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R-curve and strength behavior of a functionally graded material
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Abstract

The effects of loading conditions, specimen size and metal particle size on the crack growth resistance curve (R-curve) and
residual strength of a ceramic-metal functionally graded material (FGM) are studied based on the crack-bridging concept. It is
found that the FGM exhibits strong R-curve behavior when a crack grows from the ceramic-rich region toward the metal-rich
region and the residual strength of the FGM with an edge crack at the ceramic side is notch-insensitive. The R-curve is more
significant under central tension loading than under pure bending after the crack has grown for a certain amount. However, the
residual strength of the FGM decreases with increasing initial crack length more slowly under pure bending than under tension.
A larger metal particle usually results in more toughness increase and higher residual strength. Regarding the effect of the
specimen size, in terms of the relative crack length a/b, the R-curve is weaker for a smaller specimen when the crack has not grown
very deep, and the opposite occurs for deep grown cracks. Based on the real crack growth length, however, the smaller specimen
exhibits stronger R-curve behavior. The R-curve also significantly depends on the initial crack size. © 1998 Elsevier Science S.A.
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1. Introduction

Functionally graded materials (FGMs), usually made
from ceramics and metals, are promising candidates for
future high temperature applications. The ceramic in an
FGM offers thermal barrier effects and protects the
metal from corrosion and oxidation, and the metallic
particles toughen and strengthen it. The compositions
and the volume fractions of the constituents in an
FGM are varied gradually, thus giving a nonuniform
microstructure in the material with continuously graded
macro-properties. The macro-nonhomogeneous proper-
ties of an FGM reduce stresses when it is subjected to
thermal loads [1,2]. Thermal residual stresses can be
relaxed in a metal-ceramic layered material by inserting
a functionally graded interface layer between the metal
and the ceramic [3–6]. When subjected to thermal
shocks, FGM coatings suffer significantly less damage
than conventional ceramic coatings [7,8]. For exponen-
tial variations of material properties, some crack prob-
lems for nonhomogeneous solids have been solved
under both mechanical [9–11] and thermal loads

[12,13]. Interfacial cracking in FGM coatings has been
studied in Refs. [14–17]. For general nonhomogeneous
materials, Jin and Noda [18] showed that the crack tip
fields are identical to those in a homogeneous material
if the material properties are continuous and piece-wise
continuously differentiable. Hence, the stress intensity
factor concept can still be used to study the fracture
behavior of FGMs. Based on both the crack-bridging
concept and a rule of mixtures, Jin and Batra [19] have
shown that an FGM exhibits strong R-curve behavior
when a crack grows from the ceramic-rich region to-
ward the metal-rich region and the residual strength of
the FGM with an edge crack at the ceramic side is
notch-insensitive.

Since crack-bridging may be a major toughening
mechanism in some ceramic-metal FGMs and the
bridging is expected to be influenced by loading condi-
tions, specimen size and metal particle size, the R-curve
and the residual strength of FGMs will also be affected
by these factors. We study here the effects of loading
conditions, specimen size and metal particle size on the
R-curve and the residual strength behavior of a ce-
ramic-metal FGM. We first calculate the stress intensity
factors for an edge cracked FGM strip under pure
bending, central tension and constant strain loading* Corresponding author. Fax: +1 540 2314574.
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conditions. Then the R-curves of the FGM are pre-
dicted for different values of the metal particle diameter
and the specimen width under the three loading condi-
tions. Finally, the residual strength of the cracked
FGM is evaluated.

2. An edge crack in an FGM strip

We study plane strain deformations of an infinitely
long FGM strip of width b containing an edge crack of
length a0 and subjected at infinity to one of the three
loading conditions, i.e. bending moment M, central
force N and constant strain os, see Fig. 1. We assume
that material properties are uniform in the y-direction,
and their variation in the x-direction is given by

E %=E0% e−g(x/b) (1)

m=m0/[1+b(x/b)], (2)

where E %=E/(1−n2), E0%=E0/(1−n0
2), E is Young’s

modulus, m the shear modulus, n Poisson’s ratio, and

b=m0/m1−1, g= ln[(E0/E1)(1−n2
1)/(1−n2

0)] (3)

are constants. Here E0, n0 and m0 are the Young’s
modulus, Poisson’s ratio and the shear modulus at
x=0 and E1, n1 and m1 at x=b. The Poisson’s ratio

can be computed from Eq. (1) and Eq. (2) by using
n= (E/2m−1) and must satisfy the constraint 05n5
0.5.

