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We study the morphological stability of a propagating planar interphase boundary in a
thermoplastic material deformed in antiplane shear. The plane interphase boundary is
found to be stable if 3,/ (,pc) > Vi where c is the specific heat per unit volume; p is
the mass density; V, is the propagation speed; and 3, is a function of the material
moduli and the state of deformation of the body.

The propagation of interphase boundaries in one- and two-dimensional deforma-
tions of solids that can undergo phase transformations has been studied by,
amongst others, James [12], Hutchinson and Neale [11], Coleman [6], Fager and
Bassani [7], and Tugcu and Neale [20, 21]. Many of these studies have been
motivated by the experimental observations on the cold-drawing of polymer fibers
and membranes. These works have examined the existence and properties of a
steady-state solution characterized by a steadily propagating interphase boundary
that divides the body into two uniform or nearly uniform deformed regions. This
phenomenon is somewhat similar to the directional solidification process studied
by Mullins and Sekerka [18], Langer [16], and Godreche [10] where a moving planar
interface separates the solid and liquid regions. For this case a planar interface can
become morphologically unstable and then develop into a cellular or dendritic
pattern. We note that detailed experimental observations on the morphology of a
propagating interphase boundary in two-dimensional deformations of solids under-
going phase transformations has not been reported. Here we use Mullins and
Sekerka’s method to study analytically the morphological stability of a planar
propagating interphase boundary in phase-transforming thermoplastic solids de-
formed in antiplane shear. For a thermoelastic solid deformed in antiplane shear,
Fried [9] has investigated the relationship between the morphological stability of
the planar interface and the “kinetic functions” proposed by Knowles [15] and
Abeyaratne and Knowles [1].
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FORMULATION OF THE PROBLEM

We consider antiplane shear deformations in the {x,, x,}-plane of a rigid-plastic
and nonheat conducting material whose behavior can be described by the J,-defor-
mation theory. We confine ourselves to the geometrically linearized case; there-
fore, the effect of change of configuration during phase transition is neglected. We
also ignore the effect of thermal expansion and unloading of a material point. The
J,-deformation theory for thermoplastic materials has been used in the analysis of
many problems (e.g., see Boley and Weiner [5], Baines [4], and Kachanov [14]). In it
the stress—strain relation is given by

5i;=2/3) 0,/ €)%

where s;; and §; respectively, are the components of the deviatoric stress tensor
and the deviatoric infinitesimal strain tensor and

g, = (2sijs,.j/3)1/2 and e = (ZEijEij/3)1/2

are the effective stress and the effective strain, respectively. It can be verified that
for the J,-deformation theory there exists a plastic work function W(e,) such that

For the antiplane shear deformations in this article, let the nonzero displacement
component along the vertical direction be w(x,, x,,t). From the linearized strain-
displacement equations, two nonzero components of the strain tensor ¢; ; are

€3=W.1/2 €3=W,/2 1

where w ; = dw/Jdx;. Here we assume that a potential function W(e,, €53, 8) per
unit volume exists and is of a separable form

W(513, €335 0)=F(H)I(0) 2)

where 6=T —T,, T, is a suitably chosen reference value of the temperature 7T,
and II is proportional to the effective strain €, and is defined as

: 1/2
H=(€123+6223)/

3)
for convenience. We note that several authors, e.g., see Litonski [17] and Johnson
and Cook [13] have assumed that the flaw stress can be expressed as a product of
three functions: one of temperature alone, another of effective plastic strain-rate,
and the third one of effective plastic strain. In order that the material exhibit
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thermal softening, we require that (i) 7(0) = 1 and 0 < a positive number <1(6) <1
for the range of 8> 0 to be discussed herein, and (ii) I'(8) < 0. The function F(-)
is assumed to be a nonlinear function of II such that

1 dF

fI) =F (/2= 5~

(4)

is characterized by the “rising-falling-rising” curve as shown in Figure 1. It follows
from Eq. (2) that components o; and o,; of the stress tensor o;; are given by

03 =(1/2)dW /€5 =f(I1)I(8) €5 /T1 5)
5

0y =(1/2)0W /ey =f(IDI(0) €y /11

respectively; thus the effective stress is proportional to f(II)I(8). Therefore, by
using the uniaxial stress—strain curve shown in Figure 1, a relation between the
effective stress and the effective strain at any given temperature can be derived.

