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Abstract— An analysis of a simply supported rectangular elastic plate forced into bending vibrations
by the application of time harmonic voltages to piezoelectric actuators attached to its bottom and
top surfaces is performed by using the equations of linear elasticity. The actuators have been
modeled as thin surface films and mixed edge conditions are employed to simulate simple supports.

1. INTRODUCTION

Elastic plates with piezoelectric films attached to them have been of great interest because
of their use in smart structures. Most analytical analyses were based on various approximate
two-dimensional plate theories [see e.g. Tauchert (1992), Tang and Xu (1995) and Mitchell
and Reddy (1995)]. The method of Fourier series has been used in analyzing deformations
of elastic plates when three-dimensional equations of elasticity are used (Srinivas et al.,
1970 ; Wittrick, 1987). The boundary conditions of a simply supported plate characterized
by the vanishing of the deflection and bending moment at the edges translate into mixed
boundary conditions. Here the Fourier series method is employed to analyse the time
harmonic bending vibration of a simply supported rectangular elastic plate with pie-
zoelectric actuators bonded to its bottom and top surfaces. The elastic plate can be lami-
nated and made of orthotropic or isotropic materials. The piezoelectric actuators are
modeled as thin films (Tiersten, 1993) as in a recent paper by Zhou and Tiersten (1994) on
the cylindrical bending of an elastic plate with piezoelectric actuators. The analysis per-
formed here can be considered as an extension of the Fourier series analysis on the
cylindrical bending vibrations of a laminated elastic plate under piezoelectric actuators
(Yang et al., 1994).

2. FORMULATION OF THE PROBLEM

2.1. Governing equations

We consider an N-layer laminated elastic plate of dimensions ¢ and b in x, and x,
directions and total thickness 24, with piezoelectric film actuators attached to its bottom
x; = —h, and top x; = & (Fig. 1) surfaces. The positions of the bottom and top surfaces
as well as of the N—1 interfaces between the laminates are denoted by AY = —#&, AV,
A, RN DR = b the ith elastic layer is determined by A¢~" < x5 < A, where i = 1,
2,...,N. We use a superscript i in parentheses to indicate quantities of the ith layer.
Equations expressing the balance of linear momentum are
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Fig. 1. A N-layer rectangular elastic plate with piezoelectric actuators at the bottom and top.

0 =p%, a,p=12,3 )

where 7¢) is the stress tensor, #{’ the displacement vector and p® the mass density of the
material of the ith layer. Here we have used a fixed set of rectangular Cartesian axes, a
comma followed by the index B implies partial differentiation with respect to xg, a super-
imposed dot signifies partial differentiation with respect to time ¢, and a repeated index
implies summation over the range of the index. Each layer is assumed to be made of an
orthotropic material with constitutive equations

o, = e+ s +

t) = b, +culs +cfud

4]

) = cfhull +eful +cfud

33U33
o) =l +ul;
) = %@ +uls)

i = cs (i) +ul) @

which includes isotropic materials as special cases. Here ¢y, ¢i»..., €tC. are the elasticities
of the orthotropic material. The boundary conditions at the edges of the simply supported
plate are taken to be

9 =0, u =0, u=0 at x, =0,a
0

, uP =0, u?=0 at x,=0,b )

We note that the above boundary conditions are for the case when the plate is viewed as a
three-dimensional body. They simulate a simply supported plate characterized by the
vanishing of the deflection and bending moment at the edges. Boundary conditions such as
eqn (3) have been used by Srinivas et al. (1970) and Wittrick (1987) to simulate simply
supported plates. At the interface x; = A between the ith and the ({4 1)th layers, we have
fori=1,2,...,N—1

W=, =g, =l at =4O

Ul = 0 w9 =u§th, w =uitY at xy =h" @)
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The substitution of eqn (2) into eqns (1), (3) and (4) yields equations of equilibrium and
boundary as well as interface conditions in terms of displacements:

Py +cOu®y +cQulss + (B +cOuls + (€8 +e)u?,, = pOaf
(€5 + s+ ey, + Byl -+l + (Rt cluly, = pOuf
(e +cD)uls+ (B +c)uss +c%uf + cusy +cQus; = pPuf

cPuP +ePhud +cPud, =0, u =0, u=0 at x, =0,a

cu® +ePudy +cQuds =0, u9 =0, u?=0 at x,=0,b (%)
and

c(l) (u(l)l +u(0 ) — c(';")(u"“) (l-gl]) at x; = h®

)1 s

Q@ +u) =iV @IV +uis?) at x; =49

> )

c(l uﬁl) +C(0 u(l] +c(') — c(li; ) (l+1)+c(l+l) (1'51)+Cg;1)ugi-§\) at  x, = h®

s >

uf = u({'“’, ud =uf*, y@ =uli*" at x, =h9, 6)