The volume fractions of the constituents in a ce-
ramic-metal FGM with properties given by Eq. (1) and
(2) may be obtained by using an appropriate micro-me-
chanical model. We note that the micro-mechanical
models developed for macro-homogeneous composites
are only approximately valid for FGMs.

For plane strain deformations of the FGM, the Airy
stress function, F, satisfies

92(eg(x/b)92F)=0 (4)

The integral equation for the crack problem can be
written as [13]& 1

−1

� 1
s−r

+K(r, s)
n

e− (a0/b )((1+s)/2)g
f(s) ds

= −
2p(1−n2

0)
E0

p(r), �r �51, (5)

f(x)=(6(x, 0)/(x, (6)

where 6(x, 0) is the displacement in the y-direction at
the crack surface, K(r, s) given in Ref. [13] is the kernel
singular only at (r, s)= (−1, −1), r= (2x/a0−1), and

p(r)=
g2e−g(x/b)

6A0

�
A12−gA11

x
b
�

sb, for bending,

p(r)=
ge−g(x/b)

A0

��g2

2
A11−gA12

� x
b
+
�

A22−
g

2
A12

�n
st,

for tension,

p(r)=sse−g(x/b), for constant strain loading. (7)

The constants A0 and Aij (i, j=1, 2) are given in Ref.
[13], and

sb=6M/b2, st=N/b, ss=E0os/(1−n2
0). (8)

According to the singular integral equation method
[20,21], a solution of Eq. (5) can be written as

s(r)=e(a0/b )((1+r)/2)g c(r)


1−r
(9)

where c(r) is a continuous and bounded function on
the interval [−1, 1]. If c(r) is normalized by s*(1−
n0

2)/E0, where s* is sb, st and ss for the three loading
conditions, respectively, then the normalized stress in-
tensity factor, K*, at the crack tip is obtained as

K*=
KI

s*
pa0

= −
1
2

c(1). (10)

Fig. 2 shows the normalized stress intensity factor
(SIF), K*, versus the normalized crack length a0/b for
both a ZrO2–Ti FGM and a homogeneous material for
the three loading conditions; values of material con-
stants for the FGM are listed in Table 1. For a surface
crack problem,

Fig. 1. An edge crack in an FGM strip subjected to loading at
infinity.
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Fig. 2. Normalized stress intensity factors of edge cracked strips of an
FGM and homogeneous materials.

hence prolong the service life of structural components.
Surface cracks at the ceramic side have been observed
to propagate in the direction of the variation of mate-
rial properties when a ceramic-metal FGM is subjected
to thermal shocks [8,22,23]. Another major failure
mode is cracking perpendicular to the material gradient
direction which corresponds to delamination as real
FGMs are usually multi-layered materials [22,24,25]
and the crack grows along the interface. In our study of
R-curve behavior of FGMs, we only consider a Mode-I
crack growing in the direction of the material gradation
from the ceramic-rich region toward the metal-rich
region because cracks are more likely generated first in
the ceramic-rich region.

Crack-bridging is believed to be a major toughening
mechanism in ductile particulate reinforced brittle ma-
trix composites [26–30]. When a ceramic-metal FGM is
fabricated such that the metal inclusions are dispersed
in a continuous ceramic phase [24], the crack-bridging
concept can be used to study the R-curve of the FGM.
However, the crack-bridging concept may not always
be appropriate to FGMs as the microstructure in an
FGM is generally very different from that in a particu-
late composite. Jin and Batra [19] studied the R-curve
of an Al2O3–Ni FGM based on the crack-bridging
concept. Since the bridging is expected to be influenced
by loading conditions, specimen size and metal particle
size, the R-curve and the residual strength of FGMs
will also vary with these factors.

After the crack has initiated, it will grow in the
ceramic with plastically stretched metal particles behind
the crack tip bridging the crack faces. It is assumed that
the metal elsewhere is not deformed plastically. A linear
softening bridging law

s=s0(1−d/d0) (12)

relating the bridging stress s to the crack opening
displacement d of the bridging zone is used. Here s0 is
the maximum bridging stress, and d0 the maximum
crack opening displacement of the bridging zone at
which the bridging stress drops to zero. Eq. (12) is
appropriate for ductile particle reinforced brittle matrix
composites [31].

