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1. Introduction
Whenever there is an interaction between a dissipative body and a non-

dissipative one, the usual expectation is that the energy of the non-dissipative
body will also be dissipated. Furthermore, if the system consisting of the two is
isolated in the sense that there is no mechanical work done upon it by external
forces, one expects that the system will approach a state of rest. An example
of such a system is an elastic body submerged in a viscous fluid. Another similar
but easily manageable problem is the isolated system formed by a viscous fluid
at rest in a container whose walls are made of a linear elastic membrane and a
rigid undeformable material. I study the manageable problem and prove that the
energy of arbitrary disturbances of the rest state eventually decays. I assume that
no external force acts upon the system, that the fluid adheres to the walls, that
the surface tractions are continuous across the common interface between the
fluid and the membrane, and that the strain energy of the membrane is a non-
negative homogeneous quadratic form in the displacement gradients and is in-
variant under rigid body motions. Further, once the system is given an initial
disturbance, the rigid portion of the walls of the container is maintained at rest
subsequently. I assume also the existence of a weak solution of the equations
governing the deformation of the fluid and the membrane, and I do not obtain
the rate of decay of the energy.

It is worth mentioning that even though I show that the strain energy of the
membrane approaches the value it takes in the unperturbed configuration, the
displacements of all points of the membrane, measured from the initial undisturbed
configuration, need not go to 0 as 1-+00. This is due to the assumption on the
form of the strain energy of the membrane.

First I prove the result for an incompressible Navier-Stokes fluid; then I prove
it for a Reiner-Rivlin fluid.

2. Formulation of the Problem
Assume that, in the unperturbed (reference) configuration, the fluid occupies

~ smooth connected and bounded region R with a smooth boundary oR. The
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surface formed by the walls of the vessel containing the fluid in the reference
configuration is to be smooth enough (see CAMPANATO [1] and FICHERA [2]) to
apply the divergence theorem, the Poincare inequality, the Korn inequality and
the theorem of trace. Let 01 R be the part of the walls made of a rigid material
and let the remaining portion 02 R = oR - a-;R of the walls be an elastic membrane.

I assume that 02R is smooth enough to apply the surface divergence theorem.
The position of a material particle in the reference configuration is denoted

by X and its position at time t by x(X, t)=I(X, f). Thus u(X, t)=x-X, and

v(X, t)=*(X, t)=.i give, respectively, the displacement and the velocity of X

at time t. The surface co-ordinates za on oR are given by a smooth transformation
X=X(Z«). Hereafter, a comma followed by an index i (a) indicates partial dif-
ferentiation with respect to the rectangular Cartesian coordinates Xi (Z«). The
indices i,j etc. (a, P etc.) range over 1,2,3 (1, 2).

When there are no external forces, the equations governing the mechanical
deformations of the fluid are

divv=O in I(R, f),

pv=divT inl(R,t),

TN=-f on l(o2R,t),

v=O on I(OlR, f),
where

T= -pl+2Jld,

doo=v( o }) =l ( V. } +v. .)'J '. -Z '. J.' ,

ax} axk
Nj=8j}kazr-azr'

The deformations of the membrane are governed by the equations

pmti=(-
u=O on OI(o2R, t).

Here Tis the Cauchy stress tensor, d is the strain-rate tensor and 8ijk is the alter-
nating tensor having the value 1 or -1 if i,j, k form an even or odd permutation,
respectively, of 1,2,3 and vanishing otherwise. Summation over repeated indices
is implied. Further, P and Jl denote, respectively, the mass density per unit volume
and the shear viscosity of the fluid, p (x, t) gives the arbitrary hydrostatic pressure;
f denotes the surface tractions per unit coordinate area dZ1 dZ2 exerted by the
fluid on the membrane, Pm is the mass density and W the strain energy of the
membrane, each measured per unit coordinate area dZ1 dZ2. W is assumed to
be a non-negative homogeneous quadratic form in ",a and is normalized to take
the value 0 in the reference configuration. Note that for the same system, different
choices of the surface coordinates will, in general, result in different values of Pm
and/. The vector N defined by (2.2)3 points along the outward normal to the sur-
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face in the present configuration and need not be of unit magnitude. Use of it
rather than of the usual unit normal vector permits partial differentiation in (2.3)1'
In order that the assumptions that the fluid be incompressible and it adhere
to the walls be mutually consistent, the deformations of the membrane must be
such as to leave the total volume of the fluid invariant. Henceforth, I assume
that the fluid is homogeneous. The analysis can be easily modified to apply to an
inhomogeneous fluid [3]. Thus both the density and the shear viscosity are con-
stant throughout the fluid, and I take them to be positive. For use in the definition
of a weak solution I set

cP={</1 I </1: ~-+E3, and for every t>O, </1EC1(~X(0, f)),

</1=0 onz(a1R,t), JI"'112dV~K1, JI"'212dA~K2, (2.4)
. .

