of geometric parameters in the carboxyl group.

Acetic acid ACOOH functionalized SLGS

CAOAH angle (�) 107.39 108.02
RACAO angle (�) 112.04 112.70
RAC@O angle (�) 126.04 126.28
CAO length (Å) 1.35 1.35
C@O length (Å) 1.20 1.21
OAH length (Å) 0.97 0.97
RAC length (Å) 1.50 1.55

R denotes sp3 hybridized carbon atom.

Table 6
Values of geometric parameters in the amine group.

Amino
methane

ANH2 functionalized
SLGS

HANAH bond angle (�) 106.35 106.35
RANAH bond angle (�) 112.35 113.45
Dihedral angle between two RANAH

planes (�)
119.78 121.64

NAH bond length (Å) 1.01 1.02
RAN bond length (Å) 1.46 1.46

R denotes sp3 hybridized carbon atom.
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The CAC length, 1.49 Å reported in Table 3 agrees well with
1.493 Å [28], and the CAH length, 1.12 Å listed in Table 3 compares
well with 1.125 Å [28] and 1.13 Å [29] obtained with DFT calcula-
tions. Dzhurakhalov and Peeters [30] studied hydrogenation of a
SLGS using the second generation reactive empirical bond order
Brenner inter-atomic potential. They found CAC and CAH lengths
to be 1.52 Å and 1.09 Å, respectively, and HACAC and CACAC
angles to be 107.2� and 111.6�, respectively, which are comparable
with those reported in Table 3.

The CAF bond length in the 100% fluorine functionalized SLGS
at 0 K is found to be 1.37 Å, which compares well with
1.36–1.37 Å given by ab initio calculations [31] and 1.41 Å [32],
and 1.40 Å [33] given by the reactive force field (ReaxFF) potential
at the room temperature. Also, the CAC bond length in this
fluorinated sheet at 0 K is found to be 1.51 Å compared to 1.58 Å
given by ReaxFF potential [32] at room temperature.

Methanol (CH3OH), acetic acid (CH3COOH), and amino methane
(CH3NH2) are simple structures representing covalent bonds
between a sp3 hybridized carbon and hydroxyl, carboxyl, and
amine functional groups, respectively. These structures are
generated by using the simplified molecular-input line-entry
system (SMILES) [34,35] which is used to describe the structure
of a chemical molecule shown in Fig. 7.

In order to validate the functionalization of the SLGS with
hydroxyl, carboxyl, and amine groups, the bond angles and the
bond lengths of the functional groups in the relaxed configuration
of the functionalized SLGSs have been measured and compared in
Tables 4–6 with those in methanol, acetic acid and amino methane.
It is evident that there is good agreement between the two sets of
values.

3.2. Potential energies of functionalized SLGSs

In Fig. 8 we have plotted potential energies of the functionalized
SLGSs in their relaxed configuration as a function of the amount of
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functionalization. These plots reveal that the potential energy of
the functionalized SLGS monotonically increases with the amount
of functionalization. We have shown in Fig. 9(a)–(f) the contribution
from each term of the MM3 potential to the total potential energies
of AH, AOH, ACOOH, ANH2, AF, and hybrid functionalized SLGSs,
respectively.

Results presented in Fig. 9(a)–(f) indicate that the functionaliza-
tion influences energies due to bond stretching, angle bending,
torsion and van der Waals interactions. Only for the SLGS function-
alized with hydroxyl, carboxyl, and amine groups, the dipole–
dipole interactions contribute noticeably to the potential energy
of the system. The functionalization alters bond lengths, bond
angles and torsion angles as evidenced by values listed in Table 3.
These increase energies due to bond stretching, angle bending and
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Fig. 9. For 0%, 2%, . . ., 10% functionalization, individual energy components for the relax
functionalized SLGSs.
torsion energy components, as illustrated, respectively, by their
values depicted in Fig. 9.