Usually the piezo ceramic actuators are quite thin as compared to the laminate and therefore
can be modeled as thin films (Tiersten, 1993). We use a superscript b to denote quantities
for the bottom actuator. For the bottom actuator of thickness 4, the balance of linear
momentum yields

b b bb 1 bpby b bbb,
RPT8 R T5 2+ 180 = —n = PR, RPTh . +h 7222+T321x3=—h p°h’i @)

Polarized ceramics, poled in x, direction, can be modeled as transversely isotropic
materials with the x;-axis as the preferred direction; their constitutive equations which
satisfy the charge equation of electrostatics to the lowest order are (Tiersten, 1993)

b __ b b ~b b b b _ =b b b b ~b 17b b
Tl = CLul, +Caus, — 83 E5 = ¢ ui  +C1u3,— 85, V() /h

b b b b b b _ b b b b sb b b
To = Caty  +C U5, — 83 E5 = Chout y +80us,— 5, Vo (D)/h )]

= Cgﬁ(ubl,Z +ug‘1)

L]
—
(]

I

where
b __ b b b (b _ b =6 _ b b b b ob
Ch = cli—ciseis/e3s = 811 /A, &5, = cf,—ciscis/e5s = s1,/A
b __ b b b jb _ Jb b b _ b b b b
€31 = €3, —e33c13fc3y =d3 /(571 +572), A =s511871—57257, )]

and we have set E} = V°(¢)/h® where V(¢) is the applied voltage which is a function of
time ¢ only. The edge conditions for the bottom actuator are

0 0 at x, =0,a
w5, =0, u4=0 at x,=0,b. (10)

In terms of displacements, eqns (7) and (10) become

b i 1 bbb
RoeS uf 1+ R cgaul 2o +RP(ES, + che)ub a9l +ul D= —n = p°hu§

» B

1 1 bpb b
hP@52 4 c§e)ul 2 +hPcheub 1 +h0e5 uf 0+ W) + +us s, = —n = p°h%H5
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neeb by =e5 Ve, ub=0 at x, =0,a

hteb ub, =5 Vi), uf =0 at x,=0,b (1)
Similarly, for the top actuator with thickness 4 and applied voltage V() we have

t= t ! = t t N N t
heul 1 +hcheu’ 5o +R'(E1 +che)ub 2 — 8§D (U +uf ))|X3~h = p'h'i

1=t t t t St ] N) N —— pthingt
B (82 +che)ul 1o +hcheus 1y +h T b —c P @S] + (2,3))|x3:h = p'h'i;

ey =e5 Vi), uy =0 at x, =0,a
hl(,—'l] |ur2‘2 = élgl Vr(t), utl = O at X, = O, b, (12)
where a superscript ¢ denotes quantities for the top actuator, and we have set
= V'(O)/h'".
The additional boundary conditions at the bottom surface x; = —h and top surface

x; = h of the plate are given by

by bl 1 b 1 b
) =pth%ad, wV =ul, u"=ul at x;=—h (13)
e = o, =, WO =uh ot x =

or, in terms of displacements

efull +eull +eul = pPhtad, ud =uf, uw) =uh at x;=—h
—(cu (N>+cw>u%”2’+c(”) M =pha, u =ul, u =uy at x; =

(14)

The problem we need to solve consists of eqns (5), (6), (11), (12) and (14), with
unknowns u{?(x,, x5, x5, 1), u¥(x1, x5, x3,0), w9 (x1,%5,%3,0), ui(x,,%5,0), ws(x;,%2,7),
u' (x1, %, 1) and w5 (x,, X2, 1).

2.2. Time harmonic vibrations
We consider vibrations of the plate under time harmonic driving voltage

Vb(t) — Vbeiwt’ Vl(t) — Vteiwr (15)

in which ¥ and V7" are constants, and restrict ourselves to steady state vibrations for which
all field quantities have the same time dependence

ud(xy, %0, x5, 0) = d2(x(, x5, x3) €, a=1,2,3
ub (X1, X, 1) = do(x, X)€", m=1,2

ul (X, x5, 1) = @4 (x,, %) e, m=1,2, (16)

Henceforth, we drop the superimposed tildes. Substitution of eqn (16} into (5), (6), (11),
(12) and (14) yields
s+ lyuon+ Bullss+ (el + @i+ (e + @iy = —p00?up
(cth +C(l))u(11?12 +C(sf)6u(2')\1 +c$huty, +C£P4u(2’)31 +(Cw lzt)u(si?n = —P(i)wzu(zi)