for'" 1 = </1, </1, </1. i and'" 2 = </1, </1, </1. a}'

Here E3 denotes the usual 3-dimensional Euclidean space, K1 and K2 are positive
constants, and the volume integration signified by the presence of the volume
measure dV under the integral sign is over Z(R, f). Also the surface integration
signified by the presence of the area measure dA =dZ1 dZ2 under the integral
sign is over Z(a2R, f). Taking the inner product of (2.1)2 and (2.3)1 with </1,
integrating the resulting equations over Z(R, t) and Z(a2R, f), adding these two
equations and simplifying by using the divergence theorem, the surface divergence
theorem and the boundary conditions (2.1)3.4 and (2.3)2 yields

d ..
dt [f pv. q,dV+ fPmv. q,dA]-[f pv. q,dV+ f PmV' q,dA]

oW .
= f p4>i"dV-2Jlf dij4>i. jdV- J--;};T4>:l%dA.

,1%

For use in the proof of the theorem stated below, I briefly recall the inequalities
due to POINCARE and KORN, and the theorem of trace. Fora differentiable vector-
valued function/defined on a smooth domain D such that/EL2(D),/;,jEL2(D)
and/=O on a part aDD of the boundary aD of D, POINCARE'S inequality [CAM-
PANATO, 1]

hold. The constants Pi and P2 appearing in these inequalities depend upon D
and aoD. For a differentiable vector-valued function / defined on the closure 15
of a properly regular domain D such that/EL2 (15),/;,jEL2 (15) and the restriction
of/to aD is square-integrable over aD, the theorem of trace states that [FICHERA, 2]

JrdA~P3[JrdV+ J/;,j/;,jdV
/JD D D

(2.8)

where P3 is a function of the domain D.

Jf2dV~Pl J fi,jh,jdV;
D D

and KORN'S inequality [CAMPANATO, 1]
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Since the two-dimensional measure of l(aIR, t) is time-independent, v satisfies
the side condition sufficient for (2.6) and (2.7) to hold provided the two-dimensional
measure of oIR is positive. This last condition is satisfied by virtue of the assump-
tions that a part of the walls of the container is made of a rigid material and the
fluid adheres to the walls. Thus if for every t>O, vEL2(l~, Vi,jEL2(:Z~,
vEL2 (l(a2 R, t», then from (2.6), (2.7) and (2.8)

J v2dV~PIJ Vi,jVi,jdY; (2.9)

J Vi,jVi,jdV~P2 J dij dijdY; (2.10)

J v2dA~P3UV2dV+ J Vi,jVi,jdV]. (2.11)

Here, PI and P2 depend upon I(R, t) and l(aIR, t) whereas P3 is a function of
I(R, I). Since the region of integration varies with time t, it follows that PI' P2
and P3 also vary with t and hence are real-valued functions of t.

I now introduce a definition of the weak solution. A weak solution of (2.1)-(2.3)
is a pressure fieldp and a mapping I:Rx(O, t)-!-E3 such that for every t>O

(i) I is twice continuously differentiable with respect to X and t in R x (0, I),

(ii) detl~l=lVXER; u,vEfP,

(ill) sup I pl is finite,
XeR
t>O

(iv) P,,=supp,,(t), n=1,2,3isfinite,
t>O

(v) (2.5) is satisfied for every q,etl>, and
(vi) u and v satisfy initial conditions.

Note that u and v satisfy kinematic boundary conditions because of (ii) above
and the definition of tl>. I assume that the set S of initial conditions defined below
by (2.12) is non-empty.

S={(uo,vo):uo(.)=u(.,O),vo(.)=v(.,O),E(O)~ constant, and there exists
a weak solution of (2.1)-(2.3) for every t>O satisfying these initial conditions}.

(2.12)

E(t)= J W(', t)dA+f J V2(., t)dV+! J Pm V2(., t)dA (2.13)

is the total energy of the system at time t. The main result is the following

Theorem. For every initial disturbance in S, the weak solution exhibits the
behavior

Jv2dV-+O, J V2 dA -+0, J WdA-+O (2.14)ast-+oo
provided

inf Pm>O,
Zeo2R

(2.15)sup Pm ~ constant,
ZeiJ2R

and the 2-dimensional measure of aiR is positive.
".
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3. Proof of the Theorem

Since vE4>, take t/>=v as the test function. With this choice of the test function
and by use of (2.1)1' (2.5) is simplified to

From (2.13) and (3.1),

E= -21' J d..d..dV,.. IJ 'J .

conclude that E~O, -K1~E~O and

limE(t) exists.
t-+CX)

