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A three-dimensional asymptotic scheme that combines the transfer matrix method and
the asymptotic expansion technique is used to analyze thermo-electro-mechanical
deformations of a piezothermoelastic laminate with surface tractions, electric potentials,
and temperatures specified on its top and bottom surfaces. The scheme results in a
hierarchy of two-dimensional equations with the same homogeneous operator for each
order. For an elastic problem, the homogeneous operator reduces to that for classical
thin-plate equations. Results computed for a simply supported rectangular plate with
edges grounded are found to be in excellent agreement with the exact solution of the
problem.

Piezoelectric materials are often used as sensors and actuators for active control of
structural systems [1-7]. Several investigations [8—18] have been carried out to
analyze the effects of temperature changes in piezothermoelastic materials. In
particular, Xu et al. [16, 17| have used a transfer matrix approach to study the
thermo-electro-mechanical characteristics of laminated plates. Dube et al. [18]
have presented an exact solution for a simply supported single-layer piezothermo-
elastic plate with its edges grounded.

An asymptotic theory of leading-order approximation for thin homogeneous
single-layer piezoelectric plates has been proposed [19, 20]. The three-dimensional
electroelastic analysis has also been conducted for laminated plates [21, 22| using
asymptotic theories of higher order approximations. It has been found that solu-
tions of the three-dimensional electroelasticity equations, excluding boundary layer
effects, can be generated by successively solving two-dimensional plate equations
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from leading order to any higher order. However, none of these electroelasticity
approaches considers the thermal effects.

Since the mechanical displacements, transverse stresses, electric potential, and
the transverse electric displacement are usually continuous across interlaminar
interfaces, they are chosen as the termination parameters in the conventional
transfer matrix description for a multilayered stack. Furthermore, employing the
asymptotic expansion technique |23, 24] for elastic plates, the conventional transfer
matrix method can be refined to enlarge its applications |21, 22]. Here, we combine
the asymptotic expansion technique and the transfer matrix formulation to analyze
three-dimensional deformations of a piezothermoelastic plate. The temperature
field is found separately by solving the heat conduction problem. The technique is
illustrated by analyzing the deformations of a rectangular piezothermoelastic
laminated plate with its edges simply supported and grounded. Numerical results
are presented for the plate subjected to thermal loads on its top and bottom
surfaces.

FORMULATION OF THE PROBLEM

We use a rectangular Cartesian coordinate system {x;} (i=1,2,3) such that the
lower and upper surfaces of the undeformed plate of uniform thickness / lie in the
planes x; =0, i, where x; =0 is the reference plane. Hereafter, a comma followed
by a subscript i denotes the partial derivative with respect to x; and a repeated
index implies summation over the range of the index with Latin indices taking
values from 1 to 3 and Greek indices from 1 to 2.

For a quasi-static piezothermoelastic problem, the heat conduction equation is
uncoupled from the other equations. Thus the temperature field in the plate is
assumed to be known a priori. Details for solving the three-dimensional thermal
problem are given in the appendix. We denote by T and S (components 7,; and S,.j)
the symmetric stress and strain tensors; by D and E (components D, and E,) the
electric displacement and the electric field vectors; and by u (component u;), ¢,
and T the mechanical displacement vector, the electric potential, and the tempera-
ture increment, respectively. Equations governing the quasi-static deformations of
a piezothermoelastic body can be grouped into the following three sets [25-27|:

Divergence equations:

Vi.t=0 V-D=0 (1

Constitutive relations:
T=c:S—e:E—AT D=e:S+€-E+pT (2)
Gradient equations:

S=L1Vu+(Vuw)'] E=-Vp (3)
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The divergence equations (1), with zero body force, electric charge density, and
source of internal energy, and the quasi-static approximation V X E =0, where V is
the three-dimensional gradient operator, express, respectively, the balance of linear
momentum and the Gaussian equation of electrostatics. The elastic moduli c,
piezoelectric moduli e, dielectric moduli €, stress-temperature coefficients A, and
pyroelectric coefficients p are, respectively, fourth-order, third-order, second-order,
and first-order tensors for characterizing a piezothermoelastic medium. The com-
ponents of these tensors exhibit the following symmetries:

Cijk1 = Cjik1 = Crkiij Crij = Cpji ik = & A =i 4)

For a laminated plate comprised of different homogeneous laminae, the material
moduli are piecewise constant functions of x;.