For the problem being studied, the balance of linear momentum and the
balance of internal energy are equivalent to the equations

PpW = O + 0'23_2 (6)
Co,, = 0'13W.1, + 0'23W_2, r7)

respectively, where p is the constant mass density and c is the constant specific
heat per unit volume. In Eq. (7) we have assumed that all of the plastic working,
rather than 90% to 95% of it as asserted by Farren and Taylor [8] and Suli-

| m

0 —————
n Figure 1. The uniaxial constitutive function f(TT)
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joadikusumo and Dillon [19] is converted into heating. From Egs. (6) and (7), we
obtain the balance of total energy

(c0+pw?%/2) ;= (oW ) + (0w ), 8
and recalling Eq. (5), we write Eq. (7) as
cI*(8)..=F )]

where
1*(0) =f"1({)" ¢
0

Obviously 7*(@) is an increasing function of 6.

Since some of the physical quantities will be discontinuous across the interface,
we need jump conditions across it. Let the interface propagate at the local speed V
and its local normal vector be n (directed in the direction of propagation); the jump
conditions across the interface are

Cwl=0 1
~pV.Iw,J=Lo]n
c[I*(0)]=[F1

—V,[co0+p(w )/2]=[w,0c]n (14)

where [ - J =(-)*—(-)~ denotes the jump, & = {03, 0,3}, and V, =V-n > 0 is the
normal component of the velocity V of propagation. The jump condition (13) is
obtained from Eq. (9), and others are standard ones; for example, see Abeyaratne
and Knowles [2]. Whereas Fried [9] used “kinetic relations,” we employ jump
conditions (12) to (14) derived from the conservation laws.

A STEADY-STATE SOLUTION

We examine the steady-state solution for which the body is divided into regions I
and II, as shown in Figure 2, such that the strain and temperature are uniform in
these regions and the planar interface x; = V¢t between them is moving in the
x;-direction at a constant velocity V. Thus the displacement and temperature are
given by

=20, w=Ez forz<0
(15)
0=26, w=EFE,z forz>0

where z=x. — V.t and 6; and E; (i = ,2) are constants with 6, < 6, and E, <E,
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The jump conditions (12) to (14) reduce to

pVI(E, — E,) = f(E\)I(6,) — f(E,)I(8,)
c(1*(08,) —1*(8,)) =F(E,) — F(E,) (1mn
c(0, — 0,) + oV (E} — E}) /2 = f(E,) E\1(8,) - f(E,) E, I(6,)

It is seen that the deformation and temperature are coupled with each other.

ANALYSIS OF THE MORPHOLOGICAL STABILITY OF THE
INTERFACE

Governing Equations

Following Mullins and Sekerka’s method (Mullins and Sekerka [18], Langer [16],
and Godreche [10]) we consider a perturbation of the interface geometry in the
reference frame {z;x,;¢}. Let the interface geometry be given an infinitesimal
perturbation

z2=2%(x,,t) = 8 cos kx e

where 8 is a small number. The steady-state solution (15) is replaced by
0= 0, +u,(z)cos kx,e*
(20)
w=Ez+v,(z)cos kx,e” for z<z*(x,,t)
0= 0, + u,(z)cos kx,e*"
21)
w=E,z+v,(z)cos kx,e* for z>2*(x,,t)
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where u,v;, and u,,v, are of order 8. The linearized perturbed equations
obtained from Egs. (6) and (7) are

4P(W,n =2V, + V02w,zz) —WunW, ,, = 2Wqw ,./E =2W 446,
VV,I'I(w,zt - Vow,zz) = 20(0,! - V()e,z)

where Wy (W, and W ;) denotes the constant value of W (W¢) and W)
at the umform state 6= 0,, E=F,, and w=E,z in region I or Wﬁj) W@, and
W @) at the uniform state §=0,, E=E,, and w =E,z in region IL. Equations
(22) and (23) are coupled unless W ;=0 or W ,=0.