3.3. Local strains due to functionalization

The configurations depicted in Figs. 2 and 3 indicate that the
functionalization deforms the SLGS by pulling the affected carbon
atom out of the plane which may introduce high local strains in
the SLGS at the functionalized sites. We determine these local
strains by assuming that the SLGS can be regarded as a continuum
structure. First we compute displacements (u, v, w) of all carbon
atoms of the SLGS from their coordinates (x, y, z) in the relaxed
functionalized and (X, Y, Z) in the relaxed pristine configurations
from the relations
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ed configurations of (a) AH, (b) AOH, (c) ACOOH, (d) ANH2, (e) AF and (f) hybrid



(a)

 X/a

 Y
/b

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

(b)

(c)

 X/a

 Y
/b

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

 X/a

 Y
/b

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

Fig. 10. Components of the Green-St. Venant strain tensor (a) Exx, (b) Eyy, and (c) Exy

in the SLGS 2% functionalized with the AH group.
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u ¼ x� X; v ¼ y� Y; w ¼ z� Z ð2Þ

Note that the relaxed pristine SLGS is flat at 0 K, hence Z-coor-
dinates of all carbon atoms are zero. Next, we use in-built functions
in MATLAB to interpolate displacements at a point in the contin-
uum sheet and compute the displacement gradients at various
F
1

points. From values of the displacement gradients, we find in-plane
components of the Green-St. Venant strain tensor, E, from the
following equations [36]:
Eij ¼
1
2

@ui

@Xj
þ @uj

@Xi
þ @uk

@Xi

@uk

@Xj

� �
ði; j ¼ 1;2; k ¼ 1;2;3Þ ð3Þ

Unless mentioned otherwise, (u1, u2, u3) represent (u, v, w). In
Eq. (3), (X1, X2) correspond to (X, Y) and E11, E22, E12 represent Exx,
Eyy, Exy, respectively. Furthermore, the repeated index k implies
summation over its range, 1, 2, and 3. In Fig. 10 we have exhibited
fringe plots of Exx, Eyy and Exy in the SLGS 2% functionalized with
AH group; that for the AOH group is similar to the one for the
AH group. The coordinate axes have been normalized with their
lengths a = 47.10 Å and b = 47.75 Å in the relaxed configuration of
the pristine SLGS. These plots suggest that the magnitude of the
local axial strain, Exx or Eyy, at the functionalized sites of both
sheets is about 0.14 even when the potential energy of the
functionalized SLGS has been minimized. The maximum in-plane
shear strain, Exy, equals about 0.06. Similar results are obtained
for the SLGS functionalized with other functional groups but are
omitted for the sake of the brevity. We note that since the plane
of the SLGS is defined by Z = 0, we cannot obtain transverse compo-
nents of the Green-St. Venant strain tensor, E. However, we can



Table 7
Maximum values of components of the Almansi–Hamel strain tensor in SLGS 2%
functionalized with AH and AOH groups.

Maximum values of strain components AH AOH

gxx 0.10 0.09
gyy 0.10 0.09
gzz 1.28 1.16
gxy 0.05 0.06
gxz 0.93 0.90
gyz 0.56 0.79
ge 2.28 2.15
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Fig. 12. Strain energy density of the pristine SLGS vs. the axial strain computed
using the MM3 potential.
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Fig. 13. Poisson’s ratio vs. axial strain for the pristine SLGS.
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Fig. 14. Strain energy density of the pristine SLGS vs. the shear strain computed
using the MM3 potential.
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obtain all six components of the Almansi–Hamel strain tensor, g,
from the following equations since the z-coordinates of carbon
atoms are nonzero in the functionalized or the current configura-
tion [36].
20

(J
/m

3 )
 

0 2 4 6 8 10
gij ¼
1
2
@ui

@xj
þ @uj

@xi
� @uk

@xi

@uk

@xj

� �
ði; j; k ¼ 1;2;3Þ ð4Þ

In Eq. (4), (x1, x2, x3) correspond to (x, y, z) and g11, g22, g33, g12,
g13, g23 represent gxx, gyy, gzz, gxy, gxz, gyz, respectively.

