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Abstract—We discuss several mixed variational principles which generalize existing variational
principles in the non-linear theory of electroelasticity.

1. INTRODUCTION

Piezoelectric ceramics used in smart structures are often subjected to large electric fields.
Tiersten [1] has derived the fully non-linear theory of electroelasticity, has specialized it to
the case of large electric fields but infinitesimal mechanical deformations [2], and has
derived the corresponding non-linear two-dimensional plate equations [3]. This paper is
concerned with various mixed variational principles for the non-linear theory of electroelas-
ticity. Mixed variational principles are important in theory and many applications in
elasticity [4], for example, in the solution of problems by the finite element method, the
mixed variational principles help determine accurately the stresses, displacements and the
electric field. A few mixed variational principles for the linear electromagnetics have
recently been proposed by Felippa and Schular [5]. Variational principles for the linear
theory of electroelasticity, or the theory of piezoelectricity, are of interest because of the
study of smart structures [6], and have been proposed [7, 8]. In this paper, for the fuily
non-linear theory, existing variational principles involving elastic stress tensor and electric
field or polarization vector are generalized to obtain mixed variational principles for all
field variables and constraints have been accounted for by the method of Lagrange
multipliers. Variational principles in terms of the total stress tensor and electric displace-
ment vector are also derived; these are more consistent in form with the mixed variational
principles of the linear theory.

2. GENERALIZATION OF TOUPIN’S VARIATIONAL FORMULATION

In the reference configuration, let the coordinates of a material particle with respect to
a rectangular Cartesian coordinate system be X, the spatial region occupied by the elastic
dielectric be V, the boundary surface of V be S, and the unit exterior normal to S be Ng. In
the current configuration, let the Cartesian coordinates of the material particle be x;, and
the spatial region occupied by the elastic dielectric be v. The deformation of the material is
described by the function x(X) which also depends on time t for dynamic problems.
Throughout this paper, a repeated index implies summation over the range of the index,
and a comma followed by an index k or K stands for partial differentiation with respect to
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x; or Xy. Toupin’s non-linear elastic dielectric material [9] is characterized by the following
functional [10]:

I'x,P,¢)= f [~ PZ(xk, 1, M) — G4 Pe + 3800 10,k + phixi]dv 1)

where ¢ is the electric potential related to the electric field E, by E, = — ¢, ., p is the mass
density in the current configuration, ¢, is the permittivity of free space, P is the electric
polarization vector, m, = P,/p is the polarization per unit mass, f; is the prescribed body
force per unit mass, and X is an energy density function. The term ¢ ¢, ¢, ,/2 represents the
part of the energy contained exclusively in the electric field which is independent of material
behavior, and the remaining terms represent the part of the energy due to the polarization
and deformation of the dielectric body. With [11]

T = det(x; k), dv=g4dV, po=pT
$=Ex,.=—¢.
Mg = T Xk, 1P = po Xk,
Egr = %(xk.ka,L — kL) @)

equation (1) can be written in the referential configuration as
rxIL ¢) = j [—poX(Exr, TIx) — ¢ kMg + 360 T X1k Xpe. k. 1D M + Pofixa1dV, (3)
| 4

where we have made use of the fact that (x ., ;) must have the form Z(Ex;, [x) for it to
be an objective function of its arguments [12]. In (2), &k and Il are the electric field and the
polarization vector in the material form, Ex; the Lagrange-Green strain tensor, p, the mass
density in the reference configuration, and dx;, the Kronecker delta. In (3), Xy, is under-
stood to be determined by

X1,k XK,k = On- @
With
Z(x, p) = %EO'TXL.kXM,kd),LqS.M (%)
equation (3) becomes
', ¢)= L [—poZ(Exs, k) — ¢ kg + L(x, &) + pofix,1dV. (6)

Using (4) and the relations given in [13], éI" = 0 gives
[Troxe,L + T Xk, 180(®, 4 Xn,x @ N Xn,1 — %¢,MXM.m¢,NXN.m6kl)].K +pofe=0 mV
(Mg + 7 Xk keo(—,.XLk)1x =0 inV¥V

oz
— Po éﬁx

where

&x =0 inV (M

7))
OEgy

is the elastic stress tensor, and we have used (2),. Equations (7),,, assume the following
more familiar form when written in the spatial description