The integral equation of the crack-bridging problem
is [19]

L [f ]=
1−n2

0

E0

[−2pp(r)+2pH(r−r0)Vm(r)s0], �r �51

(13)

where

L [f ]=
& 1

−1

� 1
s−r

+K(r, s)
n

e− (a/b)((1+s)/2)g f(s) ds

−H(r−r0)Vm(r)
� a

a0

�
a0*

& 1

r

f(s) ds (14)

a0�
lim

0
KI

s*
pa0

=1.1215
syy(0, 0)

s*

where syy is the stress in the uncracked medium under
the given external loads. Using the material data in
Table 1, Eqs. (3), (7) and (8), we obtain syy(0, 0)=
0.9945s* for the FGM under tension. Therefore,

a0�
lim

0
KI

s*
pa0

=1.1153

which agrees well with that obtained from Fig. 2. It is
seen from Fig. 2 that the SIF for the FGM varies with
a0/b in the same way as for the homogeneous material.
But the SIF of the FGM is higher than that of the
homogeneous material under bending and tension
loads. This is opposite to the results for thermal loads
where the thermal SIF is reduced [13]. However, the
reduction in the thermal SIF is mainly due to the
thermal conductivity gradient. Though the SIF in the
FGM is increased, it will be seen below that this
deleterious effect is completely offset by the high frac-
ture toughness of the FGM and as a result, the residual
strength of the cracked FGM is much higher than that
of the pure ceramic.

This edge crack problem has also been studied in
Ref. [10] on the assumption that

m=m0ebx, n=n0 (11)

and their variation of the SIF with a0/b is similar to
that shown in Fig. 2.

3. Crack growth resistance curve (R-curve)

An advantage of FGMs is their high fracture tough-
ness. High crack growth resistance will retard cracking,
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Table 1
Properties of the constituents in a ZrO2–Ti FGM

Poisson’s ratio Fracture toughness (MPa m1/2)Young’s modulus (GPa) Tensile strength (MPa)

2 —0.25150ZrO2

1/3 60Ti alloy 110 900

is a linear singular integral operator, H( ) the Heaviside
step function, r0=2a0/a−1, a0 the initial crack length,
Da the bridging length, and

a0*=
2pa0(1−n2

0)
E0d0/s0

(15)

is a nondimensional parameter. Vm(r), determined by
Eq. (2) and the three phase model [32], is the metal
volume fraction in the FGM, and the loading function
p(r) is given by Eq. (7). The crack opening d is related
to f by

d= −a
& 1

r

f(s) ds. (16)

The solution of Eq. (13) also has the form of Eq. (9)
and can be written as

f(r)=e(a/b)((1+r)/2)g c(r)


1−r

=
e(a/b)((1+r)/2)g


1−r

1−n2
0

E0

[s*c1(1)+s0c2(1)] (17)

where c1(r) and c2(r) are due to s* and s0, respec-
tively. The stress intensity factor at the crack tip x=a,
Ktip, can be evaluated from

Ktip= −1
2 
pa [s*c1(1)+s0c2(1)]. (18)

In Eqs. (17) and (18), s* equals, respectively, sb, st and
ss for bending, tensile and uniform strain loading at
infinity.

The effective fracture toughness, or R-curve can be
evaluated from

KR(a)=s*
pa (−1
2)c

0(r)�r=1 (19)

where the strength s* corresponding to

Ktip=Kc=
!

(1−Vm(a))
1−n2

0

1−n2(a)
E(a)
E0

"1/2

K ceram
IC

is

s*(a)

=
s0

− (1/2)c1(1)
!K ceram

IC

s0
pa

�
(1−Vm(a))

1−n2
0

1−n2(a)
E(a)
E0

n1/2

+
1
2

c2(1)
"

, (20)

c0(r)=e− (a/b)((1+r)/2)g(1−r)1/2f0(r) with f0(r) being
the solution of Eq. (13) without considering bridging,