The maximum values of components of the Almansi–Hamel
strain tensor in 2% AH and AOH functionalized SLGSs, listed in
Table 7, indicate that functionalization can induce very high
(�120%) values of the transverse normal and the transverse shear
strains. We note that of all six components of Almansi–Hamel
strain tensor at a point, transverse normal strain is dominant. From
the components of Almansi–Hamel strain tensor, we calculate the
effective strain, ge [36] using Eq. (5). The values of the effective
strain in 2% AH and AOH functionalized sheets as reported in
Table 7 are found to be more than 200%.
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Fig. 15. Variation of the strain energy density with the axial strain for the ACOOH
functionalized SLGSs with the percentage of functionalization varied from 0% to
10%.
ge ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2

g2
xx þ g2

yy þ g2
zz þ 2g2

xy þ 2g2
xz þ 2g2

yz

� �r
ð5Þ

The sheets may rupture during the functionalization process
due to such high local strains induced in them. However, no failure
criteria are included in our work.

For elastic deformations stresses at a point are unique functions
of strains at that point. Thus stresses at points of high strains will
also have high values. Namilae et al. [37] computed stresses at the
sites of functionalized atoms in their molecular dynamics simula-
tions of functionalized SWCNTs. We note that the computation of
stresses usually (e.g. by the Hardy method [38]) requires averaging
over a small domain that can smear out their values. Hardy’s
method requires averaging over a sphere centered at the point of
interest in the current configuration, and thus cannot be easily
adapted to the current situation because of the scarcity of atoms
in the sphere with the center at the functionalized carbon atom.

Another measure of deformations of the SLGS due to function-
alization is the strain energy of deformation. In Fig. 11(a) and (b)
we have depicted fringe plots of the strain energy of the SLGS in
kcal/mol due to 2% and 10% of hydrogen functionalization, respec-
tively. We note that the scales used in the two Figures are different.
The maximum strain energy in the 10% hydrogen functionalized
SLGS is about twice of that in the 2% hydrogen functionalized SLGS.
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Fig. 16. (a) Break down of the total strain energy of deformation (at 0.06% tensile strain) into individual energy components for hybrid functionalized SLGSs with percentage
of functionalization varying from 0% to 10%, and (b) the total strain energy on magnified scale.

Table 8
Young’s modulus of the SLGSs functionalized with different groups.

Young’s Modulus (TPa)

% Functionalization Hydrogen Hydroxyl Carboxyl Amine Fluorine Hybrid

0 1.04 1.04 1.04 1.04 1.04 1.04
2 0.78 0.76 0.76 0.78 0.76 0.77
4 0.54 0.53 0.61 0.61 0.47 0.59
6 0.44 0.44 0.47 0.49 0.37 0.47
8 0.37 0.36 0.38 0.41 0.32 0.39

10 0.28 0.25 0.28 0.28 0.22 0.28
100 0.54 0.72 – – 0.52 –
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3.4. Results of virtual experiments

The pristine and functionalized zigzag SLGSs are deformed in
tension/compression and shear and values of the elastic moduli
are deduced by the method described in Section 2.3.
3.4.1. Pristine SLGS
The variation of the computed strain energy density with the

axial strain for the pristine SLGS is shown in Fig. 12.
Table 9
Basal plane stiffness (K) of fully functionalized SLGS with AH and AF reported by various

Reference Method/potential

Present MM/MM3

Pei et al. [17] MD/AIREBO
Li et al. [41] MD/AIREBO
Leenaerts et al. [42] DFT

Cadelano and Colombo [43] Combined continuum elasticity a
Singh et al. [32] MD/ReaxFF

Table 10
Shear modulus of the SLGSs functionalized with different groups.

Shear Modulus (TPa)

% Functionalization Hydrogen Hydroxyl

0 0.26 0.26
2 0.21 0.21
4 0.18 0.18
6 0.14 0.14
8 0.15 0.15

10 0.15 0.14
100 0.16 0.15
The third order polynomial fit to the data with the regression
coefficient of 1.0 is