(e +cul s+ (€D +eD)ulas +cQudy +cfu +cBuyy = —pP0?uf
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ePul® +eBufy +cufy =0, « =0, =0 at x,=0,a

cDu® +c@Bu+cQuPs =0, uP =0, uf =0 at x, =0 a7
O, +uln) = DG HulsD) at x = b
Oy +udy) = i@ +ul3Y) at xy=hY

C(!73u(10| (2031,4 1)2+Cg7 (03 = C(lliH) (l+|)+c(l+1)u(l+1)+c(3i;-l)ugiEI) at x; = p®

) =uftY, uw® =uftV, u =uf*" at x;=h" (18)
b Uy, 1 bpb 2 b
RS Ul )+ R cgeut 2+ (@52 +cheubn+e§9@s) +uid)ls,- 4 = —p"h 0" u;
1 1 bpb 2. b
R (&%, +cbo)ul o +hbeheul 1 +R7E U5 00 el (uS ) + +uS ) —n = —p H @ u3
et b, =24Vt ub=0 at x, =0,a
hbfliluz‘Z:éS]Vb, ul; =0 at xz =0,b (19)
= = N N N 2
h'eh uf +hichett 2 +h' (@ + ke — @ +uf)—n = —p'h'o u'
_ p - N N 2
B (&4, +che)ul o Hhickeub i +h'T b0 — el @3 + U e,on = —p'h'o u)
hetyu', =e5 V', u,=0 at x, =0,a
hichuh, =85 V', ui=0 at x,=0,b (20)
1, 1, 1y, (1 bpb, 2. (1 1 b ! b
el + e+ et = — RO, ) = ) =ud At v = —h
DU+ W+ Ul = —phw W = ut, w —uh at x = h

2

3. SOLUTIONS

3.1. Solutions for the laminates

We assume that displacements of the ith layer can be represented as Fourier series.
That is

ac

uf = ) am(xs)cosa,x, sin f,x;

mn=1

o0
u = Y bd.(x;)sina,x, cos f,x;

mn=1
oK
u(sl) = z c'(’?n(x3) sin a,,Xx, SiIlﬂ,,Xz
mpn=1
%, = mn/a, I}" = nn/b (22)

which ensures that all homogeneous boundary conditions in eqn (17) at the edges x, = 0,
aand x, = 0, b are satisfied. The substitution of eqn (22) into eqn (17),_; yields the following
ordinary differential equations

— it — cfuBlath +ehathss — e+ )b+ (€ +cancths = —pO0al,

—(OSh + ety — chaibl — B+ cEbGhss + (B Bl = —p 7B,
2 2 2.

— (ef + ettt — (0BG — Bkt —chBic+ et = —p 0 ch,

(23)
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In order to find a solution of (23), we let

(0 (x ) — A(D e"'""
(t) (x ) — (0 e'l(')

¢ (x3) = C D e (24)

where 49, BO CY9 and 1Y), are undetermined constants. Substitution of eqn (24) into eqn
(23) yields the following homogeneous linear equations for the determination of 4%, BY,
and C9),

[pY0* — ik — a3 + ey (n) 1A — (el +elh)on BY + (e + cL)amhClh =0
— (e +eQ)anB An +p 0w —can — OB + i (nin) 1B + (¢ +cQ)BmhCol =0

e+ e md D — (D +c)BmhB o, —[pC0® —can — QB+ () *1Ch, = 0

(25)
or
[Cm (’?(0 )2 —All]Agr?n -"'llzBEr?n_FA]}nr(Banr?n = 0
— 20248+ (MDY —722]BY, 4+ 200, CH =0
— A3 ’?(OA(') A'23’157?nB(‘) ‘HC(0 (,1(0 2 133]C$1?n =0 (26)
where
by = BBt B2 — O, s = el +chpE— 07,
Iy = ek +efB2—pP0%, Az = (4 e,
Ay = (C(O (0 Ny Az3 = (C(') (l))ﬂn (27

Note that all the lambdas should also have the subscripts mn and superscript i in
parentheses—we omit them for simplicity. Equations (26) have nontrivial solutions only if
the determinant of the coefficients matrix vanishes. This results in the following cubic
equation for (n$,)?