For monoclinic piezothermoelastic materials with reflectional symmetry in
X, = const planes, the constitutive relations can be written as

Tap = Capop Sa)p + Cap33 Sy — €3ap Ey— A’aﬁT
a3 2Ca3a)3Sa)3 ~ €oa3 Ea)

T3 = c33(upSa)p i35Sy — ey By — Ay, T (5)
Doc = 26(1(03Sa)3 + gaa) E{

D;= e3pr

op T€333853; T &3 B3 +piT

These relations, when combined with Egs. (1) and (3), yield the state-space

equation
F|l__|0 A||lF 0

where we have set T=¢&0, x,=¢&z,0.= 0/0z,é=h/a,a is a typical in-plane di-
mension,

Uy T13
u
F=| *| and G=|"® (7)
T3 U,
D, ®

The 4 X 4 matrix operators A and B and the 4 X 1 matrix operator C contain the
in-plane differential operator d,= d/Jx, and depend on z only through the
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material moduli. We partition both A and B into four 2 X 2 submatrix operators as

I —J5 —Lg, 3G —Mgg
A= T4 P B= T, (8)
— G Kpp 6 —Mg g N

where matrices I and N are defined by

-1 -1
c c c e
1= (I(ua) — 1313 1323 N= (Naa)) — 3333 333 (9)
Ci323 323 €33 T &y
We have used superscripts, to which the conventional summation also applies, to
denote the row and column indices of a matrix element. Js and M, are matrices,
and each of their elements is a vector defined by

[Jéul Jéuz] — \[dgﬁ IwaeﬁodJ
(10)
[Méxl Mﬁaz] = \[caﬁ% e3aﬁJN

and Kg, and L, are matrices with each of their elements being a tensor defined
by

11 _ g2 _ g2 2 _ jw2

Kpp = Kpp = Kjp =0 Ko = Jﬁw

o3 T &p

(1)

ao — _ al _ a2
Bp = CaBwp Zuﬁ C330p Zuﬁ €30p

Here &,; is the Kronecker delta. The subscripts of the corresponding matrix
element imply the usual components of a tensor. These submatrices are only

related to the material moduli and depend on x;. The elements of the 4 X 1 matrix
operator C are defined by

45
P (12)

C= %xﬁaﬁz (A'aﬁ_ Cicupys— C4e3aﬁ)aﬁ

&
G

The in-plane stresses and in-plane electric displacements, which may be discontinu-
ous in x;, are given by

Tup=Li50u, + Mgt + Mi° Dy — v, T
(13)

_— 2 2
Dy = 13— K, G 9
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AN ASYMPTOTIC SCHEME

The general problem of piezothermoelasticity is to determine the fields of mechan-
ical displacement, stress, electric potential, electric displacement, and temperature
under applied mechanical, electrical, and thermal loads. The thermal problem is
solved in the appendix, and the temperature field is assumed to be known for the
following discussion. The mechanical loading is specified by the shear tractions g,
and the normal pressures g; on the plate surfaces, while the electric loading is
specified by the applied electric potentials ¥V'*. Perfect bonding is assumed be-
tween the adjoining laminae in the sense that mechanical displacements, surface
tractions, temperature, the normal component of the heat flux, electric potential,
and the normal component of the electrical displacement are continuous across the
interface.

For general mechanical loading conditions (in particular, unequal tractions on
the top and bottom surfaces), the transverse shear stresses are of the order O(g?)
and the transverse normal stress is of the order O(g?), as in the case of pure
elasticity [23]. Accordingly, the surface forcing functions are scaled as

Ta3(xp,0)=£2q(;(xp) T3 (X, a)—szq;(xp) (14)
735(x,,0) = —&’¢5 (x,) T33(x,,0) = —&’¢f (x,) (15)

The surface electric potentials are constructed to be O(&?) [22], that is,
q)(xp,O):szV(xp) q)(x a)—82V+(x) (16)