Wv ¼ �7:53ð1011Þ23 þ 5:22ð1011Þ22 � 1:04ð106Þ 2 ð6Þ

where Wv is the strain energy density in J/m3 and 2 is the nominal
axial strain. Thus, expressions for the axial stress r and the modulus
of elasticity, E, in Pa are

r ¼ �2:26ð1012Þ22 þ 1:04ð1012Þ 2 �1:04ð106Þ ð7Þ

E ¼ �4:52ð1012Þ 2 þ1:04ð1012Þ ð8Þ

Young’s modulus, E, at zero strain is 1.04 TPa which corre-
sponds to the basal plane stiffness, K, of 353.6 N/m. This value of
E or K compares well with the range of values reported in Table 1
obtained using various methods. Eq. (8) indicates that E for an
axially stretched SLGS decreases with an increase in the axial
strain. Furthermore, for the same value of the axial strain, E is
lower for the axially stretched sheet than that of an axially
compressed SLGS. Furthermore, from results of the tension/
compression tests, the computed variation of Poisson’s ratio (or
function) with the axial strain plotted in Fig. 13 shows that
Poisson’s ratio at zero strain equals 0.19. This value of Poisson’s
investigators.

Functional group K (N/m)

AH 183.6
AF 176.8
AH 200.6
AH 204.0
AH 241.4
AF 224.4

nd DFT AH 217.6
AF 250.0

Carboxyl Amine Fluorine Hybrid

0.26 0.26 0.26 0.26
0.21 0.21 0.21 0.21
0.17 0.17 0.16 0.18
0.14 0.14 0.11 0.14
0.14 0.15 0.14 0.15
0.14 0.15 0.13 0.15
– – 0.17 –
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ratio agrees well with 0.186 given by ab initio calculations [2], 0.18
given by DFT calculations [6] and 0.21 given by MM simulations
[12]. Poisson’s ratio slowly decreases with an increase in the axial
strain.

In Fig. 14 we have illustrated the strain energy density vs. the
shear strain for the pristine SLGS. The third order polynomial fitted
through data points with the regression coefficient of 1.0 is

Wv ¼ �4:67ð109Þc3 þ 1:29ð1011Þc2 � 4:17ð104Þc ð9Þ

where c is the shear strain. Thus, expressions for the shear stress s
and the shear modulus G in Pa are
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Fig. 17. For 0–10% functionalization, the axial stress–axial strain curves for the
ANH2 functionalized SLGSs deformed in tension.

Table 11
Average values of E and G for five groups of randomly selected carbon atoms for 4%
AH functionalized SLGS.

Sample E (TPa) G (TPa)

1 0.54 0.18
2 0.62 0.22
3 0.56 0.22
4 0.64 0.21
5 0.63 0.19
% Standard deviation 4.07 1.59

Table 12
Values of E and G for pristine and 4% functionalized zigzag and armchair SLGSs.

SLGS E (TPa) G (TPa)

Zigzag Armchair % Difference Zigzag Armchair % Difference

Pristine 1.04 1.04 0 0.26 0.26 0
AH 0.54 0.38 28 0.18 0.22 �18
AOH 0.53 0.38 27 0.18 0.22 �22
ACOOH 0.61 0.46 25 0.17 0.22 �24
ANH2 0.61 0.46 25 0.17 0.13 �27
AF 0.47 0.38 19 0.16 0.21 �29

Table 13
Values of E and G for pristine and 4% functionalized zigzag SLGSs of different sizes.

Unrelaxed size E (TPa) G (TPa)

Pristine 4% AH
functionalized

Pristine 4% AH
functionalized

50 Å � 50 Å 1.04 0.54 0.26 0.18
75 Å � 75 Å 1.03 0.48 0.27 0.16
100 Å � 100 Å 1.02 0.46 0.26 0.11
Standard deviation 0.01 0.04 0.006 0.036
s ¼ �1:40ð1010Þc2 þ 2:58ð1011Þc� 4:17ð104Þ ð10Þ
G ¼ �2:80ð1010Þcþ 2:58ð1011Þ ð11Þ

