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Abstract

Assuming that a material point becomes unstable when the e�ective plastic strain there reaches a critical value, it is

found that a material instability will initiate at a point on the crack-tip of an impulsively loaded prenotched plate that

makes an angle of )14° to the notch-tip. This agrees well with the observed values of )5° to )15°. Ó 1998 Elsevier

Science Ltd. All rights reserved.

1. Introduction

Experiments were performed [1,2] to study the
deformation of a plate with two parallel cracks
or notches and impacted by a cylindrical projectile
of diameter equal to the spacing between the
cracks. The crack tip deformation ®eld is predom-
inantly Mode II, i.e., in-plane shearing mode. The
experimental results show that with an increase in
the impact speed, the failure mode changes from a
brittle crack along approximately 70°, to an adia-
batic shear band along approximately )5° to
)15° to the notch ligament. Similar experiments
have been performed on a plate with a single edge
crack [3,4]. It was found in [3] that a shear band
propagates forward nearly parallel to the pre-
notch in a shear dominated zone and then arrests.
Subsequently a di�erent failure mode is initiated at
a large positive angle to the notch ligament. Rough
fracture surfaces and shear lips suggest that this
growth is Mode I dominated. Failure mode transi-
tion has also been related to material properties
[4]. Under similar conditions, di�erent failure

modes were observed in C-300 (a maraging) steel,
but only shear banding mode of failure was ob-
served in Ti-6Al-4V.

Using linear elastodynamics, Lee and Freund
[5] analyzed the wave motion in a prenotched
plate, showed that due to the e�ects of unloading
waves, a transient, mixed-mode stress intensity
factor ®eld is induced near the crack tip, and deter-
mined time histories of stress intensity factors KI(t)
and KII(t). The KII(t) is large due to the incident
compressive wave, but a time-dependent KI(t) is
also generated. Finite element simulations for this
problem have also been made [6±8].

Assume that the plate material can be modeled
as elastic/plastic, and Lee and Freund's [5] solution
for the elastic problem holds outside of a circular
region surrounding the notch-tip. By postulating
that strains within the circular region vary as rÿN

with 0 < N 6 1 and r the distance from the
notch-tip, and that a material instability initiates
in the direction of the maximum e�ective plastic
strain, we ascertain the direction of the material in-
stability. For the problem studied in [1,2], the ma-
terial instability is found to initiate at an angle of
)14° to the notch ligament which agrees well with
the observed values of )5° to )15°.
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2. Critical instability direction

The edge-cracked plate problem studied herein
is shown schematically in Fig. 1. A rectangular
Cartesian x, y-coordinate system is introduced in
the plane of the plate with origin at the crack tip.
Following the works in [6±8], assume that a plane
strain mode of deformation prevails. The plate ma-
terial is modeled as elastic-perfectly plastic, and
the strain-displacement relations are assumed to
be linear. In rectangular Cartesian coordinates,
the e�ective plastic strain, cp, is given by
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where ep
ij is the deviatoric plastic strain tensor, and

a repeated index implies summation over the range
of the index.

The impact load on the plate induces a combi-
nation of transient Mode I and II deformation
®elds near the crack tip [5]. For this mixed-mode
®eld, the stress ®eld in the elastic zone E, as deter-
mined by linear elastic dynamic fracture mechan-
ics, is
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where r is the distance from the crack tip, and h the
angle from the notch ligament, as shown in Fig. 1,
m is Poisson's ratio, and me � 2=p� � tanÿ1 KI=KII� �
is the mode-mixity parameter introduced in [9].
The mixity parameter is useful in characterizing
the near-tip ®eld under mixed-mode conditions.
The time dependence of the mixity parameter for
this problem was studied in [5].

In terms of the von Mises yield criterion, the
corresponding small-scale plastic zone radius, rp,
can be determined from Eq. (2), asFig. 1. Schematic of crack con®guration and loading.
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where r0 is the yield stress in a quasistatic simple
tension or compression test. The strain ®eld at
the boundary C, i.e. r� rp, obtained by using
Hooke's law and Eq. (2) is
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We assume that strains in zone P are propor-
tional to rÿN ; 1 P N > 0. This was suggested in
[9±11] for the strain distribution around a crack
tip. For r� 1, the elastic strains can be neglected
as compared to their plastic counterparts. Hence-
forth, consider points near the notch-tip with
r� 1 and neglect elastic strains. Thus, at a point
close to the notch-tip
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Substitution from Eq. (5) into Eq. (1) yields
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Thus the e�ective plastic strain depends on the
mode-mixity parameter, me, and the angle h. It
was found in [5] that for the time interval of inte-
rest, the mode-mixity parameter nearly equals
)0.25 when Poisson's ratio for plate's material is
0.25. Let me in Eq. (6) be a constant. Also, postu-
late that the instability occurs at the critical angle
hi where the e�ective plastic strain cp reaches ®rst
the critical instability strain. Hence the critical an-
gle hi is determined by

ocp1�me; h�
oh

� 0;
o2cp1�me; h�

o2h
< 0: �7�
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This gives

hi � hi�me�: �8�
Numerical experiments with N� 0.4, 0.7 and 1.0
gave virtually identical curves between hi and me

for )0.5 6 me 6 0.5. This is not surprising since
the dependence of cp1 upon me and h is determined
by the far-®eld elastic solution. Henceforth we set
N� 1.0. The relationship between the critical in-
stability angle, hi, and the mode mixity parameter,
me, is shown in Fig. 2 for Poisson's ratios equal to
0.25 and 0.4. It is evident that an increase in Pois-
son's ratio increases the critical instability angle;
however, the change is small. Also

hi � 0 when me � 0: �9�
Thus under pure Mode II loading conditions, i.e.,
KI� 0, the material instability occurs along the
notch ligament. However, as mentioned above, a
time-dependent Mode I stress intensity factor gen-
erally develops, i.e., KI ¹ 0, and the instability oc-
curs at hi 6� 0. For me�)0.25, hi � ÿ14� which
agrees well with the observed values of )5° to
)15° [1].

Eq. (6) implies that cp is a function of KI, KII

and h since me � 2=p� � tanÿ1 KI=KII� �. Numerical
experiments with h and KII kept constant indicated
that maximum values (in®nity) of cp occur for
me � �1. However, when h and KI were kept ®xed,
cp assumed very large values for jmej6 0:17. Thus
it is not transparent if the nonlinear equations

ocp
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ocp

oKII
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have a unique solution KI, KII and h, and that so-
lution corresponds to a maximum value of cp.

3. Conclusions

It is found that the direction of material insta-
bility at the crack-tip in an impulsively loaded
prenotched elastic-plastic plate is not sensitive to
the exponent N of the singularity in strains near
the crack-tip. The direction )14° of material insta-
bility agrees well with the test values of )5° to
)15°.
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