To find solutions of successive approximations, we expand the field functions F
and G in terms of the small parameter € as

ef™
[ ] 2 [ (n) ] (17)
Then the surface traction conditions (14), (15) and the surface electric potential

conditions (16) may be expressed in terms of the components of the expansion
terms of F and G. For the leading order, we have

0 =00 =0 g(a)=7(a)=0
FO0)=1t90)=0  fOa)=1Y(a) =0 (18)
O=900)=0  gP(a)=¢"(a)=0
and, for the remaining orders with n= 0,
GO =40 =8, g @ =@ =45,
AT =10 = =456, A" (@ =130 = =45, (19)

O =" O =15, ") =" (@) =15,
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Substituting expansion (17) into Eq. (6) leads to the recurrence relations

2.g0=0 AOfM = Ag™
(20)
O.g" T =Bf" +5 CO  (n=0)

Integrating these differential equations with respect to z and using the conditions
(18) and (19) for the bottom surface, we obtain for n= 0

- 0 Ul(n)
0 U
©0) — £ — 2 + (n)
g U3(0) _q;d“ OAg
| 0 Dy
_ 1)
QTéno
(n+l) = 42 O + m4+8 0
g - U3(n+1) QBf nOQC
| V5,
where
0(-)= [ () dz (22)
0

The basic unknowns are the three components of mechanical displacements and
the normal electric displacement at the reference surface z=0 of the plate:

U= u(x,,0) U= u{"(x,,0) D{"= D{"(x,,0") (23)

These unknowns are determined so that conditions (18) and (19) for the tractions
and the electric potential on the top surface z= a are satisfied through expressions
(21).
According to Egs. (21), f™ can be written as
£ =X +H™ (24)
where

U = 20,U("
U= z0,0"

X" =
0
Dy
B (25)
cTa] Jo Y
. 0
H" =5, JoA| 2 |- 4 | Teaoco +QAQOBX"™ +H™)

0 3
V- 0

- I
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with the leading order H® of the auxiliary function H being 0. Using the notation
()= f (---)dz (26)
0

the traction and the electric potential conditions (19) on the top surface of the
plate can be rewritten through Egs. (21) as

0B, /1" = (44— ¢, — 0C,0),
§A3Lg(L"+1)= — (g5 =436, (27)
§B4L = (V+_ V= §C49)5n0
where the subscript L takes values from 1 to 4 and the summation convention also
applies to L. Furthermore, using Eqs. (21) and (24) and noting that 4;,= —q

o
and Ay = A, =0, Egs. (27) can be rewritten as

RX™ (= RX™)=4,,)Y— RH"™ (28)

where
X=[um um u» Dgn)]T (29)

The components of the matrix operators R and R are

Ryw=Ryo= —QLZS’%(% ﬁa3=§zl’g;§)aﬁawézz Ry = _éMéxlaﬁ
ﬁa4=Ra4= _éMéﬂaﬁ ﬁm:Rm: _QZLgZ)aaaﬁap
Ry =0-21320,0,6,6,  Ry=—0zMi'6,6 (30)
ﬁ34 =Ry =— éz]\lﬁ‘zé’a aﬁ ﬁm =R;p=— é%wzaﬁ
Ry= QZ%wzaﬁ o Ry;;=ON* Ry =Ry =ON”

and the components of Y involved in the effective loads on the right-hand side of
Eq. (28) are

Y, =gt — 4y — 0%up 60
Y,=—(¢f—q7) +ad,qf— §Z7aﬁaaaﬁ9 (3D

Y,=V'—V —0C,0
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Equations (28) are the key field equations obtained through the asymptotic
approach from which the unknowns (29) of each order can be solved with specified
edge conditions on the reference plane. Since H® = 0 and Y is known a priori from
Eq. (31), the unknowns of the leading order can be determined from the field
equation of the leading order. Then H" can be obtained from Eq. (25). Such a
procedure may be continued to solve for higher order unknowns. Since the matrix
operators R and R appearing in Eq. (28) have the same form for the field equations
of all orders, a full three-dimensional solution in the interior of the plate can easily
be obtained. In particular, the differential operator R is a generalization of that for
the bending of classical monoclinic laminated elastic plates [28].