In order to find a solution of Egs. (22) and (23), we first examine their
eigensolutions. Let

u(z) ~A,e* v(z)~Be* forz<z*(x,,t
where A4, and B, are the A-dependent coefficients; then Egs. (22) and (23) yield
{4p(0? =20V A + VIAD) — W A% + 2W QK2 /E, B, = 2W () A
2c(w - Vo)A, = WR(w - VD) AB,
and three eigenvalues A are solutions of
clap(w? 20V, + V) ~ WA + WK /E, ) =W HW G 22
o=VyA

and the ratio of coefficients A, to B, of the eigensolution is given by either Eq.
(25) or (26).

Equations (27) give
A= —4cpoV, + /4cpw?SP + 2cW Pk /E, ) /5O (28)
where
3 =3,—dcplV? (29)
So=cWn+W oW ey (30)

and the superscript (1) on 3, and ¥ signifies their values in region  Similarly, let

u(z) ~A,e™"” vy(z) ~B,e "  forz>z*(x,,1) an
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from Egs. (22) and (23) we obtain
{40(0® + 20V + Vin* —WRyn* +2WRk?/E,)B, = 2W %A, (32)
2c(w+Vym)A, = —W@(w+ VB, (33)

and three eigenvalues 7 are given by
c{ap(w? + 20Vyn + Vin?) — WQnn* + 2W Rk /E)} =W QRW Gym?

o+Vym=0

The ratio of coefficients A4, to B, of the eigensolution is given by either Eq. (32)
or (33). Two roots of Egs. (34), are

n=(4cpwVy + acpw?SP + 2cW Pk’ SOJE, )/5@

We note that there are six roots of eigenequations (27) and (34). Because boundary
conditions at infinity are not perturbed, the admissible perturbation must tend to
zero at infinity. Thus real parts of admissible roots must be positive. Then,
according to the Mullins and Sekerka method, it is essential for our present
problem that there be three and only three admissible roots of Eqgs. (27) and (34)
with positive real parts such that the corresponding three unknown coefficients and
& may be well-determined by the four interface jump conditions (11) to (14). We
assume that the roots p, r, and g exist and require that

Re(p)>0 Re(r)>0 Re(q)>0

If the boundary conditions at infinity are also given, then the infinitesimal pertur-
bations and inequalities (36) are relaxed to

Re(p)=0 Re(r)=20 Re(g)=0

and we shall have a more restrictive definition of stability because the set of
admissible perturbations is enlarged. We do not study this alternative.

Because of the assumption of infinitesimal deformations and infinitesimal
perturbations, the local velocity

V=V.+2z*(x,.1)
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of the interface nearly equals its normal component V,. Thus, in the frame
{z, x,,}, four jump conditions (11) to (14) at z =z*(x,,t) reduce to the following
four linear homogeneous equations

dpwVy8(E, —E;) + [ QpVE = Whn/Jv , T = [TWSheul
VoL (EW /2 - 2pVEE +2£,1(8))v , ]

= 208[ fI%0)E] + V,[ Qc—EW%,)u] +20[ (f,1(8) pVZE)W]

CFv.. 1 =2cLu/1%6)1

where u =u,u, and E =E,, E, for regions I, II, respectively.
From the condition for the existence of a nonzero solution {8, u, v} we get an
expression for @ and then examine the interface stability.