() +am)* +b(nn)  +c=0 (28)
where
! (0 2 @ @) (0] @)
G_W(c adiz+cs 123—C33C44/111“C33055;22 ;)
€33
gc(“ 0 ——— o QA A3 Aoy = 233y — A3 Aar — AT+ A Agy + ¢ idaadss Heidii Ass)
cy
1 2
C—W( 12433 — A1 422453). (29)
33C44C5%

With
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wy24 4

y=(m) + 3 (30)

p=b—3a’, g=3%a’—iab+c (31)

the three roots of (28) are given by (Wang, 1987)

GO
om0
ool O

i

where

w1 = H=14/30), o, =1(—1-/3D. (33)

Corresponding to eqn (32) there are six roots for n,, which can be real or complex.
When a particular root 5, with fixed p is real, from eqn (26) (lines 1 and 2) we obtain
that the solution to eqn (23) corresponding to this particular 5, is

an(x3) = DD F 0 (x3)
br(v?n(x3) = DEr?ansr?np(x3)

CS,?,,(X3) = DS:;LpHE:?np(XS) (34)

where D, is an arbitrary constant, and

— A9 -2 )
F(i) (x3)= l3rlmnp 12 en}r’l)anS
e — L@ D (p® y2_ )
23N minp C44(’1mnp) 22
2 - .
@ C(SI)S (nsr?np) — AL _A‘l3’7£r’?np M
Gmnl’(x3) = @ @ T3
4
— A1 —/123nmnp
() () )2
. S5 (M) * — A1 — Az y
Hope) =" PR (35)
-1z C4‘4(’1$r[mp) — A2

When a particular 7%, is complex, its complex conjugate is also a root. We write one
of this pair of roots as 1%, = &9, +il\,,, where ¢, and {{,, are real and £, may be

mnp

zero but {$),, may not. From eqn (26) (lines 1 and 2) there are two sets of solutions to eqn

(23) corresponding to this pair of complex conjugate roots. They all can be written in the
form of eqn (34), with

F @, (x3) = cos B, x; e
B " i (0]
Gfr';)np(x3) = COSCf:?npxz —7Y21 810 Cgi)npxs)eé”'"”x"
. @
HE}?np(x3) = (y3 Coscir?npx3 Y41 Slnc%,;x3)3§""“’x3 (36)

and
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Fﬁr'mp(x3) = Slncsynpxleémnp

Ggrlmp(x?) - (_ Y12 COS ‘:m)n/)x3 4_~/'27 sin gmnpx1)€gmnp

r(:l)rlp(x3) = (=732 COSCmnpx3+ Va2 SIN ny?npxa)ew"”x’ (37
respectively, where
Yoo Y2
Y21 V22
Yar Va2
Ya1 Va2
Alz 0 _Allﬁgt)np ﬂlacgz)np -1
) 0 s sl —hsEy
B c44[(6t(711)np)2 fr’x)np)zl—izz —20445%,7 frlv)np Azsfiﬂ)np _AZBCS;)np
2¢44 s by casl(Cmp)? — (i) 1 =422 Aaalidy,  A2ainy
CSS[(éEr?np)z_(Cir?np)z]_;“11 _2c55C$:1)ang1)np
26556;(1?",; Ep’?np css|( fr?np)z yﬁr?np) 1- A (38)
Ala 0
0 Atz

We note that there can be a few values of @ which make ¢g?/4+p*/27 = 0. In that case,
eqn (28) has repeated roots for (#%,)? and the solution to eqn (23) needs special discussion.
This is likely to be the case when each of the laminate is made of an isotropic material. We
will not consider these special values of w. The general solution to eqn (23) can therefore
be written as

6
a}rln]n(xiv) = Z D;r,z)onr(:z)np(x3)
p=1
bfv?n(x?ﬁ) = Z Dip’t)ans:'l)np(x?)
p=1
Com(x3) = Z D H i p(x3) (39

where D (), are undetermined constants. The displacements and stresses can then be written

as

_ -

u(li] = Z Dﬁrlr)onlr,mp(x1) Cos UmXy sin ﬁnx2
ma=1| p=1

8

o [ 6 7
uf = 5 | Y DY.GY(x3) [sina,x, cos f,x,
mn=1 | p=1

o [ 6 7
u(SI) = Z Z Dir’t)anirlmp(x?) Sin 0, X Sin ﬁan
mn=1| p=1 _

T(li)l = Z Z Df}’l)lxl)Kgrl;)rlp(XB) Sin T Xy Sin ﬁn‘x2

mu=1| p=1
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ao
T% = 2: z:I)QWng&x3;]ﬁnamxlgnﬁnx2

mn=1 | p=1

Z DS:?angx)np(x3)
J=l

6

> DY,P i,?,,,,(x;)} sin &, x, sin B,x,
Z1

6
Sin &,,x; €OS f§,X,

© 6 T
Tg = }: z:l)gbizgw(x3) CosamXIShlﬁnXZ
mn=1 [ p=1 -
o [ 6 T
T(l")z = z Z Dgr?inft?np(x3) COS &, x| COS ﬁnxz
mn=1 | p=1 N
where
Kff;)np(xs) = —C(li)lamFg?np(xa)—C(li)zﬁntf;)»xp(xz)+C(li3Hfr?np.3(xz)
Lﬁr[t)np(xii) = _C(1’)2amF£r?np(x3)_c(2i)2 nG)(r“tLp(x3)+c(2%Hr(r?np,3(x3)
Pgl)np(x3) = _c(li)3amF£r?np(x3)_c(li)3 ntr?np(x3)+c(303Hg?np~3(x3)