EXAMPLES

For the linear problems being studied herein, the deformations due to mechanical,
electrical, and thermal loads can be studied separately and then superposed to
ascertain deformations due to the combined loads. Cheng et al. [22] have analyzed
the deformations of a piezoelectric plate due to mechanical and electrical loads;
accordingly we consider only thermal loads.

We analyze here thermo-electro-mechanical deformations of a simply sup-
ported rectangular plate subjected to the following thermal boundary conditions on
the top and bottom surfaces and edges:

—Ty+hT=mhT at x3=0  Ty+h,T=h,T" at ;=h (32)

T=0 at x,=0,a T=0 at x,=0,b (33)
~ T oz

T*=T* sin —x, sin —x, (34)
a b

where /1, and £, are, respectively, the heat transfer coefficients at the bottom and
top surfaces. The mechanical and electrical boundary conditions on the top and
bottom surfaces, and at the edges x;, =0,a and x,=0, b are

qE=0,¢i=0,V*=0 at x;=0,h
u,=u;=1,=0=0 at x;,=0,a (35)

U =u;=Tp=0=0 at x,=0,b

That is, the edges besides being simply supported are grounded, and the top and
bottom surfaces are grounded and free of surface tractions. Guided by the form
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(34) of T* and the boundary conditions (35), we assume that

T T

U™ cos =X sin 7%
u" T T
Us™ sin — x; cos — x;
N Uz(”) 2 P b2
X = = . . (36)
um B o .
3 U;™ sin — x; sin sz
Dy 4
- T
D{" sin —X sin 7%

where a quantity with a superimposed hat denotes a constant. Edge conditions in
Eq. (35) are identically satisfied by Eq. (36), and there are no boundary layer
effects for this problem. Therefore, a three-dimensional piezothermoelasticity
solution may be generated to any desired degree of numerical accuracy.

The physical quantities are nondimensionalized by

L AL F— e*Q
" Pa Yo Pc* Pac*
(37)
_ D, _ a*T _ ¢E
D,= T= E =
Pe* P Pc*

where P=a*T". Values of nonvanishing material moduli of cadmium selenide
crystal (CSC) [18] and the fiber-reinforced composite (FRC) [29], the two materials
studied herein, are listed in Table 1. Note that the piezoelectric moduli for the
FRC vanish but the dielectric moduli are nonzero.

Computed results for a single-layer (CSC) plate with the aspect ratio a /b=
0 (b — ®); the span-to-thickness ratio a/h=2,10; T~ =0; the heat transfer coeffi-
cients s, =0.2/h, h,=2/h; and the corresponding values from the exact solution
of [18] are given in Table 2. We have set c*=42.785 x 10°Nm~2, ¢* =0.16788
Cm™ 2, and a*=4.396 x 107% K~!'. The order of the present solution is increased
from 0 to 7 where the higher order solutions are obtained via the recurrence
procedure described previously. Numerical convergence to five significant digits is
attained for the seventh-order solution, which is in excellent agreement with the
exact results of [18], even for the very thick plate (a/#=2). The mechanical
displacements and the transverse electric displacement of the leading order are
reasonably good, especially for a thin plate; while the out-of-plane stresses of first
order are not acceptable. This means that the classical thin-plate theory cannot
give good values of the out-of-plane stresses even if they are obtained by a
posteriori calculation, which is precisely equivalent to the first-order approxima-
tion.

In the second example we present results for a four-ply (CSC/90° FRC /0°
FRC /CSC starting from the bottom) laminated plate with each ply having the
same thickness. The span-to-thickness ratio, a/h, equals 4 (thick), 10 (moderately
thick), or 50 (thin). The plate is infinitely wide (b = «), thus we have u,= D, =
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Table 1 Values of nonvanishing material moduli