Also, for every 1>0
E(t)~E(O),

and, in particular,

w(t)=JW(.,t)dA~E(O). (3.3)

Thus the total strain energy of the membrane stays bounded. Since E is bounded,
E(t) is of bounded variation on (0, T), T being an arbitrary real positive number.
Integrating (3.1) over (0, T) and recalling that E(t)~O yields

T
E(0)~2.uJ dt J dijdij dV, (3.4)

0
and hence

J d/jd/j dVeLl(O, 00). (3.5)

It is clear from the definition of the weak solution that the inequalities (2.9)-(2.11)
hold and are stregthened when Pl, P2 and P3 are replaced, respectively, by Pl, P2
and P3. From strengthened versions of (2.9) and (2.10), I conclude that v satisfies

J V2 dV~PlP2 J d/jd/j dV (3.6)

and this with (3.5) leads to the conclusion that

(3.7)J V2 dVeL1(O, 00).

Now (3.7), (3.5) and the strengthened form of (2.11) give the following:

fV2dAEL1(O,00). (3.8)

If we recall that P is finite and Pm is bounded, from (3.7) and (3.8) it follows
that

pJv2dV+JPmV2dAEL1(O,00),
Rewriting (3.1) as

and recalling the definition of the weak solution, I conclude that w is bounded,
and hence w is of bounded variation on (0, T). This implies that weL 1(0, T).
Use of (3.3) shows that
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and since the left-hand side of (3.11) is independent of T, it follows that weL 1(0, CX».
From (3.10) and t3.5) I obtain

d
-;{i"[pfv2dV+fPmv2dA]eLl(O,00). (3.12)

Thus P f V2 dV + f Pm V2 dA is uniformly continuous in 1 and

pfv2dV+fPmv2dA-.O as 1-+00 (3.13)

now follows from (3.9). (2.14)1 and (2.14)2 are immediate consequences of (3.13),
(2.15)1 and the assumption that p>O.

From (3.2) and (3.13) it follows that

lim f w( ., t) dA exists.
t-+ 00

(3.14)

To prove (2.14)3' it should now suffice to show that

J W(., t) dAeL1(O, 00). (3.15)

To this end, I choose a test function t/>E!P such that

(3.16)tf>(x, t)=u(x, f), (x, t)EZ(iJR, t)X(O, t)

and q, is, for the time being, unrestricted in the interior. For this choice of q"
equation (2.5) when integrated over (0, T) yields

T T

2Jw(t)dt= -p Jv. q,dVI~- JPmv. udAI~+J dtJ Pm V2 dA
0 0

T T T (3.17)
+p J dt J v. ~dV+ J dt J P4>i, idV-2.uJ dlJ dij 4>i,jdV:

0 0 0

I now try to find sufficient conditions on q, which suffice to conclude that each
term on the right-hand side is bounded for arbitrary large T. The third term on
the right-hand side of (3.17) is bounded because of (3.8) and (2.15h, and for the
remaining terms, by using the Cauchy-Schwarz inequality wherever necessary,
I obtain

(3.18)

If v(., T) 0 tf>(., T)dV! ~(f V2(., T)dV)t{f tf>2(., T)dV)t,

If PmV(., T) 0 U(', T)dAI ~SUP(Pm lul)f Iv(., T)I dA,
I T 0 I (T )t (T 0 )t
Idtfvotf>dV ~ IdtJV2dV Idtftf>2dV,

II dt J PtPi.idVI ~sup IPII dt fltPi.il dV,

That the right-hand sides of (3.18)1 and (3.18h are bounded follows from (2.15h.
and the definitions of the weak solution and of the set r/J. Thus if tPer/J is such
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that t/> satisfies (3.16) and the conditions

f~2dVeLl(O, 00),

flcf>i.ildVeL1(O,00), (3.19)
and

J 4>j,j4>j,j dVeL1 (0, 00),

I can conclude (3.15) and hence (2.14)3' To demonstrate the existence of such a
function, I introduce a new coordinate system in the neighborhood

R.={X: XeR, distance (X, OR)~B}

of oR, defined by a smooth transformation

N
O~"~6.X =x(za)-11 TNT'

For sufficiently small e, the transformation (3.20) between (Xl, X2, X3) and
(Zl, Z2, 1/) is one-to-one. Define

e-IItu(x(X(Zj, f), f), O~'1~e,tP(x(X, t), t)= (l-f, (3.21)

=0 if XEl(R-R., t).

Recalling the definition of the set CP, I note that tP defined by (3.21) is in CPo
Further this function satisfies (3.16) and (3.19). Thus the theorem is proved.

Since v E CP, sup I v I is finite and therefore v is uniformly continuous in I.
XeR

Now using also (2.14)1,2, I conclude that the velocity of every particle of the fluid
and the membrane approaches 0 as 1-'00.

