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Abstract—Plane-strain deformations of an isotropic and homogeneous Hookean body containing a crack
are studied and it is required that the dilatation everywhere in the body be greater than or equal to a
constant. Following Prager, the region where the dilatation always equals the constant is identified as the
locking region. For the case when the deformations of the body are symmetrical about the plane
containing the crack, equations are derived that delimit the size of the locking region. It is shown that
for a series type r,0 separable solution of the problem, the order of the singularity is essentially unchanged
by the consideration of the higher-order terms in the constraint equation.

1. INTRODUCTION

IN 1959 WiLLIAMS [1] analyzed the deformation and stress fields near an interfacial crack tip in a
linear-elastic body and showed that the oscillating stress singularity implied interpenetration of the
material. Since then, several investigators (see e.g. Cherepanov [2], England [3], Erdogan [4], Rice
and Shih [5], Park and Earmme [6], Shih and Asaro [7], Hutchinson et al. [8], and Rice [9]) have
studied the problem and provided interpretations of the elastic solution. Here we impose the
constraint that the dilatation at every point must equal, or exceed, a constant. Regions where the
dilatation equals the constant are called locking (see e.g. Prager [10]).

2. FORMULATION OF THE PROBLEM

We study plane strain deformations of a homogeneous, isotropic and linear elastic body con-
taining a crack along the plane # = «. Thus the origin of the cylindrical coordinate system is located
at the crack tip (e.g. see Fig. 1). We presume that the deformations of the body satisfy the constraint

av>0, 1)

Fig. 1. A schematic sketch of the problem studied.
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where dv and dV equal, respectively, the volume of the same material element in the deformed and
undeformed stress-free reference configuration. For plane-strain deformations, as shown in the
Appendix, the constraint (1) can be replaced by the more restrictive requirement

err+€09+(€rr€09—€39)>6 > —19 (2)

where ¢,,, €5 and ¢, are components of the infinitesimal strain tensor, and J is a material constant.
The region where strict inequality holds in (2) is unconstrained, and that where equality holds is
the locking region. In a previous paper we[11] imposed the condition

€rr + €6 = 6 (3)

on the deformation field. However, near a crack tip the quadratic terms in (2) dominate. Thus,
herein we require that deformations satisfy

(6"600—639)25 > -1 (4)

For the crack-tip analysis, we may set & = 0 without any loss of generality. Then the set of strains
that satisfies the constraint (4) is the union of two distinct convex sets characterized by

€, +ep=0and ¢, +¢,<0 %)

with the origin as the only common point between the two sets.
In the unconstrained region, hereafter identified as region 1, we have the classical constitutive
relations

G, = A’(err + 609) + 2!“6"9 (6.1)
gy = A(ﬁ,, + 600) + 2“6999 (62)
0"0 = 2#6'0, (6.3)

and in the locking region, henceforth called region 2, we have the pressure field p(r, 8) > 0 that
is undetermined from the deformation field, and the following constitutive relations:

Oy = l(err + e00) + 2”6" — Péeo>s (71)
Ogg = /1(6" + €08) + 2”"60 — D€y (7'2)
0',.9 = 2”'6:'9 + Pere . (73)

Equations (7) are derived by using variational methods given in refs [2, 10]. In eqs (6) and (7),
A and p are Lamé constants, and o,,, 64, 0,4 are the components of the Cauchy stress tensor. With
the definitions

T &1
e T @2
eqs (7) can be written as

¢, = ao,, — bogy, 9.1
€gg = aog — ba,,, 9.2)
eg=(a+b)oy. 9.3)

The constraint condition (¢, € — €%) = 0 takes the form
(@ — b)Y o, + 04)’ = (a + bY(0, — 0s) +40%]. (10)

In terms of the Airy stress function F,(r, 8) for the locking domain 2, we have
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LOCKING REGION 2

UNCONSTRAINED
REGION 1

0o

—

Plane of Symmetry

Fig. 2. A schematic sketch of the locking and unconstrained regions for the case when the deformations
of the body are assumed to be symmetric about the plane § = 0.

and a similar relation with F, replaced by F, holds in the unconstrained region 1. We note that
F, satisfies the biharmonic equation
ViF, =0, (12)

and the functions p(r, 8) and F,(r, 6) are solutions of the equations obtained by substituting from
eqs (9) and (11) into eq. (10) and the following compatibility condition.