Stability Conditions

We delineate all possible unstable cases; thus, the rest must be stable. For the
interface to be unstable, Re(w) > 0. Relations (27), (28), (34), and (35) imply that
there cannot be five or six admissible roots with positive real parts. If there are
four admissible roots, then, since there are four corresponding arbitrary coeffi-
cients, four jump conditions may always be satisfied by these four roots and & with
Re(w) > 0. Therefore, the interface will be unstable. In fact, this is the case when
one of the two values of 3 in two distinct phases is negative, that is, when
3M <0 and 3@ > 0. However, this is not the case when 3@ > 3® > (; in other
words, the possibility of four admissible roots of Egs. (27) and (34) with Re(w) > 0
is excluded by 2@ > 3™ > 0. Henceforth we assume that 3® > 3O,

For the general case when there are only three admissible roots of Egs. (27),
(28), (34), and (35), the following are the only three possibilities for Re(w) > 0.

Case 1. There is no admissible root of Eq. (34), and there are three admissible
roots of Eq. (27);

Case 2. There is one admissible root of Eq. (34), and two admissible roots of
Eq. 27);

Case 3. There are two admissible roots of Eq. (34) and just one admissible root

of Eq. (27).

Case 3 is impossible for real w?. Below we examine each one of these three
cases.
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Case 1. Three roots p,r,q are given by Egs. (28) and (27), and we have
u,(z) = aeP* + ye* + B*e?”
v(2) = a*e?” + P*e’* + Be?*  z<z*(x,,t)
u,(2) =0 v,(2)=0  z>z*(x,,t)

where a, B, ¢ are three unknown constants and a*, B*, ¢* are expressed in terms
of a, B, ¢ through Eqgs. (25) and (26) as

{-WSinq® +2W Rk /E ) B=2W Ghq B*
2ca=W{pa* (43)
2cp=WPry*
The four unknown constants 6, a, 8, will be determined by the four interface

conditions (38) to (41). Then, we get the following three equations for v, ., u;, and

2pVe = Win/2vy . — Wilsu; = 4paVyv.
(W,(ﬁ?n/2 - 2PV02)U1,z +2pVow(E, + E))v, /E, + }V,%)oul =0
WRu, ,=2cu, (46)
Since E, # E,, we conclude from Egs. (44) and (45) that
v,=0
and furthermore from Eq. (44) we obtain
QpV§ —Win/2Dvy,. =W, (4R)
Therefore 3 = 0 is equivalent to
vy, =U;=u;=0 (49)
or
at+¢+p*=0 a*+¢*+B=0 pa*+rp*+qp=0
or, more explicitly,

WR(r—pla* +WPrg—2cp*=0 (r—pla*+(r—q)B=0
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It follows that

SPw? = 2cVEW Pk?/E, (52)
Therefore, for the existence of a solution with Re(w) > 0, we must have =§ > 0;
the corresponding roots given by Egs. (28) and (27), are all possible admissible
roots if and only if 3@ <0 and 3® < 0. Thus we conclude that when and only
when S <0 and 3@ <0, there can exist a solution with @ > 0, and then the

steady-state solution (15) with the interface z =0 is unstable.

Case 2. We write the admissible roots as p, r, and g with

wo=V,p

r=—4cpoV, +/4cpw?SP + 2cWPkIV/E, ) /30

g = (4cpaVy + acpw?SP + 2cWRK*3® /E, ) /5

The general forms of admissible perturbations are

u(z) = a*eP* + ge” v(z) = ae?* +¢*e”?  z2<z*(x,,t)
(54)
u,(z) =Be™* v,(z)=B* "  z>z*(x,,1)

where a, B,  are three unknown constants and a*, B*, * are expressed in terms
of a, B, ¢ through Egs. (25), (26), (32), and (33) as

—WSinp* + 2W Rk /E;}a = 2W G} pa*
2cB= -WiqB*

The four unknown constants 8, a, 3, ¢ will be determined from the four interface
conditions (38) to (41) that now can be written as