4. Reiner-Rivlin Fluids
I now indicate the modifications necessary for the above analysis to apply

to the case when the viscous fluid is a Reiner-Rivlin fluid. The constitutive equation
for a Reiner-Rivlin fluid is

T= -pI +/1 d +/2 d2 (4.1)

where 11 and 12 are arbitrary functions of the second and third invariants of d,
which are denoted by II and III. I assume that/1 andl 2 are bounded. If I proceeded
as I did for the Navier-Stokes fluid, I should obtain, instead of (2.5), the following:

d "

dt[p Jv. t/>dV+ JPmv, t/>dA]-[p Jv. t/>dV+JPmv, t/>dA]
r2 oW i (4.2)

= j Pt/>i, i dV- J(11 dij4>i,j+12 dij4>i,j)dV- J a-;T 4>,adA.
,a

I modify the definition of the weak solution so as to require also that Vi,jVj,k
EL 2 (x (R, t»). Setting t/> = v in (4.2), using also the Hamilton-Cayley theorem *

* See [3, section 4].
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to simplify the right-hand side, I obtain

E= - J {(fi +11/2-/2) trd2+/2 tr(d2+d3+d4)} dV:
Since

tr(d2+d3+d4)~O'v' d,
the inequalities

f1-f2+lIf2~const>O, f2~O Vd (4.3)

are sufficient to conclude (2.14)1,2 for weak solutions in the case of Reiner-Rivlin
fluids. Proceeding as I did before to arrive at (3.17), I now obtain an expression

T
in which the last term 2J1, dtf djjc/Jj,jdV on the right-hand side of (3.15) is re-
placed by

T T

J d t J /1 dij 4>i, j dV + J d t J /2 d;j 4>i, j dV. (4.4)
0 0

That the first term in (4.4) is bounded follows from (3.5), (3.19)3 and the assump-
tion that!l is bounded. As for the second term,

II dt J /2 d;j4>i,jdvl ~sup 1/21 I dt J I dfj4>i.jl dV,

T

~SUp 1/21S dt S Id~dfjlt I <PI,j<PI,jlt dV,
0

T
~ SUp 1/21 sup(trd1 S dt S I <PI, j <PI,jlt dV.

0

I used the Cauchy-Schwarz inequality at the intermediate step and the relation *
trd4=(trd2)2 to arrive at the final inequality. The relation (3.5) implies that

sup Itrd21<00

and for the function q, given by (3.21)

JIf/Ji,jf/Ji,jltdVEL1(O,00).

Thus the corresponding theorem for a Reiner-Rivlin fluid follows. The inequalities
(4.3) delimit the class of Reiner-Rivlin fluids to which the theorem applies. That
the class is not empty becomes clear from the following example. If

12= -pII,

11=IX-pII+pII2,
IX and p positive constants, the inequalities (4.3) hold.

5. Remarks
So far I have proved that the total strain energy of the membrane goes to 0

ultimately. I now show that for the problem at hand this fact does not necessarily
imply that the displacements also go to zero in L 2-norm.
--

* C/. [3, section 4].
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A homogeneous quadratic form in u,a is expressible as a homogeneous qua-
dratic form in sap and OJap, defined as follows:

(5.1)
8ap=t(U,a' X,p+U,p' X,a)'

Wap=t(U,a' X,p-U,p' X,a)'
That is,

W(u.~)= W(8~(J' w~(J)' (5.2)

For a rigid motion of the membrane 8~(J=O, and if W is to be invariant under
rigid motions, W must not depend upon w~(J' Thus

W(u.~)= W(8~(J) (5.3)

and since W(O) =0, W(O)=O. For a plane membrane that occupies the surface
X3=0 in the reference configuration, the displacement field

Ul=U2=O, U3 = 1/1,

where 1/1 is any smooth function of Z« and vanishes on the boundary of the
membrane, satisfies (2.3) with v=/=O. For displacements given by (5.4),

8«p=O,
and, therefore,

W(u,«)=O

but J U2 dA need not be zero. This example shows that the membrane may have
several distinct rest states, not differing from each other by a rigid motion, in
which the total strain energy of the membrane is same. What the above theorem
gives is that the membrane returns to one state of rest.

However, for a plane membrane for which the strain energy satisfies the
inequality

WdA ~ constant J 8«p8«pdA,

one can easily show that the tangential displacements go to 0 in L 2-norm as t -+ 00.

Indeed, setting Z~=X~ in (5.1)1' and recalling POINCARE'S inequality (2.6) and
KORN'S inequality (2.7), one obtains

J uauadA~constantJ WdA
and hence

J uauadA--.O as 1-+00,
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