The shear modulus at zero shear strain equals 0.26 TPa which
agrees with 0.28 TPa [39] found experimentally, 0.28 TPa [19]
and 0.29 TPa [20] computed by MD simulations, and 0.22 TPa
obtained by atomistic simulations [40].
3.4.2. Functionalized SLGSs
3.4.2.1. Young’s modulus. For hydrogen, hydroxyl, carboxyl, amine,
fluorine, and hybrid functionalized SLGSs, the strain energy density
vs. the axial strain curves for different percentages of functionali-
zation were plotted. Since they are similar for each functional
group, only those for the carboxyl group are depicted in Fig. 15.
The applied compressive axial strains are kept small enough to
avoid local bucking due to non-uniformities in the structure of
the functionalized SLGSs. Results in these plots evince that for each
value of the axial strain the functionalization reduces the strain
energy of deformation from that of the pristine SLGS. In order to
better understand the effect of functionalization on the strain
energy of deformation, we have exhibited in Fig. 16 the contribu-
tion of different energy terms to the total strain energy of deforma-
tion at 0.06% axial strain due to the six functionalization groups
studied.

The normalized strain energies plotted in Fig. 16 reveal that the
functionalization mainly reduces the strain energy associated with
the bond stretching component of the MM3 potential and
increases the strain energy due to van der Waals interaction. How-
ever, as a net effect, the total strain energy of the SLGS decreases
due to functionalization and the reduction in the strain energy
increases with an increase in the percentage of functionalization.
We note that energie: in Fig. 16 are normalized with respect to
the strain energy of the pristine SLG: at 0.06% axial strain.

The axial stress–axial strain curves for the ANH2 functionalized
SLGS deformed in simple tension are plotted in Fig. 17; curves for
the other functional groups are omitted since they are similar to
those shown for the ANH2 group.

These results suggest that the functionalization reduces the
slope of the axial stress–axial strain curve and hence Young’s
modulus, E, of the functionalized sheet is less than that of the pris-
tine sheet. Moreover the value of E decreases with an increase in
the percentage of functionalization. This reduction in the value of
E could be caused by the local high strains induced in the SLGS
due to functionalization as evidenced by results exhibited in
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Fig. 18. Variation of the strain energy density with the shear strain for the AF
functionalized SLGSs with the percentage of functionalization varied from 0% to
10%.
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Fig. 19. Break down of the total strain energy of deformation (at 0.52% shear strain) into individual energy components for (a) AH, (b) AOH, (c) ACOOH, (d) ANH2, (e) AF, and
(f) hybrid functionalized SLGSs with percentage of functionalization varying from 0% to 10%.
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Figs. 10 and 11. Values of E for the functionalized SLGSs for
different percentages of functionalization are listed in Table 8.
These values are found by using average values of the axial strain
and the axial stress.

Values of E listed in Table 8 suggest that E decreases with an
increase in the amount of functionalization, is nearly independent
of the functionalizing agent, and E for fully functionalized SLGS is
about the same as that for the 2–4% functionalized SLGS. The
relaxed configuration of the unloaded fully functionalized SLGS is
flat and there are no high local strains induced in it. Thus deforma-
tions of the fully functionalized SLGS are nearly homogeneous but
those of the partially functionalized SLGS are inhomogeneous. The
values of the basal plane stiffness K of fully functionalized SLGSs
displayed in Table 9 shows that our results agree with those
obtained by other investigators.
In order to check if any inelastic deformations had been introduced
during the numerical experiments, we unloaded the SLGS and found
for a given value of the axial displacement, the strain energy of defor-
mation during loading equaled that during unloading.
3.4.2.2. Shear modulus. We have plotted in Fig. 18 the strain energy
density vs. the shear strain curves for the fluorine functionalized
SLGS which are typical for the six functional groups studied. These
results suggest that the functionalization reduces the strain energy
of shear deformation from that of the pristine SLGS, and the
reduction in the strain energy increases with an increase in the
amount of functionalization. However, the strain energy does not
vary much with the increase in the amount of functionalization
beyond 6%. Furthermore, the decrease in the strain energy density
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is not monotone with respect to the increase in the amount of
functionalization.

The contribution from different components to the total strain
energy of shear deformation for the SLGSs functionalized with
AH, AOH, ACOOH, ANH2, AF, and hybrid groups are depicted in
Fig. 19(a)–(f), respectively. Note that the energies depicted in
Fig. 19 are normalized with respect to the strain energy of shear
deformation of the pristine SLGS. These results suggest that while
various components affect the strain energy, the net effect is a
decrease in the strain energy of the SLGS when it is functionalized.