[T "%, TurXe,1 + €o(ExEi — 3 EmEmdi)], 1+ pfs =0
(Pc + &Ei)x =0. 9

The boundary terms are discussed below.
Let the boundary surface S in the reference configuration be partitioned as

SxUST = S¢USD =8
S:NSr=8,nSp=0 (10)

T = po (8)
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where S, is the part of the boundary on which the final position of a material particle is
prescribed, and on Sy the traction vector, on S, the electric potential, on Sy, the surface free
charge density are prescribed as

Xy =X; onS,
N[Txoxa, L + T Xk 180(®, u Xns kN Xn0 — 3O 4 Xst.mD N Xn.mb)]1 = T¢ on Sy
$=¢ onsS,
N[Hg + TXg ie0(—¢,.XL)]=D onSp (11)

where T} and D are measured with respect to the surface area in the reference configuration.
The surface free charge density D is usually zero.

To obtain mixed variational formulations, we write the functional (6) in the following
constrained form:

(x4, Exg, b, TTx) = f (= poZ(Exe, TTx) — 6 xTIx + L%, 8) + pofixs]dV

Sr Sp

with constraints
EgL = ’if(xk.xxk,l, — k) InV

X, =X, onS,

¢=¢ onS, (13)

where we have added boundary terms involving surface tractions and charge density for
a complete treatment of the problem. Then, by using the method of Lagrange multipliers,
we obtain the following functional:

Uy (xx, Exr, Txe, @, k)
= L {—poZ(Egr, M) — ¢ x Mg + Ty [Exs — %(xk,ka,L — 0k)]

+ Z(x, 0) + po fixi}dV

+ | O = X)) Ne[Terxe, . + T Xk, 180(D, s Xnt, 6P, v X1
USX

- %¢,MXM,m¢.NXN,m5k1)] ds

+ | (¢ — ¢IN[Mx + T X re0(— ¢, .X1x)]1dS

JSy

~

o[ Toxeds+ J 5o ds (14)

JSr Sp

in which variables are not subjected to any constraints. The stationary conditions of I, are
equations (7), (8) and

Exp — 5(Xp xXe. — Oxk) =0 inV

Xy =X, onS,

Nx[Tirxr L + T Xk, 180(P, 0 Xk 8 Xn.t — 36, Xst.m®.n Xn.mOu)] = Te  on Sr
¢=¢ onS,

Nx[Mg + T Xk eo(—¢..X..)]=D on Sp. (15)

Equations (7), (8) and (15) are the complete set of equations and boundary conditions for
non-linear electroelasticity.
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The functional I'; can be used to generate other functionals through Legendre trans-
forms. For example, with the introduction of

PoW (Egy, 6x) = poZ(Exy, k) — &Ilg (16)

I, is changed to a functional of x;, Ex;, Tk, ¢, 6k and I, with the constraint £ = — ¢ k.
We account for this constraint by using Lagrange multipliers and obtain equations (7), ,
(15) and

ow
6

ow .
TKL—-pO-GT=O inV
KL

Mg+ po=—=0 inV

€K+¢,K=O mV (17)

as the stationary conditions which are equivalent to (7), (8) and (15). This formulation is very
general. It can be used to derive other variational principles. For example, if we use (17);
and (15); to express Ex; and & in terms of x, and ¢, and require x; and ¢ to satisfy (15);, 4,
we obtain the following functional:

Fu(xe, ) = f [—poW (Exc, ) + L(x §) + pofixs]dV

+ f Fox,dS + J By ds (18)
Sr Sp

which is the functional used in [ 14, 15] when boundary and body force terms are dropped.