10%reqg) 10%, 10¢, 290 ( 36,9>_0

rarr TrRe ror rar\ @0

(13)

3. CRACK-TIP ANALYSIS

We consider the case when the deformations of the body are symmetric about the plane 8 = 0,
and study deformations of the upper-half of the body shown in Fig. 2. We assume that the locking
domain is defined by 0 <r <0, 6, <60 <= and the remainder is the unconstrained domain.
Furthermore, we seck a solution that is separable in r and 8. Thus in the locking region 2, we have

Fy(r,0) =r**'1(9). (14

Equilibrium equations or equations expressing the balance of linear momentum require that the
pressure field p(r, 8) and hence a(r, 6) and b(r, 8) be functions of 6 only. Equations (11) and (14)
yield

0, =r""Wp+Df +/" ca=(p+Dpr*"Y, o5=—pre-'f’ (15)

where f* = df /d6. Substituting from (15) and eqgs (9.1) through (9.3) and integrating the result, we
obtain

u=rlaf"+(p + 1)(a—bp)fllp, (16.1)
ug=r2pXa +b)f' + (af" + (p + D(a — bp)fY1/p(1 - p). (16.2)
The compatibility equation (13) and the locking condition (¢, €5 — €%) = 0 reduce to
—alf" +2(p*+ 1f" + (1 - p*)¥]
=2a’f"+a"’f"+2a +pa’ +pia’ —b'plf +(1+p)a" —b"p)f (17.1)
(@a=bYp + 1Vf +f"F=(@+bY(S"+(1—p)f )+ 4p*"). (17.2)

For the elastic domain, we solve the biharmonic equation (12) by the method of complex
variables (e.g. see Muskhelishvili [12]) and assume that the analytical functions

@ =Az°, § = Bz, (18)

EFM 47/4—1
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where 4 = R + il and B = M + iN are undetermined complex numbers. Following Muskhelishvili
[12], we obtain the following expressions for the three components of the stress tensor and two
components of the displacement field.

6o =pr°~'[(1 + p)(R cos(p — 1)8 — I'sin(p — 1)) + M cos(p + 1)0 — N sin(p + 1)8] (19.1)
6, =pr’ [(3—p)(Rcos(p —1)0 — I'sin(p — 1)8) — M cos(p + 1)8 + N sin(p + 1)8] (19.2)
ge=pr’ [(p — D(Rsin(p —1)0 + I cos(p — 1)0) + M sin(p + 1)8 + N cos(p + 1)8] (19.3)
2uu, =r*[(k — p)(R cos(l — p)8 + I'sin(1 — p)@) — M cos(p + 1)6 + N sin(p + 1)0] (19.4)
2uus = rl(x + p)(R sin(p — 1)8 + I cos(p — 1)8) + M sin(p + 1)8 + N cos(p + 1)6]. (19.5)

Here, ¥ =3 — 4v, v being the Poisson’s ratio for the material of the body.
We now examine the boundary conditions. On the plane 6 =0, the assumed symmetry of
deformations requires that

64=0, u,=0, onf=0. (20.1)
The surface 8 = n should be traction free. Thus,
6p=0 and o6,=0 on f=nm (20.2)
Equations (20.1) are satisfied if
I=N=0 2D
and (20.2) require that
S (@)=0, f(n)=0. (22)

On the intersurface § = 8, between the locking and unconstrained regions, the continuity of surface
tractions and displacements gives the following four conditions.