Qs;)np(x3) = cg&[ﬁnH

0 o(x3) + G b3 (x3)]

RS,)[,(X3) = C(Si)S[amng)np(x3)+Ffr?np,3(x3)]

Tsr?np(x3) = C(ﬁi})[ﬁnFir?np(XB)+amG£v?np(x3)]'
Substitution of eqn (40) into the interface continuity conditions [eqn (18)] at x; = A?

fori=1,2,...,N—1yields

6
> DO F
p=1

6
fr?np(hm) — ZID%”FELZ}”("(”)
p=

6 6
, N
Y DGl (h®) = ¥ DG (h0)
p=1 p=1
6 6
, . . ) ey Dy
Y. DG H () = 3. D et (h)
p=1 r=1
6 6
. . . D B D
Y. DOLRO,(B) = 3 DELVRELD(h)
=1 p=1
6 6
: B ) G 1)
Z DEr?np i:l]np h(i)) - Z D%rtp )Qirlmp )(hl’))
p=1 p=1
6 6
. ‘ () G
Y DR PL (") =Y DIV P (hY)
p=1 p=1
which can be written in the following matrix form
_ _ e
D}r?nl Di:zn+l !
. .
Do DER"
i+ 1
1)3%3 [710] [)gL)
Do - D+
mné mn4
. i
D3 DG
. -
LD e LD s |

where [T]9 is a transfer matrix giv

en by

1605

(40)

(41)

(42)

(43)
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[FS0(®) Fah®) FaG®) FO.0H0) Fist®) Fiah®) ]
Gl (h?) Ga(h®) Glhs(h®) Glhu(h®) Ghs(h®) Ging(h?)
Hiu(h®) HBa(h) Hs(h®) Hu®) His ) Hie(h)
ROA) RO:(h%) Ris(h®) RGu(h®) RGs(t®) R
081 (h") Q0a(h®) QBsh®) Q0ath®) Qhs(h®) Qlhs(h)
LPOBO) Pah®) PRa(h®) Pah®) Psh®) Pie(h?)
Fﬁ:ll)(h(i)) F(H—l)(h(l)) F(i+|)(h(i)) Fﬁ,‘;:4l)(h(i)) Fs;:sl)(h(i)) F%;t—él)(h(i))
G () GUP(0) GLD(K®) GLd(hO) GLDHY) Gl ()
HGED () HGD () HGD0O) HGD 0O G 00 Hid ()
RGVHO) RGDHO) RGDH) R4 RO) RUD(RY) R4 (1)
Q) QLN QN () QU (K®) QLK) QU ()
LPGDRY) PSED(O) PEEDGO) PLKO) PG LD HO) ]

(1 =

(44)
With repeated use of eqn (43), we obtain
2 [ D)
D) Do
P | _ o gy | 2 (45)
D s Do
D s Dk
LD ] LD ]

which will be needed later. With eqns (40) and (45), eqns (17) and (18) are satisfied.
However, eqns (19)—(21) still remain to be satisfied.

3.2. Solutions for the actuators
For the bottom actuator governed by eqn (19), we assume that

D¢, cosa,,x, sin B,x,
1

x
—
[
HNgE

D, sina,x; cos B,x,
1

h
U, =
m

P18

4 a *h
b h .
D3, = P u'(x,,x,)cosa,,x, sin f,x, dx, dx,
0 Jo

4 a (b
D&, = EJ J ub(x,, x,) sina,,x, cos B,x, dx, dx, (46)

0 Jo

where D%, and D?%,, are undetermined constants. Equations (46) satisfy the two homo-
geneous displacement boundary conditions in eqn (19). It may seem that, after term by
term differentiation, eqn (46) can not accommodate the two nonhomogeneous boundary
conditions in eqn (19). This is not the case because the Fourier series [eqn (46)] for this
situation with nonhomogeneous boundary conditions generally do not have the uniform
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convergence needed for term by term differentiation (Zauderer, 1983). To avoid term by
term differentiation and to take care of the nonhomogeneous boundary conditions at the
same time, we multiply eqn (19), by cosx,,x, sin f,x, and integrate the resulting equation
over 0 < x; < aand 0 < x, < b. With integration by parts we obtain

far b 1 COS X, sin B,x, dx, d bD &7 [(=D"=1](=1)"—1]
u m np,x;dx, dx, = — o — —D"=1(-1"—-
o Jo 1,11 1 2 1 2 4 1 hbc_,?ﬂ
a (*b , . 2ab
U7 52 coS,,x, sin f,x, dx, dx, = By
0 JO

a *b
b .
J. J Uz12 Cos o, x; S1n BnXZ dx] dxl amﬂn 4 DZmn

0 Jo

a *b b 6
J J. e$9 @l +ul') |, - _scosa,x; sin B,x, dx, dx, = 94— Z} R,(,},?,,(——h)DE,,',,),,:' 47)