3. FORMULATIONS USING THE TOTAL ENERGY DENSITY
We observe that the energy density & defined by (5) due to the electric field alone can be
written as a function of Ex; and & as follows:

L(Exp, &) = %309-XL,kXM.k¢.L¢.M

= %80(%)1/2 CiA}ngM (19)
where
Cxr = Xi,x Xk, = 2Exr + x4
T = det(Cyy) (20)
and also
0¥
= — T Xk.x X, 180(E E; ~ %EmEmakl)
AA
6_éDK = g-XK,kSOEk' (21)
Hence if we introduce a total energy deusity W *(Eg,, éx) as
poW (Egy, 6x) = poW (Egy, éx) — L (Exy, &) (22)
we have
aw'!
- Po 0g = nK + g-XK,kHOEk = 7XKJ‘(P]¢ + BOEk) = g-XK‘ka = 9’(
X
ow'! . 1 '
Po Ex, = TxL + T Xx,xX1,180(ExE; — 3 EnEp) = Tiy (23)

where D, is the electric displacement vector, Dy its material form, and Tk is the total stress
tensor. In terms of T, and Pk, (7),,, can be written as

(TkeXex).x +pofu =0
QK,K = O (24)
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While having clear physical interpretations, the separation of the energy into the part
& due to the electric field only and the part due to the dielectric body makes the
mathematical manipulations complicated. In'linear theory, the electric displacement vector
D, is used more often than the polarization vector P,. Various variational principles can
also be formulated in terms of the total energy density, total stress tensor and the electric
displacement vector. With the total energy density, we write (18) as

[s(xx, Exp, ¢, 6x) = J [—poW (Exy, &) + po fixx]dV
%

+f Tex, dS + f D¢ ds (25)
Sr S»

with constraints (13) and §x = —¢ xin V.
Using Lagrange multipliers and the standard procedures for constrained minimization
problems, we obtain as stationary conditions equations (23), (24), (15) and

Ec+dx=0 inV (26)

which become (7), ,, (15) and (17) once we specify that W' is given by (22). If a £* is
introduced through Legendre transform

poZ (Tkr, Zx) = poW ' (Exy, 6x) + 6k Dx — TxrExy (27)

we obtain a four-field functional in terms of x,, Tk., ¢, and &, whose stationary conditions
are (24) and

ox!

591(:0 inV

d.x + Po

ox!

2= 0 invV
0Tk, n

(%k, x Xk, — OxL) + Po

NxTkoXiL = Tk on Sy

¢=¢ onS,;

NK9K=D_ on SD (28)
which are equivalent to (23), (24), (15) and (26). Different functionals introduced above may
be considered as generalizations of those studied in linear piezoelectricity [8], or as
generalizations of the ones for non-linear elasticity studied in [4].

Finally, we note that variational formulations for dynamic problems can be obtained by
adding a kinetic energy term and integrating over a time interval, for example:

sk, Exp, Tk, &, D, k)
3%
= j dt j {%Poxkxk — poW ¥ (Exy, 6x) — Dx(6x + ¢ &)
o v
+ TkilEx — 3(u k%, — k1)1 + po fixi}dV

i
+ dt J (xk — fk)NK Tlt(ka,L dS
to S«

Y

+ ldt‘[ (¢ — §)NxDx dS
to s¢

v

Ly

4L
+ dtf Tyx,dS + j dtJ‘ D¢ ds (29)
Sr to Sp

Jito




724 J. S. Yang and R. C. Batra

where a dot superimposed on a quantity indicates its material time derivative. The
stationary conditions for I'y are

(TkeXe,L).x + Pofi = poX inV, o<t<ty

@K,K=0 in V, o <t <ty

ow'! ]
9}("}'90*@—:0 mV, to<t<ty
ow?! .
T;(L—pomz=0 inV, to <t <ty

Sx+¢dx=0 inV, to<t<ty

Exp —3(akXir — k) =0 inV, to<t<pty
X, =X, onS;, to<t<t

NxThkixer =T, onSy, te<t<iy

d=¢ onS,; to<t<t

Nk2x=D onS,, ty<t<t,

when
5xk|t=z., = 6xk|t=z, =0. (31)

4. CONCLUSIONS

We have considered various functionals and shown that the vanishing of the first
variations gives the pertinent governing equations and boundary conditions. Thus the
solution of a boundary-value problem or an initial-boundary value problem entails finding
the stationary value of a functional. These variational principles are mixed in the sense that
stresses, electric field, displacements and electric potential, etc., are considered as field
variables. These mixed variational principles are often employed in the finite element
solutions of problems involving cracks or other points of discontinuities.
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