W,(111)ou1 +2poV[v] + (W,(rll)n/2 - 20V02)01,z =0

WSn/2~ 20V Py, + WRn/2=2pVPv, , + Wpu, + WRpu, =0

WRv,,.=2cu
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Using u, =B, v,=—2cB/qWR, v, ,=2cB/WP, we eliminate B and obtain
from Egs. (56), ,

We(q2® — dcpwlVyu,
+2poVyg2Pv + (WRn/2 - 2pV ) (gE® — dcpwVy)v, , =0
We assume that v; =u, X +v; ,Y and conclude that
2c=r[2¢Y + WX
Thus the eigenequation becomes
[ED(g2® — dcpaVy)r + 4cpwVoyqS@) [ 2Pp? — 2cW Rk?/E ] =0
We note that the root determined by
[ZPp? - 2eWw QK2 /E,] =0
is inadmissible. Thus
SOZ@rg =dcpaVy[rE® — g3®] (60)
which with the use of Eq. (33) becomes
WOW Rk SOE® + 4E, E(SPEP — 162V plo
+2p02k*(CPWNIOE, + SOWYSOE,) = 0
Thus if 3@ >3® >0, then w? <0, the solution is admissible, and therefore, the
interface is morphologically stable; however, if 0 > 3® > 3O, then the solution is

found to be inadmissible.

Case 3. Three roots p, r, and q are expressed as

p=w/V,
. (62)
r.q=l4cpwV, + 4cpw?E® + 2c0WQk?2D/E, ) /3@
Thus, the perturbation is given by
u(z) = a*e?” v.z)=ae?* forz<z*(x,,t)
uy(z) = ge "* + Be (63)

U,(2) = y*e7 + Bre~ ¥ for z>z*(x,,t)
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where a, B, ¢ are three unknown constants and a*, B*, ¥* can be expressed in
terms of a, B, ¢ through Egs. (25), (26), (32), and (33) as

~WSnp® + 2Wk* /E }o = 2W ) pa*
2ep= —WPry*
2cB=—-WQRqB*
The eigenequations give
QpV§ —Win/2vy,, — Wyt — 4pwVop,
=QpV§ —Wa/v,,. - W Rsu, — dpoVop, (65)
W n/2 - 2pVEw, , +2pVow(E, + E)v, + WSl Eu.
= (W@n/2—2pVE;v, , + 2pVy@(E; + E)vy + Wy Ejuy
WRv, ,=2cu, (67
Equations (67) and (63) imply that
2cVEWRk?/E, = 3Pw? (68)

which gives a real value of w? and is thus inadmissible.
If condition (68) cannot be satisfied, then a* =a=20; in this case 2cu, =
W (v, ,), and the eigencondition reduces to

—8cpwVyv,=3%, ,
—4cpVyw(E, + Ep)vy/E, =3O,
Thus
pVywv,=0 and 3P, =0
Therefore, v, =v, , =0 and the eigencondition becomes
Yp*+B*=0 rg*+qp*=0 r=gq

which gives a real value for w? also and therefore is inadmissible. Thus, Case (3) is
always inadmissible.
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Summary and Discussion of Results

Summarizing we conclude that

(@) If 2@ >3M >0, then the unique admissible solution requires that w? <0 and
therefore the interface z = 0 is morphologically stable.

M) If 2@ >0 but SM <0, then there are some admissible perturbations with
> 0 and the interface z = 0 is unstable.

(c) If 0 > 3@ > 5O, then we have indeed admissible perturbations with @ > 0 (and
8=0), and the steady-state solution (3.1) with the interface z =0 is unstable.

The above results assert that the necessary and sufficient condition for the
morphological stability of a propagating interphase boundary is 3™ > 0, which
implies that 3@ > 0 and therefore may be expressed as

V2 < (3,/4cp) (73)

Therefore, the stability condition for a propagating interphase boundary is more
restrictive than the thermoplastic stability condition 3, > 0 (cf. Bai [3]). According
to condition (73) the propagating planar interphase boundary will become morpho-
logically unstable when V;? reaches the critical value (3,/4cp) in at least one of
the two phases.
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