0 Jo

where the nonhomogeneous boundary condition in (19); has been used. Equation (19),
then becomes

6

Z Rgrzp(_h)Dfr:rzp-*-hb@bwz_E?la —ciBHDS,.,

p=1

428,V
abB,

—h*(@32+¢66)tmBnD 3 = [(=D"=1[(=D"—1]. (48)

In a similar way, we multiply eqn(19), by sin a,,x; cos 8,X, and integrate the resulting
equation over 0 < x; < a and 0 < x, < b to obtain

6
Z QSnln)p(_h)D Sr:r?p—hb(élh +c26)amﬂnD [;mn

4
FR 0 — @l — 4 2Dy = 25, [( D —1(=1)"—1]  @9)

where the nonhomogeneous boundary condition in eqn (19), has been used. For the top
actuator, we assume

oo
ui = Y Di,.cosa,x;sinf,x,

mn=1

uhy =Y Dh,,sina,x, cospf,x,

mpn=1

4 a (*b
Ln = EJ J u) (X1, X3) COS &,y X Sin B, X, dx, dx, (50)
0o Jo

4 a (*b
2o = ab us(x,, x;) sina,,x; cos f,x, dx, dx,

0 J0

which satisfy the two homogeneous boundary conditions in eqn (20); .. By employing the
technique similar to that used to obtain eqns (48) and (49), the remaining expressions in
eqn (20) are satisfied if
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6
z Rglt?p(h)D(N) +h ( llar2n+Cr66B5 _—prwz)D[lmn_’_hl(c—'lZ +C’66)amﬁn
p=1

4
2mn

4(?3[]71 m n
= g (=D === 1)

6

Z QL’Y,}(’I)D%+/1 (€2 +co6)0mPuD i + A (Cﬁﬁam+cllﬂn—p wz)Dbmn

= _ M[(_l)m_ N(-=n"—11. (SH

aba,,

With eqn (46) and eqns (48)—(51) all of the expressions in eqns (19) and (20) are
satisfied. We are left with eqn (21) only.

3.3. Continuity conditions between the plate and actuators

The continuity conditions [eqn (21)] at the interfaces between the plate and the
actuators become, upon substitution of eqns (40), (46), and (50)

6
2 P (=R +p*h* @ H ) (=D, =0

p=1

6

Z Fﬂ)p(—h)pr—D[;mn = 0
p=1

6

Z Gfr:rzp( h)D ir:rzp D 2mn = O

6
L [Po ) —p'h' 0 ()DL, =0
=1

Z FEnnp(h)DSn’Yzz: lmn = 0

6

Zl G (D5, — D5, = 0. (52)
o

Thus we have satisfied all the governing equations and boundary conditions, eqns
(17)—(21). In summary, for fixed m and n, we need to solve the following system of sixteen
equations obtained from eqns (45), (48), (49), (51) and (52)

6
Z (1)( h)D(])p+hb(wa2 Clla _C66B )Dlmn_h (CI"+C66)1mﬁnD2mn

Ty =1y
T CIEEIIE )

6

Z anlrzp(_h)Dfr}rZP h (Cl7+(66)amﬁ Dlmn

45,V

b
+hb(0bw2“025°‘r2n 11,3 )D5,, = b [(=D"=1][(=1)"—1]
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6

z R%})(h)Dfnl\;;_i_h (Ella +C66ﬁ2_p w2)D 1mn +hl(6112 +C166)amﬁnD r2mn

4331 m n
=~ ok, =)= 1l= 1 =1]

6
Zl (WD G+ (82 + €60y D s +H (C602 + T4 B2 —p'@w?) DYy,
P

ey v
N abuw,,

[(=D"=1[(=D"=1]

[P (—h)+p°h*w?H ) (=D, =

mnp

e

>

Z Finlrfp(_h)Dﬁnlrgp Dlmn 0

p=1

1 1 b
G Erm)p( h)D ;(m?p 2mn = 0

IM@

(53)
[P (h)—p'h'w® HLL (WD {0, = 0

1

T«M@

6
Z] F;rllYlL(h)D frﬁl}} lmn = 0
p=

6

2. Gap(hD i, —Db,, =0

1) 7 r NY 7
DSnnl Dgnn)l
1 N)
DSnn)Q D§nn2
pw D@
mn3 _ [T]“)[T](z).__[T](N*” mn3
(1 N
Dmn)4 Dgnn)4
(1 N
D.)s DL
1 N
_Dfnn)é J _Dﬁnn)G .

for the sixteen unknowns D)), D) D¢, . D5,..D%,,,and D},,. We note that the solution
is nontrivial only when m and » are both odd, representing deformations symmetric about
x; = a/2 and x, = b/2. The vanishing of the determinant of the coefficient matrix of eqn
(53) determines the resonance frequencies for the free vibrations of the system.