(p+1)f(6,)=(0+p)Rcos(p —1),+ M cos(p + 1)8,, (23.1)
—£6,)=(p — DR sin(p — 16, + M sin(p + 1)6,, (23.2)
2uf{af" +af" +[(1+p +2p%a+p(p — DbIf +(p + D@ - b'p)f}
' =p(1 — p)[(x + p)R sin(p — 18, + M sin(p +1)8,] at 6 =6,, (23.3)
2ulaf” + (p + D(a — bp)f]=pl(x — p)R cos(1 —p)8,— M cos(p + 1)8,] at8 =48, (23.4)

Equations (22) and (23) determine R, M and the four constants of integration in the fourth-order
ordinary differential equation (17.1) for f(8). The value of 8, is determined from

€, €0 — €% >0 in region 1, 4.1
p(0) >0 in region 2, (24.2)
and it can be shown to be a solution of
€. €p—€y=0 atf=a,. (25.1)
Equation (25.1) is equivalent to
4(1 — 2v)*R*cos*(p — 1)8,+ 2MR(1 — p)cos 26, = M* + (p — 1)*R™ (25.2)

3.1. Power-series solution
We solve equations (17.1) and (17.2) by the power-series method. We recall that the classical
solution gives

(€, €00 — €2) ~ [4v(v — 1) + cos¥(6/2)]cos*(0/2), (26)
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and it satisfies the constraint (25.1) with p =1/2 and 8, == if and only if v = 0. For small v, the
angle (r — 6,) of the locking region 2 should be expected to be small. We thus expand the unknown
functions f(8) and p(8) as power series in terms of & = (0 — &) over region 2, i.c. for 8, <0 <m.
That is,

f@)=f,+/60 +£,0°+£,0°+--- 7.1
p@)=p,+pO +p,0°+p;0°+- -, (27.2)

where f;, p:(i =0, 1,2 - - -) are yet-to-be-determined real constants. Equations (8.1), (8.2), and (27.2)
give

1 -p,© [P} —p.Qu +p,)10?
a+b= (28.1)
P +21) (P +2u) (po + 21)
1 20 [p?+ p2(24 + 24 — p, )16
7= e 28.2
S Y e YRy Citz-py T (28.2)

Substituting from equation (27.1) into equations (23) and (17.2), and equating coefficients of &°,
@', and ©2 on both sides, we get

f£,=0, fi=0, (29.1)
P.=4>0, p,=0, p=p(p —1)(A+2u)2<0, (29.2)
thus
a(0) = 1/(A +2u) + 0(63), (30.1)
_ —-p,©°
b(6) = T2 )2+ 0(e°). (30.2)

By comparing coefficients of @° in equation (17.1), we obtain

fo= =51 +pD)f5. (3D

The consideration of higher-order terms in equations (17.1) and (17.2) determines higher-order
coefficients (f;, ps), (s, Ps), etc. For example, we found that

=p(1 =2p)fi(4 + 2u)/f5, (32.1)
Pa=1A+2p)/4[p(1 - p)(p*+3p —2)/3+13(33p> — 12p)/f3], (32.2)
fi=—(1+pH)fs/10, (32.3)
Ss=0B+9p2+8p> —4p*")f,/360, (32.4)
and thus

1 pie*

G asnyt (33.1)
_ 2 3 4

_ —p,0® ;0 PO (332)

TG+m)? (A +2mP G+2ur

In particular, p, term must be considered when checking the condition p(8) > 0 for sufficiently small
v, even though it does not influence the calculation of the lowest-order eigenvalue problem.

Substitution from (27.1), (28.1), (28.2), (29) and (31) into eqs (23.1) through (23.4) gives an
eigenvalue problem for the determination of f;, f;, R, and M; and the value of 0, is determined
from eq. (25.2).
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3.1.1. Lowest-order solution of the eigenvalue problem. In order to illustrate that the
aforestated nonlinear problem does have a nontrivial solution, we seek a series type solution for
sufficiently small v. Accordingly, we adopt the following lowest-order solution.

f0)=10%+£0°—(1+p)f,6°6, (34.1)
pO)=4+p(p — )4 +2p)0%12, (34.2)
a(6) =1/ + 2u), (34.3)

b(0) = p(1 - p)O*/2(A + 2u)]. (34.9)

Solving eqs (21.1), (21.2), and (34) for R and M, and substituting the result in egs (21.3) and
(21.4), we obtain the following eigenvalue problem for f, and f;.