Z.-Q. CHENG AND R. C. BATRA

Moduli csc FRC
¢111/(10°N/m?) 74.1 173.66
€222,(10°N /m?) 74.1 7.3909
€3333(10°N/m?) 83.6 7.3909
¢1122(10°N /m?) 452 23154
c1133(10°N /m?) 393 23154
2233(10°N /m?) 393 1.8709
€2323(10°N /m?) 13.17 1.38
¢313:(10°N /m?) 13.17 345
€1212(10°N /m?) 14.45 345
e3,(C/m?) —0.16 0
e3,(C/m?) —0.16 0
e333(C/m?) 0.347 0
e;15(C/m?) —0.138 0
£, (107 2F /m) 82.5 30.95
£,,(107 12F /m) 82.5 26.53
£3;(107 F/m) 90.2 26.53
A(10°N /m?K) 0.621 0.26384
Ay (108N /m*K) 0.621 0.33104
A3 (10°N /m?K) 0.551 033104
p3(107°C/m*K) —294 0
k1, (W /mK) 1 36.42
K5, (W /mK) 1 0.96
K33 (W /mK) 15 0.96

Table 2 Comparison of the present solution for a single-layer (CSC) plate

(a /b= 0) with the exact results of Dube et al. [ 18]

Order 0 1 7 Exact [18]
%,(0,/) X 100 —26.964 —29.650 —29.330 —29.33

u5(a/2, h/2) x 100 4.9323 4.8591 4.8325 4832
Tula/2, h) x 100 /&* —45.135 —0.9015 —6.2360 —6.236
7,500, 1 /4) x 100 /<3 0 11.951 1.6600 1.660
Ty3(a/2, h/2) x 100 /&* 0 12.668 1.7589 1.759
B(a/2, h/2)x 10000 /s 0 11.086 8.9460 8.946
D;(a/2,0) —1.5228 —1.3895 —1.4312 —1431

a/h=10

7,(0, h) X 100 —42.109 —42.286 —42.285 —42.28

u5(a/2, h/2) x 100 2.5019 2.5001 2.5001 2.500
Tula/2, h) x 100 /&? —86.662 —13.445 —13.860 —13.86

7,500, 1 /4) x 100 /<3 0 24914 4.0641 4064
Ty3(a/2, h/2) x 100 /&* 0 26.161 4.2580 4258
B(a/2, h/2)x 10000 /s 0 5.6321 5.5794 5.579
D;(a/2,0) —3.0255 —3.0231 —3.0231 —3.023
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Table 3 Present results for a four-ply (CSC /90°FRC /0°FRC / CSC)
laminate (a /b= 0)

alh=4 a/h=10 alh=30
7,(0, 0) —0.1911 —0.9384 —1.488
15(a/2,0) 0.3965 —1.182 —13.60
uy(a/2, h) 1.584 0.1616 —13.21
Tu(a/2, h) —68.58 —154.4 —2169
T,,(a/2, h) —133.6 —216.2 —275.0
715(0,31 /4) —11.15 —10.59 —3.000
Ta(a/2,3h/4) 1.166 0.4357 0.02463
?(al/2,h/2) 0.1721 —0.01039 —0.01486
D0, (h/2)7) —0.01673 0.001011 0.001445
D,(a/2,0) —0.1301 —0.2683 —0.3622
T(a/2,0) 0.1343 0.4727 0.7219
T(a/2, h) 0.5445 0.7644 0.9169

T, = T»3 = 0. All the loading conditions and boundary conditions are the same as
in the first example. The converged values of the dimensionless variables defined
by Eq. (39) with ¢*=10°Nm~2, ¢*=1Cm™?, and a*=10"°K"~! and accurate to
four significant digits are given in Table 3. For the thick laminate, the converged
solution is fourteenth order, and it is of lower order for the other two laminates.
Since transverse deflections of corresponding points on the top and bottom
surfaces are quite different especially for thick or moderately thick plates, the
assumption of a constant through-the-thickness deflection made in most two-
dimensional plate theories is not good.

For the plate considered in the second example with a /h = 10, Figures 1(a—c)
depict, respectively, the through-thickness variations of the transverse shear stress
on the section x, =0, the transverse normal stress on the plane x; = a /2, and the
longitudinal stress on the plane x, =a/2. The transverse shear and transverse
normal stresses are negligible as compared to the longitudinal stress. The longitu-
dinal stress is compressive and varies affinely in the two CSC layers and the lower
90° FRC layer; it is tensile and varies nonaffinely in the 0° FRC layer. Figures
2(a-c) exhibit, respectively, the through-thickness distributions of the electric
potential on the section x, =a/2, electric field E, on the section x, =0, and the
electric field E; on the plane x, =a/2. All three fields vary affinely through each
layer, and the transverse electric field is constant in the two FRC layers.