3.4. Plate with one actuator

If there is only one actuator, for example, affixed to the top surface of the plate, the
boundary conditions at the bottom surface of the plate should be the vanishing of
757,14 and 4. We then have the following fourteen equations

6

Y Rib,(~h)D4Y), =0

p=1

Q‘”lﬁp(—h)D‘nin’,, =0

HMo
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6

Y RO DG+ (T 102+ cssBE—p' @)D+ B (€12 C56) 2mBaD s
p=1

425, V!

=~ B, (=D"—1[(=D"-1]

6
Y Qo MD o+ h €2+ Co6)0uBD o+ (Coom+ 11 B7 — p'0?) D o
p=1

44, V' . n
= —m[(—l) —1[(=D"-1]

6
2 (Pl (=h) +p @ HL) (=)D, =0
p=1

(=

[Py (B)—p'h'w® H o, (WD G, = 0 (54)

]

p=1

6
p=1

6
p=

(DT (DT
DY, D
Pl oy oy | 2
D D
D D

LD [ D, |

for the fourteen unknowns D), D% D', and D%,,,.

mnps

4. NUMERICAL RESULTS

As an example, we consider a graphite-epoxy plate with PZT-G1195 actuators affixed
on the top and bottom surfaces. The material parameters for the graphite-epoxy are

El] = 1500GPa, E22 = E33 = 9GPa, Vipg = V3 = V3 = 0.3, (55)
G12 = G31 = 7.1 GPa, G23 =25 GPa, p= 1600kg/m3,
and those for the PZT-G1195 are

0 0 2177
0 0 =21
b ol — 0 0 95 C
0 92 0 m?
92 0 0
L0 0 0 |
r 148 762 742 0 0 0
148 74.2 0 0
ot = 131 0 0 0
Symmetric 254 0 0
254 0
L 35.9 |
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p" = p"=7500kg/m>. (56)

For geometric dimensions, we choose a = 8 cm, b = 8/\/§cm, 2h=02cm, h* = h' =0.02
cm. We also choose ¥” = — 77 = 50 V. We note that the analysis presented above is valid
for a laminated elastic plate. However, there is only one lamina in the example considered to
facilitate the interpretation of computed results.

The structure has a series of natural bending vibration frequencies which can be
ordered as ,,,, m,n =1,2,3,.... The free bending vibration modes corresponding to w,,,
3, W13, W33, . . . are symmetric about both x,; = a/2 and x, = /2 and those corresponding
to @z, Wy, Wy, . . . are antisymmetric about either x, = 4/2 or x, = /2, or both. Only fully
symmetric modes can be excited in our problem because of the symmetry of the structure
and the loading conditions. The natural frequencies of the structure can be roughly esti-
mated from the results of the plate theory. When the inertia and rigidity of the actuators
are neglected, we have (Jones, 1975)

2 4 2 /82 4712
Wy X S I:D11<T> +2(D12+2D66)<ﬂ> <E> +D,, <ﬁ> :| (57)
/2hp a al \b b

or

T /D" 1 a\? (D, +2Dq) a\'({ D, 172
Q = / 2 Hi1 — |~ 4 “ 12 66 2.2 “ 22 4
yn wmn”, [7! (th) az] [m +2(b) ———DH m-n°+ 5 D”n
(58)

where D,; = E,;(2h)*/12(1=v%), a, B =1, 2, 6 is the flexural rigidity and Q,,, is the nor-
malized natural frequency. From eqn (58) we obtain

Q,~13, Q, ~495 Q,~923, Q,x11.7... (59)

We plot |U;(a/2, 5/2,0)| = |us(a/2, b/2,0)|hc5 h%/a%e5, V, the normalized deflection of
the centroid of the plate, as a function of the normalized forcing frequency

D\ 1
— LY e —
2ol G) o

in Fig. 2. It is seen that U,(a/2, b/2, 0) becomes large at certain discrete values of Q, which
signifies the resonance phenomenon. Those values of Q at which resonances occur should
be in the sequence Q,;, Q31, Qy3, Qss, . ... The values of Q,,, Qy;, Q,3, and Q,; shown in Fig.
Zare Q) % 1.612,Q; ~ 7.685,Q,; ~ 8.365 and Q;; = 12.738. These values differ noticeably
from those listed in eqn (59). That this difference is caused by the presence of actuators
was verified by reducing the elasticities, mass density and the thickness of the actuators by
10%, 10° and 10°, respectively. For this case, the computed resonance frequencies equalled
1.296, 4.826, 8.697 and 10.965, respectively which are close to those listed in eqn (59). In Fig.
2, only the locations of the peaks are important which determine the resonant frequencies of
the system. The relative magnitudes of the peaks depend on how close the sampling points
of Q are to the exact values of Q,,, when the curve is computed.