LHu(p,8,,v)+f,Hyy(p, 0,,v) =0, (35.1)
S Hy(p,6,,v)+ f3Hyn(p,6,,v) =0, (35.2)
where

Hyy = 4dau(sin 208, + p sin 20,)[(1 — p)(8, — 7) + (1 + p + 2p*)(1 + p*)(8, — n)/3]

+p(1 = pH)(x + DO, — n) — (1 + p*)(6, — n)*/6]sin(p + 1), sin(p — 1)6,

+ u(l = p)p¥(sin 2p0, + p sin 26,)[12(6, — n)* + (p — 3p* + p* ~ 3)(8, — n)’}/3(A + 2p)

+20(1 = p)I(B, — n) — (1 + p*)(6, — m)’/3][x cos(p + 1)8,sin(p — 1)8,

—cos(p — )8, sin(1 + p)f, — p sin 28 ], 36.1)
Hy,=3p(1 — p)(@,— n)k cos(p + 1)8,sin(p — 1)8, — cos(p — 1)8,sin(1 + p)b, — p sin 26,]

—2au(sin 2p8, + p sin 26,) (6 + 3(1 + p + 2p2)(8, — m)?)

+(1=pH)(K + Dp(8,— n)sin(p + 1), sin(p — 1)8,

+ u(l = p)p’(sin 2p6, + p sin 26,)(5 — p) (6, — m)*/(A + 2p), (36.2)
H,, =2au(sin 206, + p sin 26,)[(1 — p + 2p1) (@, — o) + (1 + p)(1 + p*)(6, — n)*/6 — 2]

+p(1+ )8, — n)* ~ (1 + p*)(8, — n)*/6][x cos(p — 1)B, sin(p + 1)6,

+cos(p + 1)8,sin(1 — p)f, — p sin 28,]

+2p[(0, — m) — (1 + p*)(B, — n)’/3](x + 1)cos(p + 1), cos(p — 16,

+ u(1 — p*)p*(sin 206, + p sin 26,)(8, — 7)*{6 — (1 + p*)(8, — n)*}/6(4 + 2p), (36.3)
Hy =3p(x + 1)(6,— n)* cos(p + 1)8,cos(p — 1)8,

+p(1 + p)(8, — n)[x cos(p — 1), sin(p + 1)8, + cos(p + 1), sin(1 — p)8, — p sin 26, ]

— 2au(sin 2p8, + p sin 20,){6(6, — =) + (1 + p)(6, — 7’}

+ (1 — p?)p¥(sin 2p0, + p sin 26,)(6, — n)* /(A + 2u), (36.4)
and
ap =(x — D)/(x +1). (36.5)
For egs (35.1) and (35.2) to have a nontrivial solution,
H, Hyp=H,H,, 37

which determines p. The value of 8, is then determined by eq. (25.2).
Let

§—m=¢ p=i+petpe+-, (38)
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where
=37 (39)
Noting that
(sin 2p6, + p sin 20,) ~ —27p ¢ (40)
and substituting from (38) into (36) and the result into (37), and letting ¢ =0, we find that
H,~¢e), Hy~¢, Hy~e, Hp~el 41)
Thus, p, =0 (as ¢ =0) implying thereby that the expression (38), should be replaced by
p=t+peit . “2)
An exercise similar to that used to find p, gives p, =0. Thus, we assume that
p=1+psc’, (43)
where 6p, =d*p/d0}, .. The dominant terms in eqs (36) are
H, = —3(k + 1)e’/8, 44.1)
Hy,= —6(x + 1)e3/8 + 12au(2mn + Yé, (44.2)
Hy = —3(x + 1)e’/8 + dau(2mn + e’, 44.3)
Hy = —6(k + 1)e*/8 + 12au(2mn + e, (44.4)
where k = 3 (defined at ¢ =0, that is, at v =0). Equation (37) has two possible roots. However,
one of these, m = —1/(4rn), is unacceptable since it leads to (¢, €5 — €%) <0 at 8 = 6,. Thus, we
consider the other root corresponding to
—6(x + 1)/8 + 12au(2mn +1) =0,
that is
m=0 (45)
and obtain
(p —3) =06, - )] (46)

at the neighborhood of 6, == (that is, v =0). We can now find the value of 6, from (25.2).
Noting that

fo~ O, — Y15

we obtain
(M/R)=1+0(0,—n)).... 47
Substitution from (46) and (47) into (25.2) yields, up to the ¢* terms
0,—n)?=16v +o(v). (48)