and K IC
cream is the fracture toughness of the ceramic in

the FGM.
Fig. 3 shows the effective fracture toughness or R-

curve for a ZrO2–Ti FGM. This FGM is particularly
attractive [33] because zirconia (ZrO2) and titanium
alloy (Ti) have excellent properties for high temperature
applications and they have matched thermal expansions
so that the thermal residual stress in the FGM is
minimized; the properties of the constituents are sum-
marized in Table 1 and the Ti alloy is assumed to be
elastic-perfectly plastic. Following Bao and Zok [31],
the maximum bridging stress s0 is taken as the maxi-
mum value in the model of Mataga [34] and the maxi-
mum crack opening d0 of the bridging zone is
determined by equating the bridging energy of the
model of Mataga [34] to Gb=a0d0/2, the bridging
energy of the linear softening model (12). s0 and d0 are
thus evaluated as about 900 MPa and 29 mm, respec-
tively, for an average metal particle size, D, of 20 mm.
Three initial crack lengths, i.e. a0/b=0.01, 0.1 and 0.2
with b=10 mm are considered. It is seen from Fig. 3
that the FGM exhibits significant R-curve behavior as
the crack grows from the ceramic-rich region toward
the metal-rich region. Though the fracture toughness is
almost identical when the crack growth initiates under
three loading conditions, at a later stage of crack
growth the toughness increase is more significant under
tension and constant strain loading conditions than
that under bending loads. Hence, the R-curve behavior
of the FGM is dependent on external loading condi-
tions. We note that the R-curve is due to crack-bridg-
ing, and the loading conditions influence the crack
opening displacement and thus affect the bridging stress
according to Eq. (12). Fig. 4 shows the R-curve versus
the crack growth length Da when a bending moment is
applied at far away ends. It is evident that the initial
crack size influences the R-curve strongly. This is be-
cause a crack with a longer initial length will grow in a
region with larger metal volume fraction, resulting in a
stronger R-curve. Fig. 5 shows the R-curve for two
metal particle sizes under bending. A smaller particle
size (average size 10 mm) reduces the increase in tough-
ness. However, the metal particle size can not be too
large. In that case, large scale damage in the ceramic
may be induced which will degrade the performance of
the FGM. Fig. 6 shows the effect of the specimen width
on the R-curve under bending. In terms of the relative
crack length a/b, the R-curve is weaker for smaller
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specimens when the crack has not grown very deep.
However, the inverse happens for larger crack
growths. Based on the real crack growth length Da,
the smaller specimens exhibit stronger R-curve behav-

Fig. 4. R-curve of a ZrO2–Ti FGM: effect of initial crack size
(bending loading).

Fig. 3. R-curve of a ZrO2–Ti FGM: (a) a0/b=0.01, (b) a0/b=0.1
and (c) a0/b=0.2.

ior, Fig. 6(b). This is to be expected for FGMs as the
metal volume fraction is larger at a fixed crack length
a for a smaller specimen resulting in a higher tough-
ness. The R-curve is not a material property as it is
affected by loading conditions, specimen size, particle
size, and possibly other factors.

When the metal volume fraction becomes large, the
crack-bridging may not be the only major mechanism
responsible for the change in the toughness and the
residual strength discussed below. Extensive plastic de-
formations of the metal, microcracking, other forms of
damage in the ceramic, and the debonding between
the ceramic and the metal may occur in a diffusive
region around the crack tip. Additional research is
needed to understand the constitutive behavior in that
region.

Fig. 5. R-curve of a ZrO2–Ti FGM: effect of metal particle size
(bending loading).
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Fig. 6. R-curve of a ZrO2–Ti FGM: effect of specimen size (bending
loading).

specimen has higher residual strength than a larger
specimen for the same value of the nondimensional
crack length a0/b. It is coincidental that the residual
strengths for b=10 mm, D=10 mm and b=20 mm,
D=20 mm in Figs. 7(a) and (b) are almost equal.

5. Conclusions

Ceramic-metal FGMs exhibit strong R-curve behav-
ior when a crack grows from the ceramic-rich region
toward the metal-rich region. The crack-bridging con-
cept may be applied to study the R-curve of FGMs
with a continuous ceramic phase. The R-curve and the
residual strength of a ZrO2–Ti FGM have been calcu-
lated and it is found that the R-curve is more significant
under central tension loading than under pure bending
after the crack has grown by a certain length. The

Fig. 7. Residual strength of an edge cracked FGM, (a) bending and
(b) tension loading.

4. Residual strength

We do not use the R-curve to calculate the residual
strength since it is not a material property. The residual
strength corresponding to an initial crack length a0 is
obtained from Eq. (20) as

sR(a0)= max
a]a 0

{s*(a)} (21)

Figs. 7(a) and (b) show the residual strength of the
ZrO2–Ti FGM as a function of the normalized crack
length a0/b for remote bending and tension loading. It
is seen that the residual strength is crack-insensitive for
a0/b50.1 under both loading conditions. The specimen
has higher residual strength under bending than that
under tension, though the R-curve results are in the
opposite order (Fig. 3). The opposite result for the
R-curve is possibly due to the larger applied SIF under
tension (Fig. 2). The residual strength decreases with
a0/b faster under tension than under bending. A larger
particle size gives a higher residual strength. A smaller
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residual strength of the FGM decreases with increasing
initial crack length more slowly under pure bending
than under tension. A larger metal particle size usually
results in more toughness increase and higher residual
strength. Regarding the effect of the specimen size, in
terms of the relative crack length a/b, the R-curve is
weaker for a smaller specimen when the crack has not
grown very deep; the inverse occurs for deeper grown
cracks. Based on the real crack growth length, however,
the smaller specimen always exhibits stronger R-curve
behavior. The R-curve also strongly depends on the
initial crack size.
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