In Table 10 we have listed values of the shear modulus of the
SLGS functionalized with different functional groups and for vary-
ing percentage of functionalization.

Values reported in Table 10 suggest that the functionalization
decreases the shear modulus of the SLGS, and the reduction is
essentially the same for different functional groups. The shear
modulus is found to decrease monotonically with an increase in
the percentage of functionalization up to 6%, beyond that it does
not change much. The value 0.15 TPa of the shear modulus for 8%
AOH functionalized SLGS compares well with 0.17 TPa [19]
obtained using MD simulation with the COMPASS force field for
7.5% AOH functionalization.

In our study of SWCNTs [22], we found 61% and 55% reduction
in the values of E and G, respectively, when the SWCNT is 100%
functionalized with the hydrogen group. Here E and G for the
SLGS are found to decrease by 48% and 38%, respectively, suggest-
ing that a fully functionalized SLGS may be a better candidate for
reinforcement in nano-composites than a fully functionalized
SWCNT. Of course, the two reinforcements have different shapes
and will provide strengths in different directions of the
composite.

3.4.3. Effect of random selection of atoms on values of elastic moduli
As stated before the carbon atoms for functionalization are ran-

domly selected. For the SLGS functionalized with the AH group, we
conducted numerical experiments in tension/compression and
shear for five sets of 4% randomly selected carbon atoms to which
functional groups were attached. The average values of E and G
listed in Table 11 differ from each other by 4% and 1.6%, respec-
tively, implying that the selection of carbon atoms for functionali-
zation has virtually no effect on the mean value of the elastic
moduli of functionalized SLGSs.

3.4.4. Effect of chirality
In order to investigate the effect of chirality on the elastic mod-

uli of SLGSs, we performed virtual experiments on the pristine and
4% functionalized SLGSs. In Table 12 we have listed values of the
elastic moduli in the zigzag and the armchair configurations of
the SLGS. With values taken in the zigzag direction as the reference
values, we have computed the deviation of values in the armchair
configuration. The 20–30% difference in the two values of the
elastic moduli suggests that the ECS of the functionalized SLGS is
not isotropic even for deformations in the plane of the sheet but
that of the pristine SLGS is. Thus functionalization introduces
anisotropy in the plane of the SLGS.

3.4.5. Effect of sample size of finite SLGSs
As mentioned earlier, we study deformations of a finite size

sample of the SLGS. All results reported so far are for a SLGS of
unrelaxed size 50 Å � 50 Å. In order to investigate the effect of
sample size of an SLGS on its elastic moduli, we study deformations
of two more finite SLGSs of dimensions 75 Å � 75 Å and
100 Å � 100 Å in their unrelaxed configurations. Upon relaxation,
their dimensions are found to be 71.30 Å � 71.07 Å and
95.62 Å � 94.33 Å, respectively. In Table 13, we have summarized
values of elastic moduli for the pristine and a 4% AH functionalized
SLGS for each of three finite size samples. These values imply
that the size of the finite SLGS has no major effect on the elastic
moduli.

4. Conclusions

The effect of covalent functionalization on average values of
Young’s modulus and the shear modulus of a single layer graphene
sheet (SLGS) has been studied using molecular mechanics simula-
tions and the MM3 potential. It is found that large (�120%) local
strains are induced at the sites of atoms to which functional groups
are covalently bonded in a partially functionalized SLGS. Using
average values of the axial strain and the axial stress, it is found
that values of the two moduli decrease with an increase in the
number of carbon atoms to which functional groups are attached,
and this reduction in the value of the elastic moduli is the same for
each one of the five functional groups studied. Approximately 73%
and 42% reduction, respectively, in values of Young’s and the shear
moduli of the pristine SLGS occurs for 10% of functionalization.
However, for a fully functionalized SLGS, values of the two elastic
moduli are essentially the same as those for the SLGS with about
4% of atoms functionalized, and the reductions in the values of
the two moduli are about 40%. We note that full functionalization
can be achieved with only AF, AH and AOH groups. Even though
the pristine SLGS behaves as an isotropic material in the plane of
the SLGS, a partially functionalized SLGS behaves as an anisotropic
material.
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