Thus €2 =0 when v = 0 as expected. It may be proved that the condition (24.2) is satisfied. Since
p3(0 — =) is a small term of higher-order, we set

pO@)~ A +p,(0 —n) + py(6 — )
whose minimum value is
A —P§/4P4~
Noting that
Pa= 9% (A +2u)f3/4f5~ 016, —m)™*); (0,—m)*~v



598 C. Q. RU and R. C. BATRA

we obtain
A —p3/4p,>0

for a sufficiently small value of v. Therefore p(6) >0 over domain 2.

4. CONCLUSIONS

We have studied plane-strain deformations near a crack tip in a linear-elastic isotropic and
homogeneous body under the constraint that the dilatation must be non-negative. When dominant
terms are kept in the constraint equation, we obtain a nonlinear equation. The region wherein the
nonlinear constraint equation holds has been identified as the locking region, a term borrowed from
Prager [10]; the remaining region is unconstrained. Equations that delimit the sizes of these regions
have been derived. It is shown that the nonlinear problem so formulated has a series-type nontrivial
solution in the neighborhood of the classical solution. The order of singularity of the present
problem is nearly the same as that of the classical solution for sufficiently small values of Poisson’s
ratio. It is possible that the nonlinear problem has other solutions that are not r, 6 separable. Such
solutions may exhibit different types of singularity.

Acknowledgement—This work was supported by the U.S. Army Research Office Grant DAAL03-91-G-0084 to the
University of Missouri-Rolla.

REFERENCES

[1] M. L. Williams, The stress around a fault or crack in dissimilar media. Bull. Seismol. Soc. Am. 49, 199-204 (1959).
[2] G. P. Cherepanov, Mechanics of Brittle Fracture. McGraw-Hill, New York (1979).
[3] A. H. England, A crack between dissimilar media. J. appl. Mech. 32, 400-402 (1965).
[4] F. Erdogan, Stress distribution in bonded dissimilar materials with cracks. J. appl. Mech. 32, 403-410 (1965).
[5] J. R. Rice and G. C. Shih, Plane problem of cracks in dissimilar media. J. appl. Mech. 32, 418-423 (1965).
[6] J. H. Park and Y. Y. Earmme, Application of conservation integrals to interfacial crack. Mech. Mater. 8, 261-276
(1986).
[7] C. F. Shih and R. Asaro, Elastic—plastic analysis of cracks on bimaterial interfaces. J. appl. Mech. 55, 299-316 (1988).
[8] 1. W. Hutchinson, M. Mearl and J. R. Rice, Crack paralleling an interface between dissimilar materials. J. appl. Mech.
54, 828-832 (1987).
[9] J. R. Rice, in Fracture: An Advanced Treatise (Edited by H. Liebowitz), Volume 2, pp. 191-311. Academic Press,
New York (1968).
[10] W. Prager, On Ideal Locking Materials. Trans. Soc. Rheology 1, 169-175 (1957).
[11] C. Q. Ru and R. C. Batra, Analysis of deformation fields near an interfacial crack tip in locking materials. Engng
Fracture Mech. (to appear).
[12] N. I. Muskhelishvili, Some Basic Problems in the Mathematical Theory of Elasticity. Noordhoff, Groningen (1953).

APPENDIX

In rectangular Cartesian coordinates and for plane-strain deformations in the x-y plane,
dv/dV =1+u+v,+uv,—uuv, (Al)

where u, = du/dx etc. and u, v denote the components of the displacement along x and y axes, respectively. Therefore,
dv/dV > 0 is equivalent to

U+ v, +uv,—uo, > -1. A2)
Since
uv, =el, —(u,—v )4, (A3)
it follows that
(0, —u,0,) 2 (€06, —€4), (Ad)

where ¢,,, €, and ¢,, are components of the infinitesimal strain tensor. Hence condition
Cort €yt (€€, —€3,) > — 1 (AS)
is sufficient for the inequality (A2) to hold.
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