CONCLUSIONS

We used an asymptotic expansion technique combined with the transfer matrix
method to delineate three-dimensional deformations of a linear piezothermoelastic
laminate subjected to mechanical, electrical, and thermal loads on its top and
bottom surfaces. We computed numerical results for a single-layer plate and a
four-layer laminate made of CSC, 90° FRC, 0° FRC, and CSC with the top and
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Figure 1. The through-thickness variation of () the transverse shear stress on the plane x; =0, (b) the

?1 (a2, x)
(c)

0.8

transverse normal stress on the section x; = a/2, and (c) the longitudinal stress on the plane x; = a/2.
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Figure 2. The through-thickness distribution of (a) the electric potential on the plane x, = a/2, (b) the

electric field E; on the section x; =0, and (c) the electric field E; on the plane x, =a/2.
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bottom surfaces electrically grounded and subjected only to thermal loads. It was
found that the solution converges rather rapidly even for very thick laminates.
Computed results for a simply supported rectangular plate with its edges grounded
are found to closely match those from the analytical solution of the problem. The
transverse deflections of corresponding points on the top and bottom surfaces
differ significantly, thereby implying noticeable changes in the plate thickness.
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APPENDIX A. SOLUTION FOR THE HEAT
CONDUCTION PROBLEM

We consider a rectangular laminated plate with & plies made of different homoge-
neous orthotropic materials. The distance of the top surface of the mth ply from
the bottom-most surface of the plate is “h. in particular, ®On=h. The tempera-
ture field at any point of the plate is given by
k—1
T(x)=UTH(x;) + ¥ ("*V7—-007) H(x; —"™h) (A1)

m=1

where H(x;) is the Heaviside step function. The temperature T in the mth ply
(m=1,...,k) satisfies the steady-state heat conduction equation

(m)K.11 (m)]—:“ +(m)K22 (m)]—:22 _|_(m)K.33 (;11)]':33 =0 (A2)

where “"k,;,"k,,, and "k,; are, respectively, the thermal conductivity coeffi-

cients in the x-, x,-, and x;-directions for the mth ply. For boundary conditions
(32) and (33) with T* given by Eq. (34), the temperature in the mth ply can be
taken as

. T T
M T =0"Tsin —x, sin 7% (A3)
a

where

(m)f+sh(m)u( p —(m=Dp) _(;n)ﬁsh(;nw( X —(mp)
Sh(m)u((m)h _(m— l)h)

(m) o —

(A.4)
(m) 2 2
2o Kb +"ie ) a
= o

272
Ky a“b
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sh x= sinhyp(x), and (m) equals the value of T at the top and bottom
surfaces of the mth ply. The temperature field (A.3) identically satisfies Eq. (A.2).
Assuming the condition of ideal thermal contact between adjacent plies, that
is,
(m +1)T=(m)T
(’n+1)K33 (m+1)]':3=(m)’<33 (m)]':3 at x3=(m)h(m=1’“.’k_ 1) (AS)
we have

(m +1)j\"~=(m)j\—v+

(m+1) ot (m+1) 7 (m+1),,(m+1) 7, _ (m)
(m +1)K (m+1) r I ch u( h h) (A 6)
3 H Sh(m+1),u((m+1)}Z —(mp) ’

(’")j\—v+ch(m)u((m)h _(m— l)h) _(m)TAv—
Sh(m)u((m)h _(m— l)h)

=(m)K33(m) (mzl,,k_l)

where ch x= coshyp(x). The condition (34) for the bottom-most and top-most
surfaces of the plate gives

(1) (1) @),
R cth hily~ A
- (1!)1(1) OFAE PRI Sy (S

h shOuW h,
(A7)
©yeth®p(h — k=D @

N eth®u(h h) )t H k) e ot

® (J — =1

h, hysh®u(h h)

where cth x= cothyp(x). The 2k unknowns 7% (m=1,...,k) can be deter-
mined from the 2k linear equations (A.6) and (A.7).