Normalized deflection of the middle surface Us(x,,x,,0) = us(x,,x,,0)
heb hla*e%, V, normalized shear stresses at the interface between the top actuator and the
plate T3, (xy, x5, k) = 13, (xy, X2, R[5, V and Tsy(x,, x5, k) = T35(x,, X, DA® /€2, V are
plotted in Figs 3-5, respectively, for Q near Q,,. Similar results for Q near €, are plotted
in Figs 6-8, for Q near Q,; in Figs 9~11, and for Q near Q;; in Figs 12-14.

Under a particular forcing frequency Q, all of the fully symmetric free vibration
modes may be excited. But when Q is close to a particular resonant frequency, the mode
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Fig. 2. The normalized deflection of the centroid | U;(a/2, b/2,0)| = |us(a/2, b/2,0)|hch, b [a*e5, V as
a function of the nondimensional forcing frequency Q = w/(n*(D/2ph)'? 1/a*).

0 0
x1 X2

Fig. 3. The deflection surface U;(x,, x,, 0) for Q near Q,;.

corresponding to that resonant frequency has a dominant contribution to the deflection of
the plate. The Fourier series converges very fast. When Q is near Q,;, 3, Q;3, or Q;;, at
most 20 terms are needed for u;(a/2, b/2, 0) to have four significant digits. When Q is higher,
higher order modes also become important hence more terms are needed in the series. For
all of the results presented herein, eight hAundred terms in the Fourier series are summed to
ensure sufficient accuracy.
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Fig. 4. The normalized shear stress T, (X, X5, /1) = T3, {x,. X2, 1)A"/¢%, V under the top actuator for
Q near Q,,.
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Fig. 5. The normalized shear stress T:,(X,, X>. h) = 752(x,. X2, I)#"/e%}, V under the top actuator for

Q near Q,,.

It can be seen that for vibrations in modes 11, 31, 13 and 33, the normalized shear
stress T5,(x,, X2, 1) or Ts,(x,, x5, h) at points on the interface between the top actuator and
the plate surface is mainly concentrated in a narrow region near the edges. This is similar
to the results for beams computed by Hanagud and Kulkarni (1992) by the two-dimensional
finite element method and by Zhou and Tiersten (1994) and Yang et al. (1994), who used
the two-dimensional elasticity theory. In the approximate plate theory, these shear stresses
have delta function distributions (Zhou and Tiersten, 1994). The finite element method
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Fig. 6. The deflection surface U;(x,, x,, 0) for Q near Q.
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Fig. 7. The normalized shear stress T4, (X, X5, h) = 13, (x,, X2, h)h’/e5, V under the top actuator for
Q near ;.

usually predicts a more gradual change of the shear stress distributions which is determined
by the element size and the interpolation functions used (Hanagud and Kulkarni, 1992).
The results by Fourier series sometimes have slight oscillations in the shear stress dis-
tribution near the edges (Zhou and Tiersten, 1994), which looks like the Gibbs phenomenon
of a Fourier series near a jump discontinuity.

5. CONCLUSIONS

We have presented a Fourier series analysis of the vibrations of an elastic rectangular
plate forced by piezoelectric actuators under time harmonic electric voltage. The solution
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0.08

Fig. 8. The normalized shear stress Ts;(x,, X2, h) = t3,(x1, X5, h)h* /€5, V under the top actuator for
Q near Q;;.
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Fig. 9. The deflection surface U;(x,, x,, 0) for Q near ;.

is exact within the linear theory of elasticity. The Fourier series converges rapidly in the
numerical example studied. For the graphite-epoxy plate with actuators attached to its top
and bottom surfaces, it is shown that the normalized shear stress at the interface between
the plate and an actuator is essentially zero except in very small regions near the edges for
vibrations of the plate in modes 11, 13, 31 and 33. The computed natural frequencies for
the orthotropic plate are found to be close to those estimated from the plate theory.
However, PZT attached layers to the top and bottom surfaces of the plate shift noticeably
the natural frequencies of the plate.
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